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PREFACE. 



Tub aim in this work has been: 

First. To present the subjects of the text in a mathematical 
and logical order. 

Second. To classify all problems presented so as to be easily re- 
ferred to. 

Third. Especial care has been taken to express the resulting 
iormula of every problem in the form requiring the least numeri- 
cal computation. Many instances of this may be seen by com- 
paring these with similar formulas from other sources. 

Fourth. To furnish a large number of useful tables^ more 
complete, more extended, and, where possible, with more ele- 
mentary and appropriate arguments than other similar tables 
possess. 

Fifth. To treat the general problems of Eailway Engineering 
more extensively than other similar works have done. The 
growth of the modem railway system during the past half-cen- 
tury has been so rapid that the mathematical needs of the 
subject have not kept pace with that growth. The technical 
books on this subject of some two decades ago are entirely 
inadequate to supply the needs of to-day, and the most recent 
works are more restricted and elementary than the former. For 
these reasons the author, in attempting to supply a useful book, 
seeking utility rather than novelty, has found it necessary to 
modify some methods and formulas in use, and to introduce new 
subjects and formulas altogether. 

In the following the modified, extended, and extra topics 
referred to are, for clearness, considered in connection with the 
general matter of the text. 

Table II dispenses with all calculation in laying out curves, 

• • • 
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as shown in Chapter IV; Table YII greatiy simplifies the 
finding of the tangent and the external of any curve; and 
Tables XVIII and XIX, and some others to which the remark 
can apply, are, it is believed, in terms of the proper arguments 
and in the best form. 

In Chapter lY the laws of errors in field-work are demon- 
strated and illustrated; and the best method of conducting a 
preliminary survey, introdut.'ed by the author a generation ago, 
is explained. 

In Chapter V simple and exact formulas for determining the 
height of a mountain or other object by the dip of the horizon 
are substituted in place of the approximate formulas in use. 

For the stadia, as well as for the telemeter, new formulas are 
found which require no general computation; and .the formula 
for finding the proper elevation on curves, unlike other formulas, 
involves no large factors. 

In addition to a very general treatment of Compound Curves, 
Chapter VI includes the location of such curves of any number 
of branches (pp. 143-5), as well as easy and symmetrical 
formulas for finding their tangents (p. 176). 

The reader interested in the philosophy of mathematics will 
find, it is hoped, an elegant and fruitful illustration of the prin- 
ciples of substitutions in determining general curves to fulfill 
required conditions on pages 145, 146. This is susceptible of 
general application. There has also been added a general treat- 
ment of the subject of Curves tangent to Curves, including the 
"Wye Problems"; and also that of Concentric Curves applic- 
able to Parallel Turnouts. 

The finding of the angles between the rails at the crossings 
of curved tracks is also thought to be a valuable addition 

Chapter VII includes a variety of problems in Reversed Curves. 
The solution of Problems IV, V, and VI were first given to the 
Senior Class (1869) of the University of Michigan, while the 
author was in temporary charge. 

Chapter VIII treats extensively of Turnouts. The dis,tinction 
between connecting a straight line and a track, and two tracks, 
and what is required in each case, is shown on pages 199, 200. 
The impracticability of certain proposed turnout curves is 
demonstrated (p. 205), and a variety of methods of laying out 
turnout curves is shown. 
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Chapter IX applies entirely to the author's True Transition 

Curve. 

Chapter X shows that the formulas for the computation of 
earthwork may be abridged one half by supposing that the 
side slopes are produced in this intersection. A general relation 
between the " end-area " volume and the " middle-area " volume 
is shown by means of symbols, and new formulas are given for 
the volume of a frustrum of a pyramid and the frustrum of a 
cone. A formula showing the true correction of earthwork for 
curvature is also deduced, and the best method of computing 
earthwork tables explained and illustrated. 

Chapter XI contains only a brief exposition of the subject 
of approximate and abridged computations, which it is thought 
may serve to encourage the shortening of computations. 

Chapter XII describes the processes incident to construction 
and calls attention to two principles that aid very much in 
" staking out " earthwork. 

The logarithmic tables are not reproduced, for the reason 
that they are but little used and should not be used at all — 
and most emphatically so in this line of work. It is fair to 
observe that the space required for such tables is replaced by 
numerous useful tables, applying directly to the matter in hand, 
and also to enlarging the subject-matter of the book, thus sav- 
ing greatly in time and labor. Furthermore, it should be stated 
that there is no problem in the book requiring a computation 
more complex than to find the cost of 29 oranges (say), sup- 
posing that 17 oranges cost 43 cents. The author must believe 
that no person — ^much less an engineer — would think of apply- 
ing logarithms to the above example; and if so, he could not 
with any propriety apply them to any problem in the Manual, 
since the nature of the numerical computation to be made, and 
not the subject-matter of the problem, furnishes the test of 
methods. 

The author invites criticism, and, should another edition be 
called for, will make the best use possible of any suggestion 
that may in good faith be made to him. 

The Tables, all but three, were computed expressly for this 
book, and scrupulous care has been taken, by numerous readings 
and checks, to make all tables exact to the last figure. 

The book, as Indicated in a few places, has been in prepara- 
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tion Beveral years and contains matter gathered all along the 
pathH of the author's experience; and is the result of a belief, 
on his part, of his ability to aid his professional brethren in this 
direction. 

While this delay has not been to the advantage of the author, 
it has nevertheless given opportunity lor due reflection and re- 
consideration ; and therefore, as a work of judgment based on 
experience, the volume is offered to his brother enquirers. If 
the book even partially accomplishes the object of the author's 
aims, he will feel that the days he has devoted to it, though 
many, have not been spent in vain. 

P. H. Philbrick. 
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CHAPTER I. 

PRELIMINARY OPERATIONS. 

1. The engineering operations preparatory to the construction 
of a railroad are : 

The Reconnoissance ; 

The Preliminary Survey or Surveys ; and 

The Location. 

2. 77ie Reeonnoiasance is a general but incomplete examination 
of the country through which the proposed road is to pass, made 
for the purpose of acquiring data upon which surveys may be 
made and compared, and the best possible route for the road 
selected. 

3. A Preliminary Survey consists of the measurement of a line, 
including its angular deflections ; the elevations of various points 
npon it, the determinations of the topography along it and near 
it, for the purpose of furnishing the data from which the line 
may be definitely located; or the survey compared with other sur- 
veys, for the purpose of selecting one from which the location 
may be made. 

4. 27ie Location consists in placing the line in the exact posi- 
tion in which it is intended to be. This position is called The 
Location. 

6. It is convenient to carry on these operations concurrently. 
The main points to consider in the location are the relative 
cost of grading and- bridging, and the relative grades and curva* 
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ture of the lines. In grading, tlie character of the soil for stabil- 
ity, in both " cut " and ** fill," should be considered. 

It is sometimes important to know the relative value of property 
traversed by different lines ; and if the lines are far apart, the 
probable amount of traffic that the respective lines can command 
must also be taken into account. 

6. It is evident that the be«t possible location requires the least 
possible grading, bridging, curvature, etc., taken together, re- 
garding the cost and the expense of operating the road. We 
can afford, therefore, to increase the curvature, for example, if 
by so doing we can at the same time decrease the earthwork, and 
the line is bettered more by the latter than it is damaged by the 
former. 

The field-work of location has for its object to determine the 
exact position of the selected route on the ground, to establish the 
grade, to compute the amount of earthwork, decide upon the 
amount of bridging, etc. 

7. A railroad line usually follows the valleys of watercourses 
or the dividing ridges between watercourses, or crosses valleys 
and ridges more or less obliquely. 

8. The location on dividing ridges is perhaps the simplest of 
all. In this no bridges and few culverts are required ; and the 
elements governing the location are mainly the amount of earth- 
work and the curvature of the line. In this case a sketch of the 
ridge, especially of its prominent features and governing points, is 
made while walking over it; and the preliminary line is accurately 
run, and made into a location, if the route is adopted. 

9. The location along the valley of a stream is usually more 
complex than the former. If the stream is so small that the cost 
of bridging it would be plainly less than the advantage to the 
alignment by crossing ; or if, on the contrary, the river is so large 
that the crossing of it is out of the question, the cost of bridging 
is not considered and the problem of location is reduced, in the 
main, to that of making the best alignment within the limits of 
the valley in the one case, or upon one side of the river in the other. 
The reconnoissance and surveys would be made as already de- 
scribed. 

Usually the most favorable ground both for alignment and con- 
struction alternates from one side to the other of the stream, and 
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only the results of careful and scientific surveys can tell Low 
many and where the crossings must be in order to make the align- 
ment and grades the best possible, and to secure the most favora- 
ble ground. In this case the ground on both sides of the stream 
must be carefully examined, and if the stream, in consequence of 
banks or bottom, is not easily crossed at most points, the most suit- 
able crossings must be found. When this is done the engineer 
will mark out and survey one or more lines so as to fit the chosen 
crossings and other governing points. A comparison between 
different lines will point out the best, and generally the one from 
which the best location can be made. 

10. In locating a line across valleys and ridges, the engineer 
must find the best crossings of the streams, and the gaps or notches 
in the ridges, and must connect such of the former with such of 
the latter as will furnish the best line. 

11. Sometimes a railroad may occupy either valleys or dividing 
ridges for the greater part of its length ; in which case a choice 
must be made between the Jiigher and the lower line. 

The higher line will require very much less drainage than the 
lower line, which is an important advantage; but, on the contrary, 
probably the curvature and the length of the higher line will ex- 
ceed that of the lower. 

12. It is not to be supposed that, in general, a railroad will 
follow either a valley or a ridge; or that it will cross valleys and 
ridges obliquely throughout its entire length ; but parts of the 
line will generally do so, and to these, and therefore to the whole 
line, the preceding principles will apply. 

13. The regular " reaches " in a stream furnish the best cross- 
ings. Throughout these, compared with other points, the flow of 
the current is most uniform; the wash of the bottom, and the 
caving and the shifting of the banks, are least; while the security 
of the foundations of bridges and of approaches is greatest. If 
ihe bottom of the stream is variable, the best site on some given 

• reach " must be selected with a view to the kind of foundations 
Mil table to the place. Sharp bends in streams should be studi- 
isly avoided. 

14 The engineer should freely consult the best maps of the 
>uutry that he can command, and he should prepare a map on < 
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convenient scale, upon which he should copy the principal features 
of tbe country, such as streams and lakes, roads and towns, and 
fill in the details as he progresses. He should also locate on tbe 
map the governing points of the route, such as the best crossings 
of streams, the ''gaps" in the ridges, mountain passes, etc. He 
may then sketch the line on the map. 

In a densely wooded country, the making of a thorough recon- 
noissance is comparatively difficult. In this case it will often be 
necessary to cross and recross the country many times before a 
comprehensive knowledge of it can be gained. 

15. The one almost indispensable instrument in making a re- 
connoissance is a pocket-compass. Field-glasses, hand- levels, 
telemeters, and other instruments are sometimes used, but are 
rarely needed, and cannot be used to advantage. Those wbo 
cannot make a proper reconnoissance without them would better 
employ some one who can, and turn their attention to other parts 
of the work. 

16. For preliminary surveys the corps of engineers may be 
constituted as follows: A chief engineer or engineer in charge, an 
assistant engineer or transitman, a levelman, a rodman, a stake- 
man, a rear flagman, two chainmen, and one or more axmen accord- 
ing to needs. The head flag should be carried by the head chain- 
man. 

17. Since a survey can be made more rapidly with the compass 
.than with the transit, the compass may be used in preliminary 
work to a limited extent. Owing, however, to the inherent in- 
accuracies of the compass, a line run with it is generally worthless, 
except as a guide to a transit preliminary, from which the location 
may be made. The compass is therefore of very little, if any, use 
in a comparatively level country, but is useful, if at all, for run- 
ning the first preliminary line in a hilly region, where several lines 
must be run. The compass should be light, should be mounted 
on a Jacob 's-staff, and should have a narrow slit in one sight, and 
a fine platinum wire, or its equivalent, stretched along the center 
of a wide slit in the other sight. A self-reading rod is best for 
this work because it saves much time over the sliding rod; and 
because, too, it enables the levelman to do his own reading. The 
ax for driving stakes should have a broad head. Stakes should 
be of a generous length, say from 30 to 36 inches, well driven into 
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the ground, and projecting above the grass and other vegetation, 
so that the line may be easily followed or recovered, in fields or 
woods, by the engineer and others. Short stakes occasion the loss 
of much time, and those shorter than about 80 inches are generally 
a nuisance, except on streets, well-traveled roads, etc. 

18. To make a successful reconnoissance requires a good eye 
for distances, elevations, etc. , and a quick and clear perception of 
the salient features of the country. One must be able to form a 
mental picture or image of the country along the proposed line ; 
and of a number of lines crossing and recrossing each other within 
the limits of his mental map. Thus he may be able to sketch a 
proposed line, or several proposed lines, which at any time may be 
tested. The comparison of lines, to test their relative economy, 
is a question of science, aided by mathematics. 

19. It is plain that without skill in making the reconnoissance, 
the surveys would be at first more or less at random, and the 
reaching of a location roundabout and expensive. On the other 
hand, the greatest skill without a sufficient knowledge of mathe- 
matics and without a knowledge of the principles of engineering 
bearing upon the question, cannot produce the best location. 

A happy combination of the qualities necessary to the successful 
locating engineer is most assuredly found in comparatively few 
individuals. 

The two main obstacles to contend with in building a railway 
are grades and curves. Since both affect the cost of construction 
and the expense of operating the road, such grades and curves as 
will render the total cost of construction and operation of road a 
minimum are, as already suggested, the best. Since the resistances 
due to grades as well as to curves add to other resistances to the 
movenient of trains, and since it is often possible to lessen grades 
at the expense of curvature, and vice versa^ it becomes necessary 
to briefly consider the nature of the resistances that a moving train 
encounters, with a view to compensation. 

The resistances to overcome are, first, the friction of the moving 
parts of the engine and train ; the friction of the wheels on the 
rails ; impacts and oscillations, and the resistance of the air. 
These resistances vary with the condition of the rolling machinery, 
the road, and the weather, and are not accurately known. Fric- 
tion is nearly independent of the speed of the train; but the res' 
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ances due to impact increase with the speed, and those due to tlie 
atmosphere increase in a still greater ratio. 

The sum of these resistances on a level track in fairly good con- 
dition and average fair weather is, according to Vose, 

'• = i^ + « (^> 

in which r is the resistance in pounds per ton, and « is the velocity 
ill miles per hour. It is not to be supposed that this formula is 
accurate, though perhaps it is as nearly so as any; and probably 
the resistances are no greater than the formula indicates. With, 
a velocity of 20 miles per hour the formula gives r = 10.34 pounds 
per ton of the entire weight. Under unfavorable conditions, as a 
wet, soft, and rough track and high wind, the resistance might 
be 20 to 40 per cent more, or even greater still. 

The second resistance is due to grades of the track. The force 
necessary to overcome this is such a part of the total weight of 
the train as the vertical rise of the grade is to its length. Let 
?•' = resistance per ton, and It = the ascent per 100 feet. Then 

?•' = — r X 2000 pounds per ton. For a 1% grade (52.8 feet per 

mile) 7i = 1 and r' = 20 pounds per ton, the force necessary to 
overcome the load. A ^% grade would of course create a resist- 
ance of 10 pounds per ton, or approximately the same as the 
resistance caused by friction, impact, resistance of the atmos- 
phere, etc., at a speed of 20 miles per hour, as stated above. 

The third resistance is due to the curves of the track. This re- 
sistance is not accurately known. On American roads with American 
rolling stock it is probably about one half a pound per ton for each 
degree of curvature. Letting r'' represent the resistance per ton 
per station, and J) the degree of curvature, the resistance per sta- 
tion is r" = .5i>. We observe that the resistance of a 1* curve 
is but the ^^ part of that due to a 1% grade, or equivalent to 

52 8 

—AT- = 1 .32 feet per mile. The resistance of a 5' curve is equiva- 
lent to 6.6 feet per mile, and that of a lO"* curve to 13.2 feet per 
mile, etc. The resistance offered to a train in moving through 100 

feet of a 1° curve is one-half pound per ton moved 100 feet, which 

1 
is equivalent to the total load lifted jr^ x 100 = :j\^ = .025 ft. ; 

and since the resistance varies as the product of the degree at 
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curvature and length, of the curve, or as the total curvature, 
the resistance on any curve for each degree of change of direc- 
tion is equal to the lifting of the train -^jj of a foot. Since an en- 
gine can haul over a road only what it can haul over the most 
unfavorable part, easy curves are necessary where heavy grades 
most occur, and vice versa ; the object being, of course, to keep at 
all points the sum of the resistances due to grades and curves be- 
low the allowable maximum. In equating for grades and curves, 
however, the ruling element is largely the total ascent and not 
the slope merely, as is too often considered to be the criterion. 
No more power is required to make an ascent of 20 feet, for ex- 
ample, on a 2% grade 1000 feet long than is required on a ^% grade 
4000 feet long. 

To compare grades simply, that is, the rate of ascent or descent 
especially on short grades, as is usually done, is meaningless at 
least — it is absurd. 

On light grades no allowance usually need be made for curva- 
ture, since the momentum of the train would carry it over the 
ascent even without aid from the engine. Grades situated near 
stations, however, or other points where a train must stop or 
"slow up " are greater obstacles than in other situations to the 
movement of trains, and upon such grades an allowance for cur- 
vature, as above shown, should be made. 

Every locating engineer is presumed to make himself familiar 
with the principles involved in locations before making them; 
and to aid in this the reader is referred to Vose and others, and 
^'.specially to the elaborate treatise of Wellington on "Railway 
Location." Wellington gives in Table 118 the " Total Energy, 
f)r Potential Lift, in Vertical Feet in Trains moving at Various 
Velocities," and discusses at, l^sngth all subjects connected with 
location. 



CHAPTER II. 

ADJUSTMENTS, USES, AND CARE OF IN8TBUMENTS, 

The Transit* 

The following are the usual adjustments of the transit : 

A. To Adjust the Levels (that is, to place the levels in a plane 
perpendicular to the upright axis). — Set up the instrument upon 
its tripod as nearly level as may be; unclamp the plates and bring 
the two levels above and on a line with the two pairs of leveling- 
screws. Then by means of one pair of screws bring the bubble 
of the level above them to the middle of the opening. Without 
moving the instrument bring the other bubble to the middle in 
the same way. Since in moving one pair of screws very far the 
other pair is liable to become cramped and the corresponding 
bubble somewhat disturbed, it is advisable to bring the bubbles 
in succession near the middle, repeating if necessary, and ending 
by bringing them exactly to the middle. 

When both bubbles are in place turn the instrument through 
about 180°; if the bubbles are now in position they need no cor- 
rection ; but if not, turn the small nuts at the end of the levels 
until the bubbles are moved over one half of the error. Then 
bring the bubbles again to the middle by the leveling-screws and 
repeat the operation just described until the bubbles will remain 
in the middle during a complete revolution of the telescope. This 
shows the adjustment to be completed. 

B. To Set the Cross-wires Vertical and Horizontal, — Level the 
instrument. Move the telescope upward or downward and note 
whether the vertical wire traverses some fixed point or not. If 
not, loosen the four cross- wire screws and, by the pressure of the 
hands on their head outside the tube, move the cross- wire ring 
aroiifid, what seems to be sufficient, and repeat the operation, if 
necessary, until the vertical wire will traverse some fixed point. 

The cross-wire screws are near the screws of the centering-ring 
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of the eyepiece (the heads of which are usually covered by an 
outside ring), but between them and the axis of the telescope. 

C. To Make the Line of CoUiination Perpendicular to the Axis of 
the Wyes, so t7mt it wiU revolve in a plane. — Set up the transit 
at some point near the middle of a level piece of ground 
and level it carefully. Let AOB be a straight line, AO and 
BO being nearly equal. Direct the line of sight to A, clamp 
the instrument and revolve the telescope, and if the line of 
collimation is not perpendicular to the axis, the line of sight 
will determine a point (7, say, on one side of B. To test the mat- 
ter, loosen the upper clamp and turn the vernier plate almost or 
quite lialf-way around, so that the line of sight will again be on 
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A, and clamp the plates. Again revolve the telescope and note tbe 
point D, suppose, thus determined. If the point C coincides with 

B, D will also coincide with B and the line of collimation is in 
adjustment. If, however, (7 is on one side of B^ as shown, D will 
be equally far on the other side, showing the line of collimation 
out of adjustment. 

To correct the error, use the two capstan-head screws on the side 
of the telescope, to move the ring to which the wires are fastened 
laterally, and with it, of course, the intersection of the wires.. 

Having moved the vertical wire until by estimation one fourth 
of the space DC is passed over, return to A, clamp and revolv^e 
the telescope, and if the correction has been carefully made the 
line of sight will now cut the point B, It will, however, generally 
be necessary to repeat the operation, the adjustment not being 
perfected at first. 

Remember that the eyepiece inverts the position of the wires, 
and therefore in moving the ring the operator must proceed so as 
seemingly to increase the error. 

The wires may now be brought into the center of the field of 
view by moving the screws of the centering-ring of the eyepiece, 
which are slackened and tightened in pairs, the movement being 
now direct until the wires are seen in their proper position. 
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It is proper to observe that the position of the line of collima- 
tion depends solely upon that of the objective, so that the eye- 
piece may be moved in any direction, or replaced by another 
without at all deranging or in any way affecting the adjustment 
of the wires. 

D. To Adjust the Standards to Vie Same Height 90 that the Line 
of GoUimation will Revolve in a Vertical Plane. — Set the transit 
as close as convenient to the base of a lofty spire, or other hig-li 

object; level it carefully and clamp it, and 
direct the telescope to the top of the spire or 
other elevated and well-defined point, as J\. 
in the figure. B is in the same vertical plane 
with A and the instrument, that is, with the 
line of sight. 

Turn down the telescope to some good point 
on the ground, either found or marked, as C. 
Unclamp the plates or spindle, revolve the 
telescope and turn it half-way around, or far 
enough to again sight to the high point. 
Again clamp and turn down the telescope to 
some point D opposite C 

In setting G the left standard must have 
been too high, and in setting D the same 
standard (now the right by revolving the telescope) shows to be 
equally high, the errors BG and BD being equal. Correct the 
error by raising or lowering the sliding-piece at one end of the 
axis by means of the screw beneath and those above, so that when 
tlie telescope is directed to A and lowered it will cut B half-way 
between G and D. If the instrument is in adjustment it will, of 
course, cut B instead of G and D in the first two trials. 

E. To Adjust the Vertical Gircle. — Set up the instrument firmly, 
level it carefully, bring into line the zeros of the circle and 
vernier, and with the telescope find some well-defined point, from 
two to five hundred feet distant, which is cut by the horizontal 
wire. Turn the instrument half-way around, revolve the tele- 
scope, fix the wire upon the same point as before, and observe if 
the zeros are again in line. If not, loosen the capstan-head 
screws which fasten the vernier, and move the zero of the vernier 
over half of the error. Bring the zeros again into coincidence 
and proceed as before, as many times as necessary, until the 
error is entirely corrected. 
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F. To Adjust the Level on Telescope. — First level carefully and 
c^.amp the telescope approximately horizontal by the eye. 

Then, Laving the line of collimation previously adjusted, drive 
a stake, say two or three hundred feet away, and note the height 
cut by the horizontal wire upon a staff set on top of the stake. 

Fix another stake in the opposite direction and at the same dis- 
tance from the instrument, and without disturbing the telescope 
turn the instrument upon its spindle, set the staff upon the stake, 
and drive the stake into the ground until the reading is the same 
as on the first stake. The tops of the two stakes are equally high 
however much the telescope may be out of level. 

Now set the instrument some twenty or thirty feet from one of 
tlie stakes and on tbe prolongation of the line joining the two. 
Level the instrument, clamp the telescope as nearly horizontal 
as may be, and note the readings of the staff on the two stakes. 
If they agree, the telescope is level. If they do not agree, then 
with the tangent-screw move the wire over fully the whole error, 
as shown at the distant stake; repeat the operation just described 
a - many times as may be necessary, so that the wire will give the 
same reading at both stakes, showing that the telescope is truly 
liorizoutal. Taking care not to disturb the position of the tele- 
<;*o|>e, bring the bubble into the middle by the little leveling-nuts 
at the ends of the tube, which will render the adjustment com- 
plete. 

The above are all the adjustments usually required at the hands 
o! the engineer ; for any others see the Manual of W. & L. E. 
Gurley. 

Use and Care op Transit. 

The instrument should be set up firmly with the plates nearly 
level, and thus save much time in turning the leveling-screws, 
besides the worse than useless wear upon them. 

To do this : Set up the transit approximately over the desired 
point. Hold firmly the leg of the tripod on the left with the left 
hand, and move the foot of the leg on the right with the right 
hand in any direction, so as to bring the lower plate of the tripod 
bead approximately horizontal, determined by placing the eyes in 
the plane of its upper surface and sighting as nearly as may be 
to the distant horizon. It will do no harm to bend the body the 
trifle necessary to do this. This sight is so long that, according to 
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the principle of the '* division of errors," the plate can be readil 
set very nearly horizontal in almost any position of the instrii 
ment. 

Now place the left hip against one leg; grasp tTie opposite lej 
with the left hand, and the leg on the right with the right band 
and keeping the relative position of the legs unaltered, move th 
instrument laterally over the desired point and lower it to thi 
ground. 

Of course the two movements of tilting and sliding may be donj 
together and in much less time than required to describe thj 
movement. 

To Measure the Angle between Two Lines or Objects. 

Level the instrument carefully; bring the zeros of the vernien 
and limb together by means of the upper clamp and tangent-scre\^ 
and direct the telescope toward one of the objects by means ol 
the lower clamp and tangent-screw. Upon loosening the uppel 
clamp and directing the telescope toward the second object, th< 
angle desired is then shown upon the limb. j 

Before making an observation with the telescope, the eyepiec^ 
should be moved in or out until the cross- wires may be distinctly 
seen. This may be accomplished with the greatest precision b^ 
directing the telescope toward some white object. The sky 
will serve very well for this. The objective is then adjusted bji 
moving it in or out until the object is seen clear and well defined^ 
and the cross-wires appear as if fastened to its surface. 

Water and dust are very destructive to instruments ; indeed^ 
the most destructive of all agents is dust. An instrument may be 
badly bruised, bent, or broken, by a fall or otherwise, and yet it 
may be repaired. If, however, it is allowed to stand on its tripo(^ 
in a dusty office — and all offices are dusty — its life will be short.! 
The author has known of instruments so choice that their owners 
would allow no one to handle them lest they might become 
slightly soiled, or some other mishap befall them; and yet in a 
few months they were ruined, in the way pointed out. A minute 
quantity of dust on the sockets will probably cause them to grind; 
and more of it will increase the grinding so that the instrument 
will soon become useless. 

Whenever not in actual use the eyepiece should be covered by 
the lid, and the object-glass by the cap, to protect them from dust, 
moisture, rain, etc. 
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When an instrument is exposed to the hot rays of the sun for 
some time its parts are subjected to very unequal expansion, which 
throws the instrument more or less out of adjustment, thus to some 
extent vitiating the work and damaging the finer parts of the in- 
strument. To prevent this it should be shielded by an umbrella or 
screen of some kind supported on top of a high stake; or, if nothing 
better is at hand, a cloth should be placed over the telescope. 

"When an instrument is in the office or in transport it should 
oe clamj)ed and placed in a stable position, upon proper supports, 
in a tight box, well cushioned if possible. 

If the box cover does not fit upon the box closely it can be 
remedied by sticking suitable cloth on the top edge of the box or 
on the under side of the lid. 

When handling an instrument it should be supported by plac- 
ing the band under the lower plate. 

Tangent and micrometer screws should be used equally on all 
portions of their length. 

Keep the tripod legs tight enough on the tripod head to 
>e(ure stability by tightening the nuts on the bolts when 
I necessary. Also tighten the shoes of the tripod if they become 
loose. Neglect of these things sometimes prevents an engineer 
from keeping his telescope on a point, and causes him to run 
la zigzag line without knowing the cause of it. Secure the 
instrument well to the tripod head before using it; and bring 
all four leveling-screws to a bearing and cover the instrument 
with an oilcloth hood before carrying it. Use a fine camel- 
liair brush or a piece of old and soft linen to clean the glasses 
of the telescope. 

Dust, moisture, perspiration, etc., will sometimes cause a 
film to form on the lenses of a telescope which may greatly im- 
pair the sight through it. 

To remove the film, the lenses, after being carefully brushed, 
should be gently wiped with a piece of chamois-skin moistened 
with alcohol, and the lenses must be wiped dry by using fresh 
portions of the skin on separate parts of the lens. 

To remove dampness in the main tube of the telescope, take 
out the eyepiece, cover the open end with cloth, and leave the 

iiirttruraent in a dry room for some time. 
The centers of an instrument should always be lubricated 
' with fine watch-oil only, and after a careful cleaning. First 

wipe off all old grit and oil before applying fresh ojj, 
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If dust settles on the cross- wires, unscrew the eyepiece and 
the object-glass, and gently blow througti the telescope tube; 
cover up both ends and wait a few minutes before replacing 
the eyepiece and object-glass. 

Be sure to bring the object-glass cell to a firm bearing against 
its shoulder, and then examine the adjustment of the lines of 
collimation. 

To clean the threads of a leveling or tangent screw use a 
stiff tooth-brush to remove the dust, then apply a little oil 
and turn the screws in and out with alternate brushing to 
remove dust and oil, until it moves freely and smoothly. Use 
such a brush to clean the object-slide. No screws should bei 
strained more than necessary to insure a firm bearing, and 
this applies with special force to the cross-wire screws. 

All straining of such screws beyond this impairs the accuracy 
of the instrument and the reliability of adjustment. 

These remarks in reference to the care of the transit apply 
substantially, of course, to all instruments. 

If obliged to work with an instrument of faulty graduation, 
it is best to read each angle on different parts of the circle, 
and take the mean value. If we take the mean result obtained 
by both verniers, we eliminate the errors due to eccentricity 
of the vertical axis, and also reduce the errors of graduation. 

For greater accuracy clamp the vernier-plate to zero and read 
the angle by both verniers. Then keep the vernier-plate 
clamped, point the telescope to the first object and proceed as 
before, any number of times. Then read the verniers, adding 
360° for each complete revolution which has been made, and 
divide this sum by the number of times the angle was read. 
Tlie quotient is the required angle. 

The cross-wires can be illuminated easily by placing a piece 
of white cardboard, with a hole through it for the line of siglit, 
in front of the telescope, and in an oblique position, so as to 
reflect into the telescope the rays of a lamp or of a lantern 
placed back of the object-glass and near the telescope. 

The Level. 

The principal adjustments of the level consist in the follow- 
ing: 

1. Bringing the cross- wires into the optical axis of the tele- 
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N(ipe and conseciuently parallel to the line of bearings of the 
' *ye rings. 

'1. Causing tlie line of bearings to be parallel to tlie plane 
<'t the level. 

'^. Making eitlier of these lines, and therefore all of them, 
tarallel to the bar and consequently perpendicular to the 
axis of the instrument. 

1. To adjust the line of collimation, that is, to bring the 
111 »>s- wires into the optical axis, so that their point of inter- 
sHtion will remain on any given point during an entire revolu- 
tion of the telescope. 

Set the tripod firmly, remove the wye-pins from the clips, 
>o as to allow the telescope to turn freely; clamp the instru- 
ment to the leveling-head, and by tlie leveling and tangent 
MH'ws bring either of the wires upon the clearly defined edge 
of some object. Then carefully rotate the telescope half-way 
ii round. 

If the wire does not coincide with the line observed, bring 
it half-way back by means of the capstan-head screws at right 
nngles with it, always remembering the inverting property 
"f the eyepiece. Then by the leveling and tangent screws 
Itring it again upon the " edge." and repeat the above opera- 
tion if necessary, and continue to do so until the telescope may 
\<v rotated without changing the position of the wires. 

If both wires are much out of position, it will be well to 
approximately adjust the wires alternately before atteiiipting 
to make the adjustment of either one complete, since an error 
in one somewhat affects the other. 

It may be advisable to center the eyepiece. To do so unscrew 
tlie covering of the eyepiece centering-screws, and move each 
pair in succession, with a screw-driver, until the wires are 
hrought into the center of the field of view. 

The inverting property of the eyepiece does not affect this 
operation, and the screws are moved directly. To test the cen- 
tering, rotate the telescope, and if an object observed appears 
to change position the centering is not perfect. 

In all telescopes the line of collimation is determined by the 
cross-wires and objective, and is not affected in any way by the 
eyepiece. 

2. To make the line of bearings parallel to the bubble-tube. 
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so as to insure that it is horizontal, when the bubble is in the 
center. Tliis adjustment* embraces two parts: 

First, to bring tlie center-line of the bubble and the line of 
bearings in the same plane. 

Second, to make these lines parallel. 

To effect the first: Clamp the level and bring the bubble 
to the center by the parallel-plate screws. Now rotate the 
telescope in the wyes 20°, more or less. If the bubble runs 
toward the end, it shows that the center-line of the bubble and 
the axis of the telescope are not in the same plane; in other 
words, the bubble-tube lies crosswise of the telescope. 

To correct the error, bring the bubble by estimation half- 
way back, by the capstan-head screws, which are set in either 
side of the level-holder. 

Again bring the level-tube under the telescope, the bubble 
to the middle, etc., repeating the operation just described until 
the bubble will keep its position, when the telescope is re- 
volved. 

For the second part: Bring the bubble to the middle of the 
tube by the leveling-screws, and take the telescope out of the 
wyes carefully and turn it end for end. 

If the bubble runs toward either end, lower that end, or 
raise the other by turning the adjusting- nuts on one end of the 
level until by estimation half the correction is made. Again 
bring the bubble to the middle by the leveling-screws, and 
repeat the whole operation just described until the reversion 
can be made without causing i:ny change in the bubble. 

3. Having made the previous adjustments, it remains to 
make the level-bubble (and therefore the line of bearings and 
line of collimation) parallel to the bar, and therefore perpen- 
dicular to the vertical axis of the level, so that the bubble will 
remain in the middle during an entire revolution of the tele- 
scope. 

Place the level over a pair of leveling-screws, and by means 
of them bring the bubble to the middle. Turn the instrument 
half-way around horizonbilly. If the bubble runs toward either 
end, bring it half-way back by either pair of nuts, at the ends 
of tlie bar. Then bring the bubble to the middle again, by the 
Joveling-screwa, etc., repeating the operation just described, 
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until the bubblje will remain in the middle of the tube when 
the instrument is revolved. 

In making this adjustment it is best to use the opposite 
pairs of leveling-screws alternately, thus bringing the upper 
parallel plate of the tripod head into a position as nearly hori- 
zontal as possible, so that the error caused by not revolving the 
instrument precisely 180° may be the least possible. 

This adjustment is for convenience «ind not for accuracy in 
any appreciable degree. 

Xow turn the telescope in the wyes until the pin on the 
clip of the wye will rest in the little recess in the ring to which 
it is fitted. 

Apply the horizontal wire to any level line, and in case it 
does not coincide with it, loosen two cross- wire screws at right 
angles to each other, and by their heads outside turn the cross- 
wire ring until the horizontal wire coincides with the level 
line. 

The line of oollimation must then be adjusted again. In 
readjusting the line of collimation none of the lines referred to 
in making the adjustment is disturbed; and the adjustments 
are complete. 

Adjxtsting by the "Peg" Method. 

By this method the main adjustments are effected at once. 

Drive two pegs several hundred feet apart, and set the in- 
strument midway between them. Read the rod on each, keep- 
ing the bubble in exactly the same position, preferably at tlio 
center. The difference of the readings is the difference of the 
heights of the pegs, no matter how much or in what way the 
level may be out of adjustment. Then set over either peg and 
mea&ure the height of cross-wires above top of peg. 

The difference of heights of pegs, added to this, or taken 
from it, according as the instrument is over the higher or lower 
jieg, gives the height of the cross-wires above the other peg. 
Set the rod on that peg, and bring the horizontal wire to that 
iieight on the rod by the leveling-screws, keeping them at a 
l)earing. Then bring the bubble to the center by raising or 
lowering one end of the level- tube. 

Tlie first part of the second adjustment, — namely, to bring 
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the level-bubble and line of collimation in the same plane^ — 
also the third adjustment, should be made as heretofore. 

Use of the Level. 

The instrument should be set up firmly, with the top of the 
tripod as nearly level as may be, so as to save time in leveling 
and the wear of the screws, etc. , 

The setting up of the level is, of course, similar to that of thei 
transit already described. 

The bubble should then be brought over each pair of level- 
ing-screws successively, and leveled in each position. 

Bring the wire precisely in focus by the eyepiece, and the 
object distinctly in view by the objective, so as to avoid all 
" traveling of the wires " or parallax. 

It is best, where practicable, to take approximately equal 
fore and back sights, so as to eliminate any error due to a lack 
of perfect adjustment, Which is difficult to secure. 

For precise reading the rod should not be over 400 or 500 
feet from the instrument. 

If the socket of the instrument sticks in the leveling-head. so 
as to be difficult to remove, be sure that the instrument is un- 
damped and the leveling-screws are free. Then place the palma 
of the hands under the wye-nuts under each end of the bar, 
and give a sudden upward blow to the bar, and take care also 
to graap it the moment it is free. 

To Adjust the Compass. 

The Levels. — First bring the level-bubbles into the middle 
by the pressure of the hands on different parts of the plate: 
then turn the compass half-way around. If either bubble runs 
toward one end of its tube, it indicates that that end is too 
high. 

Lower it by loosening the screw under the lower end, and 
tightening the one under the higher end, until the error is, 
by estimation, half removed. Level the plate again, and repeat 
the operation until the bubbles will remain in the middle dur- 
ing an entire revolution of the compass. 

The Sight-vanes. — The sights may next be tested by observ- 
ing through the slits a fine hair or thread made exactly verti- 
cal by a plummet. 
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If either slit does not coincide in direction witli the Imir or 
' thread, it must be made to do so by filing its under surface on 
the higher side. 

The Xeedle. — Having the eye nearly in the same plane with 
the graduated rim of the compass circle, observe wiietlicr or not 
the ends of the needle cut opposite points on the rim. If not, 
l>end the center-pin (by means of a small wrench) about an 
eighth of an inch below the point of the pin, so as to make the 
ends cut opposite points, on the rim. 

The needle now may be supposed to occupy .the position 
yp.V, the pivot p not being 
in the center O. Now 
keeping the needle in the 
tsanie position, turn the 
fonipass half-way around. 
The needle will now oc- 
cupy the position N'p'8\ 
Correct half the error by 
[bending (that is, straight- 
iifif/) the needle, making 
it cut points half-way be- 
jtween its former jwsitions, 
>o that it occupies the posi- 
tion Ap'B and is straight; 
and correct the other half 
iby bending the pin, placing 
the i>oint of the pin at and giving the neeille the position 

yo8. 

The operation should be repeated until perfect reversion is 
secured in the first position. 

j Then try the needle on another quarter of the circle, and if 
an error is manifested, correct the center-pin only, the needle 
being already straightened by the previous operation. 

Do the same on other quarters of the circle until the needle 
will reverse in any position. 

To Use the Compass. 



IN 




In using the compass keep the south end toward the person, 

id read the bearings from the north end of the needle. 

Mark every station or point at which the compass is set, so 
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that it may be easily found for verification or a resurvey. It is 
much more important to have the compass level laterally, or 
crosswise of the sights, than in their direction; since if it is 
not so, on looking up or down hill through the lower part of 
one sight and the upper part of the other the line of sight will 
not be parallel to the N. and S. or zero line on the compass, 
and an incorrect bearing will be obtained. 

A continuous line thus run, to say nothing of other im- 
perfections of the compass, would be a zigzag line probably 
very much in. error. 

The compass cannot be leveled by the needle, for the dip of 
the needle is continually varying. If the needle touches the 
glass when the compass is leveled, balance it by sliding the coil 
of wire along it. 

The vibrations of the needle may be checked by gently rais- 
ing it off the pivot, so as to touch the glass, and letting it 
down again, by the screw on the under side of the box. 

The compass should be smartly tapped after the needle has 
settled, to destroy the effect of any adhesion to the pivot or 
friction of dust upon it. 

The glass sometimes becomes charged with electricity by 
carrying it against clothing, or wiping it, etc., so that it at- 
tracts the needle to its under surface, preventing its free move- 
ment. 

The difficulty may be remedied by breathing on the glass, 
or touching it in different places with the moistened finger. 

Of course the chain and all other metals should be kept away 
from the needle. 



CHAPTER III. 



PLANE TRIGONOMETRY. 



1. Plane Trigonometry treats of the relations of the sides and 
angles, and of the solution of plane triangles. 

2. Some French writers divide the right angle into 100 degrees, 
the degree into 100 minutes, the minute into 100 seconds, etc. 
This centesimal system, in which reductions 'are made by simply 
moving the decimal point, is altogether preferable to our sexagesi- 
mal system. 

3. Two angles whose sum is equal to 90** are complementary. 
Two angles whose sum is 180** are supplementary. 

4. Let us consider a series of right triangles ABC, AB'C, etc., 
paving the common angle A. The triangles are equiangular and 
therefore similar, and we have 



5a 

A.B 
AG 



B'C _ B"G " 
AB' *" AB 



n » 



n nn 



B'C' _B"G 

AG"' AG 



ff » 



AB AB' AB" 



AG " AG' AG" 




Fig. 4. 



Thus.it appears that the ratios of the sides are the same in all 
right triangles having the same acute angles; and therefore if 
these ratios are known in any one of these triangles, they will be 
known in all of them. 

As any triangle may be divided into two right triangles, it is 
evident that the solution of oblique triangles may be made to de- 
pend upon the solution of right triangles. 

The above ratios, depending upon the angle alone and not at all 
ilK)n the absolute lengths of the sides, may be considered as indices 
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of the angle, and have received special names, which we will ex- 
plain. 

6. Let us represent the sides and angles of a triangle in the 

P usual way, shown in Fig. 5. The 
side opposite an angle, divided by 
the hypothenuse, is called the sine of 
^ that angle. Thus 

— = sin A, and - = sin B. 

c . c 

The side opposite an angle, divided by the adjacent side, is called | 
the tangent of that angle. Thus 




a 



- = tan A; 





- = tan B. 
a 



The hypothenuse, divided by a side adjacent to an angle, is 
called the secant of that angle. Thus 



— = sec A\ 
h 



— = sec B, 
a 



6. The terms cosine, cotangent, and cosecant are convenient 
abbreviations for the "sine of the complement," "tangent of the 
complement, " and " secant of the complement, " respectively. The 
reader mast not suppose that there is such a thing or entity as co 
sine, cotangent, or cosecant of an angle. 

Since the acute angles of a right-angled triangle are comple 
mentary, that is, ^ = 90° — 5 and jB = 90* - A, it follows that 

cos A means the sine of (90® — A)^ or sin B\ 
cot A means the tangent of (90" — A)y or tan B\ 
cosec A means the secant of (90* — A), or sec B, etc. 



Hence 



sin ^ = cos i? = — 



tan A=i cot j& = - 

o 

sec A = cosec JB = 7- 





cos -4 =s= sin j& = —; 



cot A = tan J5 = — ; V 

a 



cosec A = sec jB = -. 

a 



(4) 
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2r 



Sin A = cos B is really an identical equation, since cos B U the 
sine (90°— B) = sin ^; and so is tan A = cot B, etc. Furthermore, 



vers A = 



= 1 — cos A. 



A ^ -^ ^ At 

exsec A = — ; — = sec ^ — 1 = 



cos A 



-1 = 



1 — cos A vers A 



cos A 



cos^' 



7. Plane trigonometry, applied to plane triangles, is but the ap- 
plication of the 07ie well-known proposition in geometry: ** Equi- 
angular triangles have their homologous sides 
proportional and are similar/' 

Comparing Figs. 5 and 6, we observe that 

the above ratios -> r> etc., change as the angles 

A and B change. These ratios have been com- 
puted, however, for all values of the angles, 
differing by single minutes or less, and placed 
in tables under the corresponding headings, 
sine, tangent, etc., and opposite the correspond- " 
ing angles. ^®- ®- 

8. From the above equations we observe that 




cosec A 


 


a. 


sin A 


1 
cos A 


— 


1 
sec^ 


cot A 


__ 


1 



tan A 



(5) 
(6) 
CI) 



Hence 



sin A cosec A = sec A cos A == tan J. cot ^ = 1. • (8) 



We also have, by division, 



sin A a 
COS A b 



= — = tan A\ 



(9) 



COS Ah ^ . 

" ; " , = — = cot A, 

sm A a 



(10) 
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Again, 

ffli _l_ ftJ /.« 
am^A + coa*A = f-+l = \=l. . . . (U) 

c c 

Again, 

and » 

sec A = V'l 4- tan* A ; (12) 

cosec« A = sec« 5 = ^ = ^^-i-^' = 1 + ^ = 1 + cot« ^, 
and 



cosec -4=4/1+ cotM (13) 

From (9), 

sin ^ = cos ^ tan ^ = ^^^^ ^__ J^^^ ^ .^4. 

sec ^ |/i _|. tan« ^ 

From (10), 

cos ^ = sin ^ cot A = -^5Ld_ ^ ^^^^ (15) 

cosec ^ VI 4. cot« ^ 

If one of the above functions of the angle A is given, all the 
others may easily be found. For example, if sin A is given, we 
have, from (11), 



Then 



cos A = i/1— sin« A, 



. . sin A sin A 

tan A = r= - : . . . . (16) 



cos 



^ 4/1 — sin« a' ' ' ^ * 



^ . . cos A 4/1 — sin* A 

cot A = ~. — J- = -1 ; ... (17\ 

Bin A sin A » • • • K^O 



sec A = =  ; ... (18\ 

cos ^ Vi _ 8in« A ^ ^ 

^^'"'^ = Sr2 V . . . (19) 



PLANE TRlGOKOMETRY. 29 

If cos A is given, we have, from (11), 

sin A = Vl — cos* A, 

Then tan A, etc., as above. 

Similarly when other functions of the angle are given. 

9. The sine and cosine of two angles being given, to find the 
sine and cosine of their sum, and the 
sine and cosine of the difference of their 
angles. 

In Pigs. 7 and 8 let HOF = A, and 
FOE=B; then, in Fig. 7, EOQ=A-\-B, 
and, in Fig. 8, E0O = A-B. From 
any point F in OF draw FE perpen- 
dicular to 0F\ also EQ and FH -per- 
pendicular to OH, and jf^lfi" perpendicular 
to EQ. Now the three sides of the tri- 
angle FEK are perpendicular to the three sides of the triangle 
FOH, and therefore FEK = FOB, 

Now, in Fig. 7, 

. /.I I IX ^^ FB+EK FB , EK 
sm(^ + ^ = — =— ^^ = — +_. 




But 



and 



FB FB FO . ^ ^ 
EO^FO'EO^^'''^'^^^^ 



EK EK EF ^ . « 

= cos A sm B. 



EO ~ EF' EO 

. •. sin (^ -f J5) = sin ^ cos 5 + cos Asm B, . . . (20) 
Again, 

00 OB-KF OB KF 



cos (A + B) = 



OE OE OE OE 



OB OF KF EF ^ « . ^ . ^ ,^.v 

OF-'OE-^EF'OE^''''^'^'''^^'^^''''^^'''^' (^^) 



so 



FIELD-MANUAL FOR EKGINEfeilS. 



Then, in Fig. 8, 
sin (A- B) = 



EG HF-KE HF OF KE FE 



EO 



EO 



OF' EO FE' EO 



= sin A cos B — cos A sin B\ 



m 



^«(^-^)= a&'= 



OQ OH^FK OH OF , FK FE 



OE 



OF' EO^ FE' OE 



s= cos ^ cos ^ + sin ^ sin B. 



(23) 




B' 





 




1  ..^^^^ 






?'^ 


^""^^^ 


?\ 




r 


\ 


/ 


\ 


» 


r 


c \ 


/ 


\ 

C 


\ 


\ 




\ 


^111 




p 




_^^ 


P-^ 



\lll 



.^ , B' 

O^ H Q 

Fig. 8. 

In (20), make B •= A and get 

sin 2A — 2 sin A cos A. (24) 
In (21), make B = A and get 
cos 2 A = cos' A — sin' A 

= (1 - sin« Jl) - sin« J. = 1 ^ 2 sin« A. 
= cos* J. — (1 — cos' A) = 2 cos* J. — 1. 

(20) and (21) give 

sin ^ sin B 
sin {A-\-B) _ sin A cos B-\- cos A sin B_ cos A "^ cos B 



B' 
Fig. 9. 



B 



. . (25) 
• . (26) 



cos (A + B) cos ^ cos 5 — sin A sin B sin A sin j& ' 

cos A cos B 



OP 



tan (A + B) = , -^-- = (27) 

^ ' ' 1 — tan 4 tan ^ ^ ' 



Similarly, from (22) and (23), 

tan A — tan B 



tan (^ - 5) = 



1 -j- tan A tan 5 



(28) 



PtAiTfi TklGONOMETRY. 31 

We note some special values of the trigonometric functions. 
k See Fig. 9. 

Let GOP represent any triangle ; angle COP = 0. Let = 0. 
Then CP = 0, PO and BO coincide and are equal. 
Hence 

^^^^ = i = ^' tanO = A = o, secO = g=l. 

Let = 90°. Then PC and PO coincide with JB'O, and GO = 0. 
Hence 

Ti'O Ti' O B'O 

sin 90** = -^77: = 1, tan 90° = — — - oo, sec 90° = -77- = 00. 
BO V 

Let O = 180°. Then PO and CO coincide with 5"0 and PC = 0. 
Then 

8inl80'=^ = 0, tan 180° = ^!!^ = 0, sec 180°= Ji^ = 1. 

Let = 270°. Then PO and PC coincide with B'"0 and CO = 0. 
Hence 

7?'"0 TV'O "R'^O 

sin 270° = "^^=1, tan 270°=— . =ao, sec 270° = -^r- = 00 . 
BO U U 

The values of the functions of 360° are the same as those of 0°. 
We need not consider angles greater than 180°. 

Solution of Plane Right Triangles. 

16. In order to solve a plane right triangle it is only necessary 
to select from equations (4) an equation containing the two given 
parts aside from the right angle and the part sought. By trans- 
posing, if necessary, so as to express the latter in terms of the 
former, it becomes known. There are two cases : 

Case L — A side and an angle given. Given A and c. See 
Fig. 5. 

ExampU.—lAiX ^ = 85° 23', and c = 874.8. We have 

B = 54* 37'. 

Also table of sines and cosines gives 

sin 85* 23' = .57904, and cos 35° 23' = .81530. 

Hence a = c sin ^ = 874.8 X .57904 = 506.54; 

6 = c cos ^ = 874.8 X .81530 = 713.22. 
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Case IL — Given two sides. 

Example. — Let a = 184.3, and c = 246. We have 



sin^=l= .74919. 
e 



We find in the table 



sin 48** 31' = .74915, ,\ A = 48" 31' to the nearest minute; 
B = W - A = ^V 29'; & = c cos ^ = 246 X .6624 = 162.95, 



or 



b= Vc» ~ a« = 162.95. 



Table for Solution of Right Triangles. 



Given. 


Required. 


Formulas. 


1. 


(ly b 


A, B, C 


tan^d = -y B = 90° — Ay e — bsecA—asecB. 




2. 


rr, e 


A,B, b 


sin ^ =-, 5 =s 90° — ^, & = ccos i4=atan J5. 
c 


3. 


A, a 


B, b, c 


^ = 90* — ^, h^attmBy e— a sec B—b sec A. 


4. 


A,b 


By (ly C 


B = 90° — Ay a = bto.jiA, c=a sec B^b sec A. 


5. 


Af c 


By a, b 


B = 90° — Ay a = c sin Ay b—a tan ^— ccos-4. 



If , in the second case above, b is given in place of «, then a 
and b as well as A and B change places in the formulas. However, 
A = 90° -B is the same as B = 90** - A, 

17. Wo will now deduce formulas for the solution of oblique 
triangles. 

Draw BD in Fig. 10 perpendicular to AC. Then, from the tri- 

g angle ABD, 

BD = c sin Ay . (29) 

and, from the triangle BCD, 

BD = a sin C. , (30) 




CD = AC -- AD i=^b - c cos A. . . . (31) 
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35> 



Equating (29) and (30) gives 



c sin A = d sin e, or — 

c 



a sin A 



Similarly, or by analogy, 

a _ sin A 
b ~ sin i? 



, and - 
' c 



sin G' 



sin B 
sin G' 



y 



(32) 



From the figure, 

a^ = (BJD)^ + (GDy. 

Substituting for BD and GB from (29) and (81), we have 
a^ = c^ sin* A -{- b^ - 2bc cos -4 -|- <j' cos* A] 
or, since sin* A + cos* ^ = 1, 

62 ^ ^2 _ ^« ^ 



a* = 6- + c- — 26<J cos Ay or cos ^ = 
Similarly, or by analogy. 



26c 



J^ (33) 



cos B 



= -' +/ - '\ and cosG = ^^±^\ 
2aG ' 2ad 



From (29) and (31) we also have 



BD _ c sin A 
tan (7 = ^ - 5 _ ^ cos J. 



sin A 



cos A 

c 



i&nB = 



sin G 



taxiA = 



a /Y 

- — cos U 

o 

sin B 

cos^ 

a 



y 



(34) 



18. Let ABG, Fig. 11, represent a plane triangle, the parts be- 
ing represented as usual. 

Take G£J = GA, and draw AD and i^^ perpendicular to AE. 

We have 

GAE+GEA = 100^ -G^A + B. .-. GAE=GEA=i{A+Bl 

and -5iL^ = C-KA - CBA = i(A -^B) - B = i{A - B), 
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Also GAD = 90' - CAE, and CD A = 90'' - (AEG = CAE), 

Hence CD = AG = h. 

Now 



<^ + ^ _BD_AD_ AEiB.n\(A+B) _ tan jM+J?) 
a-b BE EH AE tan \{A -B) " 




. . (36) 



Fia 11. 



From triangle ABE, 



or 



BE _ sin BAE 
AB " ^tTAEB* 

a — h _ sin \{A ~ ^) 
c ~ sin J(^ 4- B)' 



(36) 



In triangle ^^i), 

^ = ^ + ^ _ sin BAD _ cos |(^ - B) 
AB" c ~ ^^~ADB ~ cos i(A + 5)' 

Eq. (87) divided by (36) also gives 



a + b __ tan jjA + B) 
a - 5 ~" tan ^(^ — 5)* 



(37) 



(38) 



which furnishes another demonstration for (35). 

A slight variation of the above solution of the tangent problem 
was given by the author in Vol. I, No. 1, of Tlie American Math- 
ematical Monthly. It has since found its way into text-books on 
""-'o^onometry. Still another solution by the author may be seen 
'")1. Ill, No. llj of the same journal, 
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Solution of Plane Oblique Triangles. 

19. There are three cases. 

Case I. — In this case two of the given parts are a side, and the 
tjigh opposite ; the other part being either a side or an angle. 
Example i. — Let A, a, and B, Fig. 10, be given, 

(7 = 180 - (^ + B). 

From (32), 

_ sin J9 . ., 1 sin G 

b = a —. — 7-; similarly c = a —. — 3-, 
sin ^ sin ^ 

Example 2, — Ay a, and h given. 

(32) gpivea sin B = sin A — ; then the table gives B. 

a 

Now C = 180** -(A-\-B)\ and c = a ^^-^. 

sm A 

Case II. — Given two sides and the included angle. 
Let 6, c, and A be given. We have, from (34), 

sin A 

tan (7 = 



cos A 

6 



Then 



5 = 180* — (^ + C7) ; and a = b -i^-^- 

sm J5 



Or, from (33), 

« = (&» + (?« — 26(j cos A)^, 



Then 



sin 5 = sin ^—, and C = 180" - (^ + i?). 



Case III. — Given the three sides a, b, and c, 
Eq. (33) gives 

6« + c^ - a» 
^^^^ = —26^ • 
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Then 



sin 5 = sin u4- and C = 1S0° ^ (A 4- B). 



The above formulas are all-sufficient for all practical purposes. 

This chapter constitutes a complete treatise on trigonometry, 
though the deductions from it are endless, as the examples in 
arithmetic are endless. 



Table for Solution of Oblique Triangles. 

(See Fig. 10.) 



Given. 



6. A,B,a 



7. Ay a, & 



8. Ay b, c 



9. «, by c 



Formulas. 



b = 



sin B = 



tan B = 



a&\v\B 
sin A * 

b sin A 
a ' 

sin A 

c * 

- — cos A 

b 



c = 



_ a sin {A + B) 
sin A 

a sin (A -\- B) 



c = 



a = 



sin A 

b sin A 

sin B ' 



vers 



" 26c ~ 2bc 



sin B=^ 



b sin A 



a 



Use the first form for vers A v^^ith a table of squares, the second 
without ; they are the best formulas known for this case. 

The following are the best formulas known for the area. 
10. Area lab sin G = \ac sin B = {be sin A. 

It is never necessary to compute but one unknown part, and in 
the 3d case none at all, to have the required data for one of these 
equations ; and the computation is shorter than by any other 
formula. 

Observe that a sin (7 is equal to the perpendicular from 5 upon by 
b sin (J is equal to the perpendicular from A upon a^ etc. 
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Trigonometric Formulas. 

U. sin A = |/l — cos' A = = 3 sin lA cos ^A, 

cosec A 

12. cos A = V"! - sin« J. = — i— = cos^ -i^ - siu^ » 4 

sec ^ * '^ 

= 2 cos« i^ - 1 = 1 - 3 sin^ J.l. 

A sin ^ 1 ^ , 

13. tan A •-= j = j- = cosec 2 A — cot 34 

cos A cot 4 

1 — cos 2A sin 2^4 



sin 2A J + cos 3-4 * 

14. cot A =■ cosec 2A + cot 3.4 = the reciprocal of any expres- 

sion for tan A, 

15. sec A = r = t^c reciprocal of any expression tor cos A. 

cos A 

16. cosec A = — ; — - = tlie reciprocal of any expression for sin A. 

sm A 

17. vers A = 1 — cos A = 2 sin* 



. . vers A 

r 18. exsec A = sec -4. — 1 =  r- . 

cos A 

19. sin (4 ± jB) = sin A cos 5 ± cos A sin i?. 

20. cos (A ± B) = cos 4 cos B T sin A sin ^. 

21. sin A-j-BinB =2 sin ^(il -f ^) cos J(4 — B). 

22. sin A -sin B = 2 cos i(.4 + B) sin ^(4 - 5). 

23. cos A-\-cosB = 2 cos ^(4 + B) cos ^(.4 - B). 

24. cos J5 - cos 4 = 2 siri 1{A + 5) sin i(J. - B). 

25. sin* 4 - sin« B = cos* B - cos« 4 = sin (A + J5) sin (A - J?). 

26. cos«4 - sin* 5= cos {A + B) cos (.4 - B). 

27. tan 4 ± tan 5=-^^" (-j^^-^. 

cos A cos 5 

28. cot A ± cot B = — : — J—, — — -. 

siu A sin B 
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The above formulas contain the practical general relations exist- 
ing among the functions of an angle. By writing ^A, 2 A, etc., 
in place of A, by repetitions, etc., the formulas may be greatly 
multiplied without producing any new relations. This practice 
Is too common in Trigonometries, Field-books, etc. 






>»»..• 
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CHAPTER IV. 



SIMPLE CURVES CONNECTING RIGHT LINES. 

Let ^^Ci)^ represeut a circular arc joining the straight lines 
AV and. EV, which are 
tangent to the curve at 
A and E. 

AV and EV are tan- 
gents to the curve, A and 
^are tangent points, and 
the angle EVE is the an- 
gle of intersection, and 
shows the change of direc- 
tion in passing from one 
tangent to the other. 

V is the point of inter- 
section, or vertex. 

pROPEBTiEs Relating 
TO THE Circle. 

The following proposi- 
tions rest upon elementary 
geometrical principles, ^^°* ^^* 

may be regarded, for the most part, as axiomatic. 

(a) A tangent to a circle is perpendicular to the radius, at the 
point of contact. 

(b) Tangents drawn to the circle from the same point are 
equal, and the angle between these tangents, and the chord join- 
ing the tangent points, are equal. Thus, 

AV= EV, and VAE = VEA, 

(c) The central angle AGE, subtended by a chord, is equal to 
the exterior angle KVE between two tangents to the curve at the 
extremities of the chord. 

(d) The angle between a tangent and chord is equal to the 
angle subtended at the circumference by the same or by an equal 
chord. Thus, VAB = EGA = BA C, etc. 

89 
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(e) An angle between a tangent and chord, or an angle subtended 
at the circumference by that chord, is equal to one half the central 
angle subtended by the same chord. Thus, 

VAB = BCA = iAOB, 

if) Equal chords subtend equal angles at the center of a circle, 
and also at the circumference. Thus, if AB = BC, etc., 

ACB = BA G; etc. , and AOB= BOC, etc. 

{g) A radius perpendicular to a chord bisects the chord, and 

also the angle and the arc subtended 
by the chord. Thus, if OC is per- 
pendicular to' AE, we have 

AM=ME, AOV=EOV, 

and AC= CK 




Fio. 13. 



{?i) Parallel chords, or a tangent 
and parallel chord, intercept equal 
arcs. Thus, in Fig. 13, if PT, P'T, 
and r'T* are parallel, then PF' 
and TT' are equal, also PP' and 
TT are equal, 
(i) The exterior or deflection angle KBG^ Fig. 14, between any 

two chords AB and BG is equal to half the central angle AOG, 

subtended by the chords. This 

is easily shown as follows : 

1. Join AG. BAG = iBOG, 
and BGA = iAOB, as stated 
above. But ' / X \ C 

KBG= BAG+BGA; 

.'. KBG = iAOB -{- iBOG 
= iAOG, 

2. Draw the tangent HBL. 
Then 

KBG = KBL 4- LBG 
= UBA + LBG 
:;:^iAOB-^iBOG=iAOG, 
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3. SiDce tbe cbords AB and BC are parallel to tangents drawn 
at tbe middle of tbe arcs AB and BC, it is evident tbat, in passing 
from one cbord to tbe otber, we turn tbrough an angle measured 
by one balf tbe arc AB -\- one balf tbe arc BC, tbat is, tbrougb an 
angle eqctal to one balf AOC. 

Some Elementary Relations. 

In Fig. 12 drop tbe perpendiculars Bh, Cc, etc., upon tbe tangent 
AV. 

Ab, hCy etc., are called tangefit distances, and Bh, Ce, etc., tan- 
fjent offsets. 

Prolong AB, making Bd = AB. dC is called tbe cbord offset. 

Tben, from tbe preceding article, we liave 

CBd = i^OC= AOB. 

Drop tbe perpendicular Bp upon Cd. Tbis bisects tbe angle 
CBd and tbe base Cd. Hence 

CBp = dBp ^. iCBd = ^AOB = BAb. 

Since, tberefore, tbe triangles CBp, dBp, and BAb bave an 
acute angle in eacb equal, and tbe bypotbenuses also equal, tbey 
are equal in all respects ; and tberefore 

Cp = pd = Bb; also Cd = ^Bb. 

Since Ab is tangent to tbe curve at A, Bp is likewise tangent to 
tbe curve at 5. 

Represent tbe radius AOhj R, tbe tangent, or vertex distance, 
A rby T, and tbe angle of intersection K VE, as v.ell as tbe central 
angle AOE, by V. Represent tbe cbords AB, BC, etc., by r, a 
long cbord, as AC, by C, tbe tangent distances Ab, be, etc., by 
d, di , etc., and tbe tangent offsets bB, eC, etc., by t, ti , etc. Tben 
tbe cbord offset Cd = 2t. Represent tbe vertex distance CFby 
E, and tbe middle ordinate of a long cbord by M. Let L represent 
tbe lengtb of tbe curve, P.C. (Point of Curve) tbe beginning of 
tbe curve, and P. Ti (Point of Tangent) tbe end of tbe curve. 

The degree of a curve bas been defined as tbe number of degree^ 
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subtended at the center by a cliord 100 feet in length. This defi- 
nition of curvature is, however, awkward, arbitrary, and false. 
It is founded on error; it involves unnecessary labor and ends in 
anomalous and erroneous results. 

The degree of a curve may be defined as the change in its di- 
rection between one point, and another 100 feet from the first, 
measured on the curve. This is the change in direction which 
one would make in moving 100 feet on the curve from one point 
to another. Or, as the angle subtended at the center of the curve 
by an arc 100 feet in length. 

Let /> = the degree of the curve. 

The circumference of a 1" curve is therefore 360 X 100 = 36000 

fe<«t, and its radius is — — - - = 5729.578 feet, almost exactlv. 

'Ik • 

Since a 2* curve changes its direction 2° in 100 feet, its circum- 
ference is only half that of a 1" curve ; and since the radius varies 
directly with the circumference, the radius, too, is only half that 
of a 1° curve. For the same reason the radius of a 3" curve i.s 
precisely \ the radius of a 1° curve; and, generally, the radius of 
a i)** curve is exactly equal to the radius of a 1° curve divided 

1 7. •. • *i f w 5729.578 

by 7>; it is therefore equal to — -. 

Referring to Fig. 15, we see that for the same central angle 

AOE, the arc, the tangent, the 
chord, the middle ordinate, the e3> 
ternal secant, etc., vary directly with 
»E the radius or inversely with the de- 
gree of curvature. For example *. 
If aO = iAOy then ape - IAPE\ 
ai = \AV, etc. If APE'i^ a 1"* ot 
2° or 3* curve of length Z, then ape 
is a 2" or 4° or 6** curve of length 
4Z. 

Hence to compute any function 

of any curve, the tangent or exter- 

'O nal, for example, from the corre- 

Fro. 15. spending function of another curve, 

it is only necessary to multiply or divide, as the case may be, b\ 

the ratio of their radii or degrees of curvature. 

^rample. — Find the tangent of a 7° 13' — 433' curve, the cen- 
ngle being 37° 50'. 
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The tangent of a 1' curve, by Table VII, is 117812. Then 

r= 117812 -i-433 = 272.1. 
Using a table giving functions of a 1" curve, we have: 
Tangent of a 1" curve = 1963.6. 
Then Tangent of a 1' curve = 1963.6 X 60 = 117816. 

Finally, (17816 ^ 433 = 272.1. 

Or. 13' -J- 60 = 0".216, 

and therefore 7** 13' = 7".216. 

Then 1963 6 -^ 7.216 = 272.1. 

With a table giving functions of a 1° curve there is no escape 
from dividing by 60, which division is obviated by giving the func- 
tions of a 1' curve as in Table VII. 

It is often desirable to know the difference in the lengths of a 
chord and its subtended arc, and for this purpose we deduce the 
following formula : 

d = .001269289249^ - .0000000048329:^. . . (8) 
= .001269—1 - .0000000048"?^, very nearly, . (9) 

= .001269—, approximately (10) 

In these equations 2) = the degree of curvature, d = the differ- 
ence between any chord and the subtended arc, and n = arc of 100 
feet divided by this arc. 

For an arc of 100 feet n = 1 and d = .0012692>«, nearly; . (11) 
For an arc of 50 feet n = 2 and d = .000158Z>«, nearly; . (12) 
For an arc of 25 feet n = 4 und d = .000022)*, nearly. . (13) 

For n sub-chords per station the sum of the difference per 
station is 

nd = .001269 — (14) 

7r 
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Representing the central angle of the curve by F, and tbe num- 

V 
berof stations in tbe curve by iV, we bave iV= y-; and bence tbe 

lengtb of tbe curve exceeds tbe sum of tbe lengths of tbe sub- 
cbords by 



7)« V VD 

E= Nnd = .001269^ X -^-, = .001269 -,-. 



(14') 



Hence, in laying out curves, — sbould be nearly constant. 

Since in a 4' curve tbe cbord of an arc of 100 feet is 99.98 feet, 
curves from 0® to 4° can be properly laid out with cbords of 100 
feet, and with tbe same degree of accuracy we may lay out curves 
from 4° to 10° with cbords of 50 feet, and tbose from 16" to C4° 
witb cbords of 25 feet. 

Very sbarp curves can be easily laid out by swinging a chain 
around, wbile one end is beld at tbe center of tbe curve. 

Let 8 represent any arc, c its cbord, and Ci tbe cbord of one half 
of tbe aic 8. 

Tben, from above, 




Tbis is said to be Huygens' approximation to tbe lengtb of an 
arc 

Tbe following table sbows tbe differences between arcs of 25 
feet and of 50 feet, and tbe cbords of tbose arcs. (See Fig. 16.) 



D 



1 

o 

3 
4 
5 
6 

7 

8 

9 

10 



Arc 


Arc 


D*^^. 


Arc 


Arc I 


Deg. 


Arc 


25 


50 


1 ^ 


25 


50 


D 


25 


.000 


.000 


11 


.002 


.019 


21 


.009 


.000 


.001 


12 


.008 


.023 


22 


.010 


.000 


.001 


13 


003 


.027 


23 


.010 


.000 


.003 


14 


.004 


.asi 


24 


.011 


.000 


.004 


15 


.004 


.036 


25 


.012 


.001 


.006 


16 


.005 


.041 


26 


.018 


.001 


.008 


17 


.006 


.046 


27 


.014 


.001 


.010 


18 


.GOO 


.052 


28 


.oie 


.002 


.013 


19 


.007 


.058 


29 


.017 


.002. 


..OIC 


20 


.008 


.061 


30 


.018 



Arc 

50 



.070 
.077 
.084 
.0*)! 
.«99 
.107 
.116 
.124 
.138 
.143 
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II. Suppose the chord AB = 100 feet, and AOB = D, (Fig. 16). 
TLen 

AOM='^, MAE =^, etc. ^ 

Hence 

AM^AE^ecMAE 

= 50 sec — -. 
4 

Therefore 



^if - 50 = 50[sec -j' - l) 



= 50 exsec 



J), 




Similarly, AK •=. AFsec — - = 25 sec -- sec — ', etc., etc. 

The following table gives the excess of AK over 25 feet, and of 
AM over 50 feet, when chord AB is 100 feet. 



Deg. 


AK 


AM 


Deg. 


AK 


AM 


DepT. 


AK 


AM 


Di 


-25 


-50 


Di 


-25 


-50 


I>i 


-25 


-50 


1 


.000 


.000 


11 


.036 


.058 


21 


.131 


.211 


2 


.001 


.002 


12 


.043 


.069 


22 


.144 


.231 


3 


.003 


.004 


13 


.050 


.081 


23 


.157 


.2.53 


4 


.005 


.008 


14 


.058 


.098 


24 


.171 


.275 


a 


.007 


.012 


15 


.067 


.101 


25 


.186 


.29fi 


6 


.011 


.017 


16 


.076 


.122 


26 


.201 


.323 


7 


.015 


.028 


17 


.086 


.138 


27 


.217 


.349 


8 


.019 


.030 


18 


.096 


.155 


28 


.233 


.375 


9 


.024 


.039 


19 


.107 


.172 


29 


.'2.-10 


.403 


10 


.030 


.048 


20 


.119 


.181 


30 


.268 


.431 



C-oinparing the preceding tables we learn that, when the chord 
AB is 100 feet, the chord AM differs nearly four times as much 
from 50 feet as the chord of the arc of 50 feet differs from 50 feet. 
Furthermore, that the chord AK differs nearly sixteen times as 
much from 25 feet as the chord of the arc of 25 feet differs from 
25 feet. 

Thus let us first suppose AMB (Fig. 16) to be a 10" curve, and 
the chord AB =100 feet. Tlien by the table AK = 25.030 feet, 
and this would lead to an error of .030 X 40 =1.2 feet in laying 
out a curve 25 X 40 = 1000 feet long, taking chord AK = 25 fc et 
long. 
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Suppose, secondly, tliat the arc ^^^=100 feet and therefore 
arc AK = 25 feet, and the chord AK is but .002 of a foot less than 
25 feet. 

Hence in laying out the above curve, taking the chord AK ^= 25 
feet, the error committed would be only .002 X 40 = .08 of a 
foot. 

Thus we see that when the chord of a station is taken =100 
feet, the sub-chords AM, AK, etc., differ so much from 50 feet, 
25 feet, etc., as to largely vitiate the results, whereas such is by 
no means the case when the arc A MB is taken = 100 feet. 

Indeed, when the chord AB is 100 feet, the sltortcr the sub- 
chords used in laying out a curve, the greater the discrepancy in 
the measurement, on this basis. Thus for a 10° curve the difference 
between /<?t^r equal sub-chords and 100 feet is .030 X 4 = .120 of a 
foot ; whereas the difference between two equal sub-chords and 
100 feet is .048 X 2 = .096 of a foot. The reverse is of course the 
case when the arc A MB is made the standard of measurement. 

These facts are evident ; for when the chord is made the stand- 
ard of measurement, the sum of the lengths of the sub-chords ex- 
ceeds mare and more the length of the chord, the shorter they are ; 
whereas when the arc is the standard of measurement, the sum of 
the lengths of the sub-chords falls short of the length of the arc 
less and less the shorter they are. 

Most recent writers have endeavored to obviate the inconven- 
iences and inconsistencies above pointed out by inconsistent assump- 
tions, such as basing the curves of different degrees upon chords 
of different lengths. This scheme gives the values of some of the 
radii quite correct ; but it causes sudden breaks in the value? 
where the changes are made. 

For example, how can there be two different values (819.02 an^ 
818.64) of the radius of a 7" curve? 

And why should the radius of a 7* 10' curve be given quite cor- 
rect, while that of a 6« 50' curve is quite incorrect? 

Again, we are told by a recent author that, in practice, it is c?/«- 
tomary to take the radius of a 1** curve as 5730 feet, and to assume 
the radius to vary inversely as the degree. Thus for a 4° curve 

the radius would be — j— = 1432.5 feet. This is rational and, 

4 

moreover, is precisely what is here advocated, except that the true 

value of the radius of a 1° curve is used, viz., 5729.58 feet. 



SIMPLE CURVES CONNECTING laGHT LINES. 4? 

Formulas. 
From the triangle AOV, Fig. 12, we have 

AV= AOiBnAOV, or r=i?taniF. . . (15) 
Transposing, we have 

T 

B = ^ ^^=rcotjr. . . ^ , . (16) 

tan \V 

From the triangle A OF, we find 

Af ^c 

A0= . or i? = -.-^ = Ic cosec 17). . (17) 

sin J.O-r sin ^D 

This value of i? in (15) gives 

r=i-^ (18, 

Sin ^B 

Measure equal distances VH and VL along the tangents in 
Fi^. 12 and draw EUL. 
Measure fflVand FiV. 

V AV VJSr ATT An^^ 
that is, T= R~f^ (19) 

XliV 

It AM and F3f are measured, then 

^=^m' °' ^=^'^ •    ^^"^ 

Eqs. (19) and (20) serve to fix geometrically, without measuring 
angles, the tangent point of a curve of given radius that will unite 
two straight lines on the ground. 

In Fig. 12 draw VC perpendicular to ^ Fto meet ^(7 prolonged. 
Xow the angle AVG = ^AVE =-• 1(180 - F) = 90 - 1 F. Hence 

VCC = AGO = W - BOO = 90° - hV. 



*l 



■*■ 



_r:.i:^.:^r-*j~: x . ?* -l r? - *^ -tis. 



^ "'* T 
7 J^- 

^ = 5 --1:1 j ^^-:xi ^ T. i2n 






_» 



-W Ci = ^ = — (O-l 



_T 



Bb — AB^\u BA\ or t — c sin iZ), . . . (24) 

mkI 2/ = 2f sin i7>. (25) 

Knimjtlf — Giren ^ = 1909.9 feet and r = 100 feet, to find the 
tang^'iit and the cl^ord offsets for 100*feet. 
Br (2i^). 

10000 
'= 381978 = '•«'^- "■" -' = '-^' 

or Table I shows that 1909.9 is the radius of a 3° curve, and 

\I) = V'm\ and sin iZ) = .02618. 

Th^en, liy (24), 

< = .02618 X 100 = 2.618, and 2< = 5.236. 

Tho tiingont offsets are given in Table I, and the chord offsets 
tti'u Iwico tli« tangent offsets. 
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In laying out carves, the chain is stretched from point to ]K>iot 
m the curve, and coincides, therefore, with chords of the curve. 

Since tbe process is the same whatever the length of chain 
used, we -will assume it to he 100 feet long. 




Fio. 17. 

The length of the curve is expressed in chains, in terms of the 

central -angle AOF = V, and the degree of the curve AOB = D. 

V 
The number of chains is evidently equal to —. 

Thus, in the figure, if F= 23- and I) = 5\ the curve is */ = 4f 
chains, or 460 feet long. As the angle AOE = 5" X ^ = 20% 
EOFd=: 23' - 20** = 3" ; and the arc ^7^ is f x 100 = 60 feet long. 

It is usual, in laying out curves, to assume the radius /?, and to 
find the degree of the curve D from it ; or to assume D (usually 
in degrees and minutes), and to find jf? from it. Neither way 
is best. 

To assume a value of B or of D does not aid in the least in 
properly locating the curve. Generally the surface of the ground 
does indicate approximately the position of the curve, and the 
proper course to pursue, therefore, is the following: Divide the 
tangent of a one-minute curve by the length in round numbers of 
the desired tangent, and neglect the decimal in the quotietit. 
This gives the decree of the requirecl Curve in minutes. We may 
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change tlie quotient to an even number of minutes, or to some 
multiple of 10 if we wish, if there is sufficient latitude to be taken 
in the position of the P.C. 

Then divide the tangent of a one-minute curve by the corrected 
quotient for the tangent required. 

Example. — V= 46' 80', and the tangent should be 1100 feet or 
over. Find the degree of the curve, and the length of the tan- 
gent. 

Dividing the tangent of a 1' curve by 1100 gives 

147697 -H 1100 = 134' = 2" 14'. 

Now 2'' 10' = 130', and 147697 h- 130 = 1186.13, the tangent re-, 
quired. 

Long Chords and Ordinates to Long Chords, i 

Let Af B, Ct etc., represent stations upon a curve. 

Draw the lines as repre- 
sented, EX being a perpendic- 
ular from the middle of the 
curve E upon the tasgentl 
AT, LetM== EM, M' = FN, 
etc. 

Draw AE, and we have the 
angle iZulJIf equal to the angle 
EAX, and therefore the tri- 
K angles EAM and EAX are 
equal in all respects. From 
this we learn that the tangent 
ofiEset EX for any arc AE U 
equal to the versin EM of 
that arc, or to the middle or- 
dinate EM of the chord AH 
of twice the arc. 

Or, draw the tangent Et and the perpendicular Kt upon it. 
Then the tangent offset Kt of the arc EK = the versin EM of 
the same arc = the middle ordinate EM of the arc AEK, 
To find the middle ordinate, M, (See Fig. 18.) 

1". M = EM = EX= u43f tangent EAM = i(7 tan i F. . (26) 

2*. M = EM = EX=: ET cos TEX = Ecos^K . . . (26'J 
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r.M= EO - MO = R - RcGS^V :=: R{\-co»\V) 

= R vers J F. . . . (26") 



i\M= EO-MO=EO- i/A&--AM^=R-' ^R'^-iCK . (26"') 

To find any ordinate -F^ distant d from the center of the chord. 
Prolong FN, to meet OS, drawn parallel to AK, and join FO. 



Now, FS = ^FO'- -OST'z^ i/R^ -d\NS=MO^R- M, 



.-. FN= V^-' - d'' ^{R- M)^ Jf + VR' - d-" - R. 

Other methods will be giv6n in connection with laying out 
curves by ordinates from a long chord. 

Approximate Values of Ordinates to Sliort Chords, 

Divide the chord into any number 
of equal parts, eight for example, at 
t, k. It etc. . and erect the ordinates 
Em, Fn, etc., and prolong them to 
meet the curve in ^', i«^', etc. Let 
Em = fw, Fri= m', etc. We have, 
from geometry, 

_ Am XmB ic X ic 

Em = ^f7 — = l-7> — ~\ 

mE 2R — m 



or, approximately, 

_ je X jc __ ^ 
^- 2i2 ■" SR' 

Similarly, 



. (37) 







Op 



3- V -Ir 12 ^* 

= "*"=-^ = ii^-«T. = H^'^ = ^-A^; • • (38') 



2R 



16 8ijJ 



IcXkc 7 c 



Hq = m'"=:^^^^~=,-,.^=-^,m = m^^^m,. . (28") 



2R 



16 Ul 



For any other equal divisions of the chord we have similar re- 
sults. 
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To establish the points E, F, etc. 

Set E equally distant from A and B, and at the distance m from 
the point m ; then F, equally distant from A; and B, and ||w 
from 71 ; then O, equally distant from m and B, and |m from p; 
lastly, H, equally distant iramp and B, and /^m from q. 

This method involves much less labor than that of drawingsub- 
chords to find the points F, O, etc. If we draw a tangent at E^ 
the offsets to F, (r, H, etc., will be, according to the preceding 
formulas, ^^m, y\w, xff^» ^^' This shows a convenient way of 
finding the points on the curve. 

To compute tangent offsets and middle ordinates by means of a 
series. 

In a way similar to that pursued in finding the difference be- 
tween an arc and its chord we find 

t = .8726646359972> - . 0000221 52403892>» 

+ .00000000022493360386J9* -, . (29) 

or 

t = .8726646262> -.000022152404i)34-.oo0000000224933604i>5. (30) 

We may find the tangent offset for m stations by multiplying 
the successive terms of (30) by w*, m*, etc. 

We thus find tang offset for arc of 50 feet, or — stations, 

t' = .218166156499Z> - . 000001 38452524D' 

+ .00000000000351458756Z>« -. . (31) 

For 1 foot m^ = (.01)* = .0001, m* = .00000001, etc. Then, 

The tang offset for 1 ft. 

= U= .00008726646262) - .000000000000221524042)» + . (32) 

From (30), we have t = .872), approximately. 

For fi stations tn = .87/1*2) (33) 

Wellington in Railway Location, ch. xxx, recommends the 
equation t — ^n^U, . , (33') 



SIMPLE CURVES CONNECTING RIGHT LINES. 53 

wbicli is practically tlie same as (33). (33) is a trifle more accurate 
than (33'), but either is sufficiently accurate for all cases in 
which n^D does no* much exceed thirty. 

The same formuia gives the middle ordinate, n representing the 
number of stations on either side of the center, or 2/i the number 
of stations in the arc. Any other ordinates desired are then given 
by eqs. (27). (28), etc. 

Example. — Find six offsets of a 3" curve at points 50 feet apart. 
(See Fig. 18 ) 

For n = i, t-lxi 
71 = 1, i = I 



8 

7 

s 
n = 3, t=l 



n = 2k, t= 7- 



xi 


X3 = 


.66; 


X 1 


X 3 = 


2.62; 


XI 


X3 = 


5.91; 


X4 


X3- 


10.50; 


X^/ 


X3- 


16.41; 


X9 


X3- 


23.62. 



These results are of course equal to the middle ordinates for 
1,2, 3 ... 6 stations of the same curve. 

Laying out Curves. 

Since in laying out curves the operation or method is the same 
whatever the length of the chain or chord, we will here assume it 
to be 100 feet long. 

A. Bi/ Deflection Angles. 

Let A in Fig. 17 be the P.C. Set the instrument at ^, and 
turn off from the tangent ^Fthegivjeh deflection angle VAB = 
^D, D being the degree of curve. This will give the direction, 
ABy and measuring 100 feet in this direction, the point B will be 
determined. Turn off the additional angle BAG = ^D, the tele- 
scope being now directed toward C, and set G in the line AG a.nd 
lOO feet from B. Turn off the additional angle GAD — JZ>, and 
set D in the line AD and 100 feet from G. Proceed in the same 
way for other stations to the end of the curve, or so far as the 
stations can be seen from A. 

It is usually impossible, on account of obstructions likely to be 
met with, to lay out the whole of a curve from the first station. 
When such is the case, we determine as many stations as conven- 
ient, remove the instrument to the last station so determined, ap ' 
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proceed from that as from the first station. For example : Suppose 
B, G, and D to be found with the instrument at A. Remove the 
instrument to D, sight to A, turn off the angle ADV=: DA V = 
}Z?, and the line of sight will be in the direction of the new tan- 
gent DVnX D. Reverse the telescope, and the line of sight will 
point forward along the same tangent VDG. Now set E, F, etc., 
from the tangent DO, as B, G, and D were set from the tangent 
AV. 

In setting the first stake from the new position of the instru- 
ment, as E from D, no notice need be taken of the tangent at /), 
it being necessary simply to turn off from the line ^^^the angle 
HDE = EDO + GDE= ADV^ ODE = A.{\D). 

In the new position of the instrument we observe that, in all 
cases, the deflection from the line pointing to the back station to 
the line pointing to the forward station is as many times the de- 
flection angle \D as there are chains in the curve between the 
back and the forward station. Of course this applies to simple 
curves only. 

The beginning of a curve, as well as the end, usually falls 
between regular stations, giving short chords at the ends. The 
deflection angle for a short arc is such a part of the full deflection 
angle as the short arc is of the full arc. 

L^t a represent the arc AB or BC, etc., and a^. represent the 
arc EF. Also EOF = Di. 

Hence DFE = iD, and EDF = ^D^ , and therefore 



iDi ax ax \Dx 

--—.= —, or \Dx = \D—, or «i = ^n 
^D a a ^D 



In beginning a curve, the instrument being at the first station, 
it is convenient to place the zeros of the instrument plates to- 
gether, and direct the line of collimation along the tangent to the 
curve. The reading on the limb for any station will then be 
equal to the total deflection angle for that station. 

If the vernier is not disturbed while laying out the curve, it is 
plain that when the instrument is moved to its second position D, 
Fig. 17, and the line of sight directed to A, the reading will be 
equal to the total deflection from Aio D\ and that, an additional 
angle equal to this deflection being turned off, the reading will be 
equal to the central angle AOD, and the line of sight will be in 
the direction of the tangent at D. The same is true for all posi- 
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tions of tbe instrument. Since the deflections for the last section 
of the curve, that is, from the last position of the instrument to 
tbe end of the curve, is turned off but once, the reading on the 
instrument, when the curve is finished, will be equal to the total 
central angle V, less the deflection for the last section. This fur- 
nishes a convenient check for the work. 



B. By Tangent Offsets. New Method, 

Let ABGDEFOH represent a curve having a short chord AB 
-z c' subtending an angle AOB 
" Di at one end of the curve. 

Define the tangent AV hj set- 
fing stakes upon it. Draw Be, 
(X etc., parallel to A V, and BX, 
>,cX', etc., perpendicular to AV, 
or suppose such lines to be 
\lrawn. Now 

BXz=ABsinBAX=:c'sm^Di=ti, 

and is given by Table II. 

Since the chords BC, CD, etc., 
are parallel to the tangents at the 
middle of the arcs BC, Ci), etc. , 
we have 




Fio. 20. 



GBc = Dx + JD, BCd = A + |i>, EDe = 2), + ?^. etc. 

Hence 

Cc=:c sin (Di 4- kD), Dd = c sin {Dx + |2>), 

^ = c sin {Di + |2>). etc. 

We observe that Cc, Ddy Ee, etc., are respectively the tan- 
gent offsets for curves of the degrees (Z?i + 7-0)» (-^i + f-0)> 
(Z), -f |Z)), etc., and may be taken from Table III. Then 

CX' =zBX+ Gc, DX" = GX' -f- Dd, EX'" = DX" + Ee, etc. 

Set ^ at a distance c' from A^ and ti from A V\ then G a dis- 
tance c from By and GX' from AV\ D b. distance c from (7, and 
Dxf' from A V, etc. 
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It will be observed that in this method we avoid constructing 
a tangent at B, in consequence of the short chord AB; we avoid, 
secondly, the finding of AX, XX\ etc.; thirdly, the errection of 
perpendiculars, at X, X', etc.; and, lastly, we avoid the use of 
the radii which are large and fractional. Since c is generally 100, 
though sometimes an aliquot part of 100, no computation is gener- 
ally required, and none to mention in any case. Thus we see how 
simple and short this method is, compared with the method of 
tangent offsets in general use. 

When the curve begins at a station there is no short chord. 
Then 

AB=c, Di=D\ J5X=csinlA C<J = csinj2), Dd = csm\D, 

etc. 

It is best to lay out the curve from each end, so as to avoid off- 
sets inconveniently long. Long offsets may be avoided by drawing 
a tangent at any station and continuing the curve from that station 
precisely as from Ay when there is no short chord. 

To draw a tangent at any station, draw a line through that sta- 
tion and at a perpendicular distance from an adjacent station equal 
to the tangent offset for a station = csin \D, Or, draw it parallel 
to the chord joining adjacent stations. 

It will be noticed that stations on the curve are not opposite 
stations originally set on the tangent. 

The length of the curve gives the number of the station at H. 

This is perhaps the best of all methods with out a transit ; but 
a combination of methods is sometimes advisable, as will be shown 
further on. 

We also have 

AX= CcosiDi , XX' = Bc = c cos (A + i2>). etc., 

or XX \ X'X'\ etc., are respectively equal to the tangent distances 
for one station of curves of the degrees Di + 4A D\ -\- |2>, etc. 

These quantities are not needed, however, and it is to be ob- 
served that the points X, X\ etc., are not established or used. 
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C. To Locate a Curve by Ordinaten from a Long Chord. 

Let Fig. 21 represent a curve having an odd number of full 
chords, and a short chord 
AB = c' subtending an /T 

angle ^05 = 2>j, and a / c F 

short chord KL = c" sub- 
tending an angle KOL 
= i>a. Draw the tan- 
gent AT, and drop the w 
perpendiculars BX and 
CX' upon the tangent. 
Draw Be parallel to AT. 

Since Be is perpendic- 
ular to AO, and BC ia 
perpendicular to a radius 
hisectingthe angle BOC, the angle GBc = L>i-\- ^D. 

Now BXis found in Table II ; and Cc may be found from the 
same table or Table III, supposing the curve to be of the degree 
A + i-Z>. Or, 

BX =r c' sin iDi , and Cc= e sin (7), + JD). 




Suppose 




c' = 80, D = 4°. 


and 




(i),+ii>) = 5M2'. 


Table II 


gives 


.BX=2.23, 


and 




Cc = 9.06. 



.-. CX' = 11.29. 

Place B 80 feet from ^ and 2.23 feet from the tangent ^7* ; then 
C a chain-length from B and 11.29 feet from the tangent AT. 

Locate K from the tangent at L in the same manner as B is 
located. This gives the line CK. 

Suppose the stations already located ; the long chords EG, L>II, 
etc., drawn, and also the perpendiculars Dd, Eet, etc. 

Now Cd=Cm-Di = i{CK— BE) - one half of the difference 
between the chords of six and of four stations. See Table IV. 

dl — Bi-Ef— l(DE— EG) = one half of the difference be- 
tween the chords of four and of two stations. 

Im = one half the chord of two stations. 
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Again, Dd = Fm — Fi = tlie difference between tlie middle 
ordinates of chords of six and of four stations. (See Table V.) 

El = Fm — Ff= tbe difference between tbe middle ordinates of 
chords of six and of two stations. 

Finally, Fm is tbe middle ordinate of a chord of six stations. 

We note that points and lines on the right of Fm are of coursu^ 
symmetrical with corresponding points and lines on the left. 



Hence 



On = GK^ nK= CK - Cl 
Gh=GK-7iK=GK " Gd, etc. 



Now lay off Gd^ Gly Gm, etc. 

Set D a station from (7 and a distance Dd from d, or GK; ther 
Ea. station from D and a distance El from I, or GK; then F i 
station from ^and a distance Fm from m, or GK, etc., etc. 

We also have 

Gd = c cos f i?, dl = e cos |2), and Im = c cos ^D ; 
Dd = c sin |2), Ee = c sin |i>, and Ff = c sin \I>. 

These quantities may be taken directly from a table of sines 
and cosines, as already pointed out. It is not necessary, as shown 
under the preceding method, to compute and lay off Gd, Gl, etc. 

D. To Locate a Gurve by Choi'd Offsets, 

Let ABGDEF be the curve, having short chords AB = c', sub- 
tending an angle AOB = Dx 
and EF = c'\ subtending an 
angle EOF = D,. 
,Fa Locate 2? as in the las- 
'F method. Prolong AB^ mak 
mgBGy=c. The angle C^C"; 
= GAB + AGB = iD-^iD,. 
Hence GiG is the chord offse" 
2f for a curve of ^D + ^D 
degrees. 

GiG= 2csinJ(i7) + JA) 
= 2c sin i{Di + D). 

Place G, therefore, at a distance c from B, and 2f from Ci, 2f bein^^ 
*wice the tangent offset which is given by Table III opposite tht. 




Fig. 22. 
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ii'irree ^{D + Di). Prolong BO to D, , making CDi = c. Now 
DiD = 2t is given by Table III. being twice tbe tangent offset. 
Place D, therefore, at a distance e from (7, and 2i from Di. Place 
all regular stations similarly. C may be placed, also, as in the 
preceding method. F is easily placed from the tangent at E, as B 
was placed from the tangent at A. 

It may be observed that by the above method we are able, by 
means of a table giving offsets for full stations only, to locate any 
station, as C, by chord (or tangent) offsets, though the chord, as 
AB, preceding the adjacent chord may be of any length. 



E. To Locate a Curve by Middle Ordinatea. 

Let ABCDEFO be the curve, having a short chord AB -= c\ 
subtending an angle AOB = Dx , 
and a sbort chord PG = c", sub- 
tending an angle FOG = D9. 

Locate the stations 5 and C from 
the tangent Ax, or by some other 
method as already explained. 
Then set off on CO the distance 
Cc = t =^ csm \D — the middle 
ordinate of a chord of two stations; 
and set D in the prolongation of 
Be, and at a distance c from C. 
Set off Dd the same as (7c, and set E in the prolongation of Cd, 
and at a distance c from D. Locate all subsequent stations in the 
same way. To test the accuracy of the work, measure the per- 
pendicular Fy from the last regular station upon the tangent at G. 
This distance ought to be 

tx = c" sin JZ)a. 




F. To Lay out a Curve by Badial Lines from the Center, 

Consider the case of a half-mile race-track, having two parallel 

sides, each 600 feet long, connected at the ends by semicircles, as 

. T^. «^ XT 2640 - 1200 ^^^ , , , , , 
shown in Fig. 24. Now = 720, the length of each 

180* 
semicircle. Hence the degree of each curve = =-^c7. = 25*, and 



7.20 



the radius is 229.18 feet. 
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Set the instrumeDt at 0, and run radial lines 01, 02, etc., making 




Fio. 24. 

angles of 30'' with each other, for example, and set stakes at 1, 3, 
etc., 229.18 feet from O. These stakes are 100 |J = 120 feet apart, 
measured on the arc. 

Determine other points on the curve by middle ordinates. 

The inside of the track is three feet inside of the line measured 
above* 

ERiiORs IN Field-work. 

In laying out curves, as well as in all field operations, errors 
will sometimes occur, and it is important to know the immediate 
and the ultimate effect of such errors; to know when such errors 
are increasing, from one stage of the work to another, and when 
they are decreasing; when they are too small to be of importance, 
and when they are so large as to vitiate the result if not cor- 
rected. 

It is important, also, to know the law of increase or of decrease 
of such errors; for in that case the error at any point may be 
found from that at any other point, the end of the curve, for ex- 
ample; thus making it possible to properly, that is, really, correct 
the curve without rerunning it. 

I. Curtes Laid out hy Deflection Angles. 

A. To find an approximate talue of the erroi' at the end of a 
curve dite to an erroi' in the length of a chord. — Suppose A, B, C, 
etc., to represent stations on the true curve, and A', B\ C, etc., 
stations on the false curve. 

1°. Suppose the first stake from A to be set at B, a distance 
BB' = e beyond 2?, its true place. 
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Then C will be set on AG prolonged and a chain from B', D' 
will be set on AD prolonged and a cbain from C", etc. 

To prove that CC is less than BB*. Draw C^" equal and paral- 
lel to BB'. Then BB GH is a parallelogram, and B'H- BG = 
B'C = a chain. Hence G' is on the arc whose center is B' and 
ThdiMS B'H, With Caseenter and radius GH = e describe tlie 
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arc HK. HK lies outside of the arc HG\ since the arcs at // are 
perpendicular to C5"and ^'irrespectively, and are limited by AG 
prolonged. Hence 

GG' <GK- GH= BB' = e. 

For the same reason BB' is less than GG' , and so on to the end 
of the run^ that is, to the last stake set with the instrument at A. 

Suppose the instrument moved to D'. 

Since, in setting E' from iX, we turn off fromZ>'J. the same angle 
that we would turn off from DA in order to set E^ we have D'E' 
equal and parallel to DE, and therefore EE' is equal and parallel 
to DU. For the same reason FF' is equal and parallel to EE' 
or DD' . S ) on to the end of the curve. 

2°. Suppose an error to occur in some other chord than the first — 
in the second chord, for example. B is supposed, therefore, to be 
set correctly. Suppose the next stake set at G' instead of at G 
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Let BC = c-\-e. Now BC + CC > BC\ or 

c-^CC > c-\-e. ,'. GC > e. 

From C the errors will follow the same law as in the former 
case. 

With reference to these two cases we remark that if the error 
occurs in the chord adjacent to the instrument, the errors in tlie 
stations will decrease slightly to the end of the run, and from 
that point remain constant to the end of the curve ; but if tbe 
error occurs in a chord not adjacent to the instrument, the error 
in the station, at the end of that chord, is slightly greater than 
the error in the chord, though the errors slightly decrease from 
this point to the end of the run, and remain constant from the 
end of the run to the end of the curve. In all cases the error at 
the end of the curve may be regarded as equal to the error in tbe 
chord, whether adjacent to the instrument or not. 

y' 3°. Suppose the chain is 

V/\. in error, in which case all 

the chords will be in error. 
Let the curve AB {R = 
AO := radius, and D = de- 
gree) be run with a chain 
100 feet long, and the curve 
ABiB' = AO' = radius) 
with a chain 100 -f- e feet 
long. The number of 

V 
chords is equal to ~ = n. 

Then for the difference in 
length of the curves we 
have AB' = (100 + e)n, 
AB = IQOn, and therefore 

AB' - AB= en (34) 




For the chord we find, since B' = RI — "J" ], 

] sin^F, AB= 2RsmiV, 



AB' = 2R 
and therefore 



'100 + e 



AB' - AB = BB' = 



2/?gsin^F 
100 
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But JR= 100 ,,. 

^^, _ 3 606 Bin i V _ lU.me si n'j V 



(35) 



v\i80 

H' = (100 + 6)^, and R' - li = ^% = ^'^. . (36) 

We also have 

114 fi^ /sill 4 F)* 
irh = BB' sin BBh = BB' sin ^ F = t^l'^^l^lyJ. J , . (37) 

m.l BJi = BB' cos iF=^ oi.,^esm v ^^^^ 

Example,— Let e = .02, F = 60% and D = 6°. 

fiO 
Tlie error of the curve = .02 X -tt- = .200. 

6 

The error of the long chord = ^^^'^ >^ i X -^^ ^ ^^^ 

6 

Also R' — B = = .191, 

6 

• B'k = ''"■' \'' X ^ = .0955. 



B. Suppose that the first stake is set at B\ Fig-. 27, instead of 
It B, the error in the angle being 
UAB' = A. 

Then it is evident that C\ 
W, etc., will be set at the same 
mgular distance from the chords 
4(7, AD, etc., as ^' is set from 
AB. B\ C", etc., are on the 
jurve, having 0' as center and 
A.(y z= AO as radius. OAO' 
= BAB', 

To find the error at the end of 

the carve. ., 

A 
Suppose JSTthe end of the true Fio. 27. 

mrve. 
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Now AE' = AE, and the angle EAE' = tlie angle BAB\ 
Hence BE' = 2AE sin \EAE' = "iAE sin \BAB\ 

If the error in the angle is corrected at the end of a run, say at 
E', then, for reasons given above, the error in the jx)sition of tbe 
stations is constant from E' onward to the end of the curve. If 
the error is corrected during a run, say just before D' is set, 
then that station will be set at Di on AD and 100 feet from C 
Similarly Ei will be set on AE and 100 feet from 2>i. 

It may be shown that EEi is less than DDx precisely as it was 
shown that CO' is less than BB' in Fig. 25. Hence in this case 
the error will decrease to the end of the run, and remain constant 
 from that point to the end of the curve. 

II. Curves Laid Out by Tangent Offsets* 

If in Fig. 22 the tangent at B is swung through an angle A., say, 
then all stations following B will be misplaced, the error increas- 
ing to the end of the ** run " in the manner shown in Fig. 27. If 
a new tangent is drawn before reaching the end of the curve, as 
at E\ Fig. 27, it is easy to see that such tangent would make an 
angle A with the tangent to the true curve at ^, and that the 
error, therefore, would go on from E' forward precisely as from 
Bto E\ and hence the error would increase regularly from S to 
the end of the curve. 

III. Cur'oes Laid Out by Ordinates from a Long Chord, 

In this case, if the end C of the chord CK, Fig. 21, is misplaced, 
then all stations from D to i7 inclusive will be misplaced in pro- 
]iortion to their distances from K\ the greatest displacement being 
less than that of C, If K is also misplaced, the same stations 
will likewise share that error, in proportion to their distances 
from C, 

IV. Curves Laid Out by Chord Offsets. (Fig. 22.) 

If in this method any station, as B, is set at one side of its true 
position, then all subsequent stations will be in error in the same 
direction ; the errors increasing regularly to the end of the curve, 
in the manner shown in Fig, 27. 

If, owing to an error in some chord, some station is set forward 
— *»-'»i^ward from its true position, then all subsequent stations 
1 error the same amount and in the same direction. 



SIMPLE CURVES CONNECTING RIGHT LINES. 



65 



V. Curves Located by Middle Ordinates, 

In Fig. 23 suppose G to be placed a distance a to the right, say, 
^that is, along CO,) of its true position. Then c will be a distance 
i to the right ; D and d will be 2a to the right j J^^and e will be 
U to the right of their true positions, etc. 

If C is correct, but c a distance a too far to the right, then D 
.nd d will be 2a to the right, E and e will be 4a to the right, F 
ind/ will be 6a to the right of their true positions, etc. 

Problems in Simple Curves. 

I. Given the tangent distance AB = d and the tangent offset 
BD = t, to find the radius of a curve that will pass through f> 
and be tangent to AB at A. 

Ijet AD = c. We have 

OD" = OC' + CD\\ 

.>r b:^ = (r- ty + d\ 

From this we have 



ie = l(f + *). . 



(") 



From (a), 



B B' 




t = R- ^R^ - d\ . 



(39) 



Fig. 28. 



and d = ^t{2R - t). . . 

Second Solution. — Let AOD = A ; then 

BAB = ADC= iA, 

Now the triangle ABD gives 

d 



t 



cot I A. 



5- 



(40) 



(41) 



Also 



t 

it 



- = vers A, 



and 



H 



'- = co.sec ^1. 



(42, 



. (43) 
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If d and i are given, find A from (41), tben R from (42) or (43)^ 
If ^ and It are given, find A from (42), then d from (41) or (43)J 
Finally, if d and li are given, find A from (43), then t from (41] 
or (42). I 

Example 7.— Given f = 12 and rf = 171.6, to find R. 

12 ' 

tan ^4 =zrr.,~^ = .06993. 

.-. iA = 4^ and A = S\ 

Tben /? = ---- - j^^_ = 1233.3. 

vers .4 .00973 

Exawple i^— Given R = 1233.3 and d = 171.6, to find i. 
cosec A = ^j^f^ = 7.187. r. A = 8^ 

Then < = 1233.3 X .00973 = 12. 

This problem is useful in finding points on a curve beyond an ' 
obstacle. 

II. To find the distance to a curve in a given direction from a! 
A D ffiv*^ point on a tangent. 

We have 

AO = R, AB = d, and ASP = B, 

tan ABO = ^ . FBO = ABO - ABP; 
a 

sin OPI = sin OPB = ^ X sin PBO 

_ sin PBO 
"■ sin ABO' 
Then 

Fig. 29. sm PBO ' 

This problem furnishes a general method of finding any desired 
point on a curve when obstacles preclude the usual methods. 
(See Problem 12.) 

III. Having run the curve AD, radius AO = R, Fig. 28, to 
find the radus i?' of a curve that will pass through I)', given by 
angle BBiy = D, and DIT = E. 
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Let AB = d, and BD = t. 
Draw B'H parallel to AB. Now 

HB' = JS sin D, and HB = E cos B. 
AB' = d-\- E&m B — d,, and B'B' — t- EcofiB = ti. 

It will be observed that when AB' < AB, E s'm B must be 
subtracted from d to give di ; and that when B'B' = BH > BB, 
Ecos D must be added to t to give ty. 

IV. Having run a curve of radius R and tangent T, to find the 
r.ew tang-ent T' corresponding to a new radius R' y or to find a new 
radius A' corresponding to a new tangent T', the central angle re- 
maining constant. 

Eq. (15) gives 

T' = li' tan J F; r = R tan ^ F; 

. •. r - T= {R' - R) tan \V, . . . . (45) 

3r R' - R = {T' - T) cot \V (46) 

Sim.ilarly, from eq. (17), we get 

C - G = 2{R' - R) sin ^F. .... (47) 

These equations are of advantage for computing the change in 
one element, T' — T for example, from the change in another, 
Ef — R for example, when the given change is small, or is an 
aliquot part of the element changed. 

Example 1. — Having run the curve of radius R = 1910, and the 
central angle F= 46° 12', and tangent distance T=^RXkii^V 
=1910 X. 42654 = 814.7, to find T' when R is made equal to 1900. 

Eq. (45) gives 

T' =T+{R - 72) tan J F 

= 814.7 - .42654 X 10 = 814.7 - 4.27 = 810.4. 

Example ;^.— Given F = 52** 04', R = 5730, and T = .48845 

T 
X .5730 = 2798.8, to find i?' corresponding to T' = T+^. 



We have 



R = i? + j^ = 2798.8 + 233.2 = 3032.0. 



68 



FIELD-MANUAL FOR ENGINEERS. 



V. Given a curve joining two tangents, to change tlie position 
of the P. C. so tbat with the same radius the curve may end in 

a given parallel tangent. 

Let ABhe the given curve, 
and B' V the parallel tangent. 
VY'—a shows the distance 
and direction that all points of 
the curve are moved. The 
curve will therefore begin at 
-4 ' and end at J5'; ^.4'and^^', 
as well as OCy , being equal 
and parallel to FF'. It is 
not necessary to run the tan- 
gent B V in order to find the 
^'^' ^- distance VV. To find this 

distance run a line, such as BB , parallel to ^ F from any point 
on B V to m( et BV. Then make AA' = BB\ 
If the perpendicular offset Bh = h is measured, we have 




A A' = BB' 



h 



sin F' 



F being the vertex angle. 

UB'V were on the other side of J5Ffrom that shown, the 
new tangent point A' would fall on the opposite side of A from 
that shown in the figure. 

If the new curve is required to end at a given point on B'V\ 
Tve have, then, the length of the f^ V v' 

new tangents, "^ 

A'V = B'V = T\ 

which gives the pxosition of A' (and 
B)y and the corresponding radius, 

B' = T' cot \ V, 

or, by (46), 

IV =.n-^{T' - r) cot IF 

Fig. 31. 
VI. Given a curve AB joining two tangents, to find the radius 
of a curve that from the same P. C. will end in a^iven parallel 
"It, 
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ljetAV=BV= r,AV' = B'V'= T\ AO = R, ACT = li\ 
We have, from the figure, 

li' T' T' 

Also, from eq. (46), 

li' = R-\-{T' - r)cot^F. 

Or, prolong AB to B' and measure BB'. Let AB = c, and 
AB' = c\ BB' - c! - c. Then, from the figure or from (17), 

c/ - c ' 

R' — R -\- K- — ri:?* 
2 sin ^V 

If the parallel tangent is defined hy a perpendicular offset, as 
B'p = h, draw BG parallel to AO. Then 

Cp = BC cos BGp = {R' - R) cos V. 

.: CB'={R'-R)={R'-R) cos F+/i, or (R-R){l-cos V)=h, 

or (/r - 22) versin F = /i, or R' = R -] ^^. 

versin V 

The quantity added to R in the above equations must be sub- 
tracted from it to find R' in the case in which K' falls between A 
and V, that is, when 7" is less than T. 

Example i. — V= 78°, i? = 954.9. 7' may be computed or found 
by Table VII to be 773.3. 

Let FF' = 20 feet. Then 

2?' = i? + (T' - T) cot iV= 954.9 + 20 X 1.2349 = 979.6. 

Example 2.^R = 1909.9, F= 46° 88'. T may be computed or 
found by Table VII to be 823.2. 

It is desirable to move the vertex from F to V about 100 feet. 
Find the new radius R\ 

823.2 + 8 = 102.9; 
1909.9-^8 = 238.7, 

Hence AV -:^ 823.2 -f 102.90 = 926.1, 

and the new radius 

AO' =^ R; - 1909.9 -f 238.7 = 2148.6, 
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VTL Given a curve joining two tangents, to find the new tan- 
gent points, corresponding to tl>e 
same radius, after each tangent Las 
been moved any distance in the di- 
rection of the other. 

Let A Kand BVhe the given and 
A'V iind B'V the required tan- 
gents. Let 2/ be at the intersection 
of .1 V an 1 B' V\ Let Vll = a, 
V'II= b, and VV = c. 

We observe that 

VJIV = 180' - V. 
.'. sin yjIV ^ Bin F, 
Fig. 32, and cos VHV = — cos V. 

Chap. Ill, formula No. (8), gives 

sin V sin V 




tan HVV 



HV 



-, -f cos V 



a 



Then 



VV = 



HV 
h sin V 



-\- cos V 



^mHVV'' 



We observe that the directions of FIT and HV are the same 
as that in which the tangents J9Fand ^Fare moved, and there- 
fore there can be no ambiguity about the direction of these lines 
or of VV\ which is the line joining V and F'. 

Since R and V are not changed, it is evident that all parts of 
the curve are moved in the direction W and a distance equal to 
VV\ 

Hence make the angle VAA' = HVV\ and AA' = VV\ 

The curve will begin at A' and end at B\ BB' as well as 00' 
being equal and parallel to VV*. 

If the distances the tangents are moved are given by perpendic- 
ular offsets V'h' = h\ and Vh = /*, the triangles VHh and 
V'Wi' are similar and give 

 h'' 

sin VUV 



HV 

tan HVV = 



HV' 



cos VHV 
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or 



t&nHVV = 



sin V 
,^ + cos K 



Now the triaDgle hVV gives 



h' 



FK' and Vh are on the same side of BV; also, VV\ and F'A' 
are on the same side of A V. 

VIII. Given a curve AB joining two tangents AV and BV, to 
change the curve so as to end at the 

same point as before, but in a tan- Al ^ V V D 

gent inclined at a given angle ^4 
with the original tangent. 

ljetAV= BV = T, and the new 
tangents A'V = BV = T\ 

Let AO = /?, and A'CT = R\ 

Draw BD = p perpendicular, and 
BMN parallel to A V, 
Let 

V'-BV'D=BVl)-{-VBV'=V+A. 

Now An =r B versin V, 

and A'm = R' versin V\ ^'**- ^• 

But A^m = An; .*. i? versin V= W versin V\ 

R versin V 




or 



R' = 



versin V 



With this value of R' run the curve back from B through the 
angle V\ and it will end at A\ tangent to A V; A' V being equal 
to BV. 

If the length of the new tangent is desired, we have, from the 
triangle VBV, 

Tsin V BD 



T = 



Then 



/?' = 



P__ 

sin F' "■ sin V ~ sin V' 

T' p p 



tan jy " sin V tan ^V " vers F" 
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If we wish to run the curve from A, we have 

DV= pcot V, and DV = p cot F'. 



and 



.-. VV =p(co\. V- cot V% 
AA' = AV~\- VV - A'V = W + T - T\ 



When Y < 90"*, T increases as V decreases, and ^ice versa ; 
and when V> 90°, Tand F increase and decrease together. In 
all cases R increases as F decreases, and vice versa. 

IX. Given a curve, radius AO = R, joining the tang^ents 

^Fand BF, to find the radius 
A(y ^^ Bf oi a new curve start- 
ing from A when the forward 
tangent VB' takes a new direc- 
tion from the vertex. 
We have 




and 



VA = i?tanJF, 

R! = F^cotiF'. 
.-. R' = /JtanJFcot jy 
tan4F 



= i? 



Fio. 34. 



tan J V 



X. Given a curve AB^ radius AO ~ R^ joining the tangents 
^. Fand VB, to find the change f^ f^' y 

in the P.C., the radius remain- *"" 
ing the same, when the forward 
tangent takes a new direction 
from the vertex. 

We have 

VA = ^tan^F; 

VA' = Rtan^F'. 

. •. AA'=R(t&n i F- tan i V ). 

XL Given the angle of in- 
tersection F of two tangents Q 
IF and BV, \q fiud the radius Fio. 35. 
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K and tangent distance T of a curve joining tbe tangents and 
passing through the point E, 

V. Let E be given by V£J=ly 
and angle EVO = A. 

Let VEO = E, VOE = 0, 
and AO = Ii, AOV=iV. 

Now 

AO EO sin A 
VO 



coslF 



sin E 



VO sin E 
sin A 



cos j^ V 
This gives E. Then 

= 180" - (4 + J&). 
Moreover, 

EO H sin ^ 




^r 



I 



sin ' 



or E= I 



sin ^ 
sin 



Finally, T= HismiV. 

2^. If Eis given by VII and ^^ perpendicular to each other, 

EH 



then 



tan EVH = 



VII' 



EVF= FVH- EVH= 90*^ - JF- EVH; 
VH 



VE=i 



cos i&Fff • 



With these values proceed as above. 

3^ Let ^be given by VB = «, DE = ft, the angle V/)F being 
eqial to VOA = iV Produce DJS^to i^and G, 



Let DF = e. Then c = a cos JF, and AD = fZ/^iSr X DO. 
But BO = DF+FO =DF+ EF=2DF-- DE=2c-b. 



.-. AZ>= i/6(3c-6), and F4 = F2) + 2>-4 = 21 
Now /?= Tcot iF, 
or 2ri^= jDiSr sin ^2)^= 6 sin 4 F. 
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Then VH=VD — Dn= a-bcos ^V, 

With these values of FJTand ^JF proceed as above. 

XIL Given a tangent and curve (Fig. 36), to find the distance 
from a given point on the tangent to the curve in a given direc- 
tion. 

Let V be the point, and suppose the direction defined by the 
angle EVA = B, Let AV = T. We have 

T 

Then EVF= DVT- EVA = (90° - JF) - 5 = ^, say. 

Now equation under Problem XI gives 

. „ sin A 

sm E = :r-^-, 

cos J V 

Then = 180' -{A + E), 

and y^ ■= I =z R—. — j, 

sm A 

or, 

tanFF2)=^, and EVF = FVD - EVD = FDV - B = A, 

Then find sin E, then and I as before. 
KmmpU.—R = 954.93, T = AV = 350, AVE=: 40". We have 

R 
tan ^ FO = ^ = 2.72837; .-. u4 FO = 69' 52', 

and AOV^\V= 20** 8', and EVF = 29" 53' = F. 

sin J2r == ^^ = 4^ = .53039; r. E = UT 58'; 
cos IF .93889 

= 180* - 177** 50' = 2" 10'; 

, 954.93 X .03781 „^ . 
^ = :497¥8 ~~ = ^^-^^ 
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XIIL To locate a tangent to a curve of given radius R from a 
given point V. (Pig. 37.) 

1 . If the curve is marked 
by stakes visible from the 
given point, a tangent can 
be sigbted in at once. 

2. If the curve is not 
visible from tlie point, run 

a trial tangent VB, and Fig. 3T. 

measure VB = A and the angle VBO = B. 

Chapter III, formula (8), gives 

sin B 




tan BVO = 



Or=z OB, 




sin B 



A 

-^ — cos B 



and sin EVO = 



sin B VO' 
BVE= EVO-BVO. 



EO 
OV 



Now tan B = 



J, This gives the angle to be laid off from 
the trial tangent to give the true tan- 
gent AE, 
Q XIV. Given two curves AB and AC, 
radii AO = B, AOi = /?, , subtending 
the central angles AOB = and 
AOiC = 0,, to find the length of the 
line BC. (Fig. 38.) 

Let A, B, and C represent the angles 
of the triangle ABC, and a, b, and c the 
sides opposite. We have 

c = 2R sin ^0, and 6 = 2i?i sin ^d. 

Also, 



BAO = 90° - ^0, CAOi = 90" - iOi 

FIG. 38. .-. BAC=A = UO- Oi). 

sin A 



-, (See Chap. Ill, formula (8).) 



cos A 



and then 



-sin A 
a = 0- — =. 
sjn B 
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If the curves are run through an integral number of stations, 
Tables IV and V give at once the tangent distances AK and All 
and the tangent offsets BK and CU. Then, drawing CD parallel 
to All io meet BK in D, we have 

CD = AH - AK = d, say, and BD = BK - CB"= t, saj. 

Then BC-. V'd^^-\ t\ 

CD _d_ 

BD " t ' 

BD 



or 



tan CBD = 



and 



BC = 



cos CJD' 
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It is often necessary to draw lines parallel and perpendicular to 

other lines. Hence the follow- 
ing problems : 

I. To erect a perpendicular at 
any point of a line, (Fig. 39.) 

1. Let A be the point, and BC 
the line. Make AB =^ AC, and 
with B and C as centers and 
any radius greater than AB de- 
scribe arcs intersecting at D or 
at E, or (with a different radius) 
at F. Any two of the points A, 
Z>, E, and F determine the per- 
pendicular required. !! 

2. Fix any two points of the 
chain at B and at C, Take hold 
of the point midway between B 
and C and stretch the chain, the 

middle point being at D. AD is the perpendicular required. 
We may find, similarly, other points E^ Fy etc. Any two of these 
points A, D, E, Fy etc., determine the perpendicular required. 

3. Let C be the point. Take any point 2) as a center, and with 
a radius DC describe an arc BC. Prolong J5i), making DII^ BD. 
CII'is the perpendicular required. For DA {A being at the mid- 
dle of BC) is i^erpendicular to BC, and, by construction, CII is 
parallel to AD. 

4. A right angle may be obtained by laying off on the ground 
the three sides of any of the triangles represented in the following 

ble, or any equimultiples of these sides, making one of the 




Fig. 29. 
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sides adjacent to tbe right angle {a or b) coincide with the line. 
I^t c = the hypothenuse. 



No. 


a. 


6. 


c. 


No. 


ct. 


b. 


c. 


1 


3 


4 


5 


6 


20 


':i 


29 


si 


5 


12 


l:^ 


7 


12 


3r> 


37 


3 


8 


15 


17 


8 


9 


40 


41 


4 


7 


24 


25 


9 


11 


60 


61 


5 


10 


24 


26 


10 


•13 


84 


85 

i 




Thus, in Fig. 40, using 70 links of tlie cliaiii, hold the first 
end, also the end of the 70th link of the cliain, «t .1, the end of 
the 21st link at B, and the end of 
the 50th link at G. 

If in the three expressions 
?»' — ?<^, 'Zmn^ and m^ -\- n^ we 
assign to m and n any values at 
pleasure, m being greater than w, 
we will have sets of numbers 
representing the sides of right- 
angled triangles. In that way 
the above numbers were found. 
Equimultiples of any set of the 
above numbers will represent the B 31 

sides of a right-angled triangle. Fio. 40. 

II. To let fall a perpendicular from a given point to a given 
line. — Let //in Fig. 39 be the point. Measure any line HB to 
the given line. At the middle of IIB take /) as a center, and 
with a radius /)fi describe an arc BC. HG is the required per- 
pendicular. For continuing the arc to H, we see that the angle 
BOH is inscribed in a semicircle. 

III. To let fall a perpendicular to a 
line from an inaccessible point. — Let 
BG (Fig. 41) be the line, and P the 
point. Let p represent the perpen- 
dicular PK. Then 

BK = pcoiB, and GK = pcotC. 

BK _ cot B 

' ' GK ■" a^rc7' 

BK cot B 




Fig. 41. 



and 



BK -[- GK ' cot ^ + cot C' 
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Since BK + CK = BC, we have 



BK = BG 



cot B 



cot B-^ cot C * 



This gives the foot of the perpendicular K, If BG is taken equal 
to 100 or some small multiple of 100, BKis very easily found. 

This problem is particularly useful in locating important ob- 
jects, such as mills, warehouses, bridges, etc., on one side or the 
other of a railway survey. 

In this case B and C represent stations or points on the survey, 
and the angles at B and G can be measured and recorded while 
the instrument is set at B and at G. The simple divi-ion required 
to find the position of K can be made at any time. Of course the 
point Pis located graphically by drawing 5Pand GP. 

IV. To prolong a line AB (Fig. 42) past an obstacle and to 
measure its length. — This is easily done by perpendicular offsets, 
a method to v familiar to need description, but not the best way. 




Fio. 43. 



Or, measure BGm any convenient direction, and at G deflect any 
angle FGD. Draw BD and the perpendicular GH. The angle 
GDB = FGD - GBD. Hence 



CD = BG±^^ ; 
sm BBG 



also 



BD=BG 



sin FGD 
sin BDG 



If the angle BGD is made equal to 90**, then 



ana 



GD-BGiB.n GBD, 
BD= BG^ cos GBD. 
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If the angle FCD is made equal to 2CBD, then 

CDB = FCD - CBD = CBD. 
Hence CD = BC, and BD = 2Bn = 2BC cos CBH. 

CH is the departure of the line BC, or of Z)C, from the line 
ABD. It is also the approach of the line CB, or of CD, to ABD. 

If necessary more than one course may be run away from the 
main line ABD, and more than one in returning to it. 

To recover the main line it is only necessary to make the sum 
of the approaches equal to the sum of the departures. 

The distance measured on the main line is obtained as above. 

V. Obstacles to Measurement. — Methods have been pointed out 
ifi connection with Fig. 48 for finding the length of obstructed lines 
when the ends are accessible. When inaccessible the following 
problems apply. 

A. When one end of the line is inaccessible, (Fig. 43.) 

1. I^et AB be the line to be measured, across a river for ex- 
ample. Measure AC in any 
convenient direction, and the 
angles at A and C. Then 

AC sin a 



AB = 



sin B 



= AG 



sin G 



sin {A-{-Cy 



2. If the angle AGB is 
made equal to half of DAG, 
then 

QBA = GAD - BGA 

^^WGA-BGA^BCA. 

.-. AB = AG. 




Fig. 43. 



3. Or, in Fig. 43, make the angle BAG = 90^ Then 

AB = AGiKnAGB. 

If, in this, AG = 100, or some simple multiple of 100, which is 
usually easy to effect, the formula requires no computation 
whatever. 

4. If AGB in Fig. 44 is made equal to 45% AB = AG. 
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5. If at G we make the angles AGB and ACD equaJ, we Lave 

AB = AD. 

When the river or other obstruction occurs on a continuous 
survey, as a railway survey, AD is a measured line, and this 
method gives AB = AD without any computation whatever. 




Fig. 45. 



6. In Fig, 45, AB being the distance required, run and nieasure 
any line AC a.nd measure the angle BAG = A. Make 



Then 



ACB= 90" - A= G. 
AB = ^C7sin G. 



B. When both ends of the line are inaccessible. (Fig. 46.) 

Let ^i? be the line to be meas- 
ured. Find the distances from the ^^ tB 

]»oint G to each end of the line A 
and B by preceding methods, and 
measure the angle G. Then 

sin G 



tan A = 



AV 
BG 



— cos G 



(see Chapter III, formula (8).) 

sm A 




C. To erect, at a given point A (Fig. 47), a line ^fi'perpendicu- 
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lar to an inaccessible line 
BCt and to draw a parallel 
^4// to the same line. — Find 
AB = c and AG = b by pre- 
ceding methods. Then 



tan B = 



sin A 



c 
b 



cos A 




Now draw AK, making 
BAK = 90" - B. 

^1 /l will be tlie required per- 
pendicular, and AH, making BAH = B, will be the required 
parallel. 

D. To find the length and relative position of an inacct^ssible line, 

AB, from an accessible line, CD, separated 
n from the former by an inaccessible space. 
Measure CD and the angles at G and D. 
Example.— Let CD = 4000; 

BCD = 126" 25i'; ADC = 47" 531'; 

ACB = 3° 10'; ADB= 3" 01'. 
.-. AGD = 129" 35i'; BDG= 50" 541'. 
Also, 

GAD = 180" - AGD - ADC = 2" 31'; 
CBD = 180" - BCD - BDG = 2" 40'. 
Hence 

BG= 4000^^I4#- = 66728.8; 




ta.nGAB = 



sin 2" 40' 

sin G _ .0552406 
AG ,~. 0143115 

BC^''''^ 

.-. C^5=75"28V. 

sin 3" 10' 



=3.85987. 



Fig. 48, 



^ Finally, AB=:BG-\ 



m 75" 28J 



-, = 3807,8, 
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If AB is accessible, it can be measured as a cLeck on the com- 
putation. Such is the case when it is a tangent of a railway sur- 
vey adjacent to tiie inaccessible space. 

The data of this example are taken from an actual night survey 
across an inaccessible sea-marsh. 

Rockets were thrown and lights then exhibited at A and B, 
which were observed with transits from the tops of towers at G 
and D, 

The computed and the measured length of AB agreed within a 
few inches. 

The best method of making a preliminary railway survey 
through a wooded region is by a suitable adaptation of the method 
of traversing, which we will now explain. 

So far as known to the author, this was first devised by him in 
1869, and used for him by his assistant, Prof. J. B. Davis (now of 
Michigan University) in making tlje preliminary surveys of the 
Owossu and Northwestern Railway. 

Suppose we wish to run from A in the direction of ABF^ which 
we will call the base line; and upon which numerous obstacles, such 




Fig. 49. 



as trees, occur, nmking it necessary to run the line ABidDiEiF, 
called a traverse. The deflection angles at Bi, (7i, Dx, rnd B^ are 
supposed to be small. 

From Bit d y Di , and Ei draw perpendiculars to AB, and from 
Bi, C, and Di draw parallels BiK, CiL, and DiP io AB as 
shown. Prolong ABi to B, and ^i Ci to S. 

The course of a line is its direction with reference to the 
base line. 

The departure of a line is the distance that a point recedes 
from or approaches to the base line in moving from one end of 
the line to the other. 

We have D\L — CiBi sin BiCiL. Now since the sines of 
small angles vary nearly with the angles or with the number of 
minutes in the angles, we see that the departure of a line varies 
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nearly as the product of the length of the line by the number of 
minutes in the course. 

The departure of a point is its distance from the base line. 
Thus the departure of Di ~ DDi. 

The departure of the end of a line, as BiGi , inclining from the 
base, is equal to the departure of the beginning of the line plus 
the departure of the line. Thus CCi - BBy + CxK, The 
departure of the end of a line, as G\Dx , inclining toward the base, 
is equal to the departure of the beginning of the line minus the 
departure of the line. Thus DDx — GC\ — D^L, The departuni 
of the end of the line DiEi which crosses the base line is equal 
to the departure of the line minus the departure of the beginning 
of the line. Thus EEx = E^P - DD,. 

The record of the survey can be conveniently kept, as shown 
in the following table, the columns of the transit-book serving 
tlie purpose perfectly. 





Angles turned. 


Angles with 


Departures. 


Stations. 


Main Line. 


Eaoli Course. 


Total. 




Left. 


Right. 


Left. 


Rigbt. 


Left. 


Right. 


Left. Right. 


A = 10 
11 
12 

i?,=r 18 

14 
15 

Ci=4-20 
16 

17 

18 

i)i= 19 
20 
21 
HZ 
23 

Ex= 24 
25 
26 
27 

F =+44 


• 

40/ 
3C' 


10' 
22' 

i^yo' 


10' 
40' 


10' 
32' 

40 


3800 
20000 


.3000 
7040 

13760 


13760 
.00 


3000 
10040 

6240 
.00 



The deflection at station 10 is 10' R.., and at station 13 it is 
22' R., etc. The course from 10 to 13 is evidently 10' R. ; from 
13 to 15 + 20 it is 10 + 23 = 33' R.; from 15 + 20 to 19 it is 
42 - 32 = 10' L., etc. 
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From 10 to 13 the departure is 300x10 = 3000 foot-miautes. 
•• 13 •* 15+20 the departure is 220x33 = 7040 
♦* 154-20 to 19 •' " "380X10= 3800 

19 to 24 " " " 500x40 = 20000 '* etc. 
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'i'he aggregate departures are : 

At 13 3000 R. 

At 15 + 20 3000.+ 7040 = 10040 R. 

At 19 3000 + 7040 - 3800 = 6240 R., etc. 

The distance necessary to run from a given station on any given 
course to reach the base line is found by dividing the departure 
at that station by the course. Thus from station 24 forward the 
course is 40' R. Then 13760 -f- 40 — 344 feet, showing tliat the 
auxiliary line (EiFin the figure) will reach the base line 344 feet 
beyond station 24, or at 27 + 44. 

The figure represents a main angle at F, the forward tangent 
being FII, and which may be followed approximately the same as 
AF was followed. 

Let I = the length and d = the departure of any line, and n = 
the number of minutes in the course. Then 

d = lainn' = In sin 1' = .0002909^n. 

Since In is given in the last two columns, the departures in f«*et 
are found by multiplying the quantities in these columns by 
.0002909 or .00029 nearly. We observe that 

1 -^ .0002909 = 3438 nearly. 

Hence the departures given in the table (in foot-minutes) 
divided by 3438 will give the departures in feet. 

A rough approximation for the purpose of keeping sufficiently 
near the base line on sideling ground is generally all that is 
needed. This being the case, it is not in general necessary or 
advisable to find the total departures, except when it is desirable 
to " run for the base " preparatory to turning a main angle. 

Thus to find the departu^re at station 24. The sum of the 

product to the left is 3800 -f- 20000 = 23800 

and the same to the right is 3000 + 7040 = 10040 

The difference is 13760 L. 

We have AB = ABx cos BABi , 

or 

4^1 -4^^ AB(l - cos BAB^) r^ AB vera BA^i. 
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For BABi = 2" 34' this becomes ABi - AB = .001^5 nearly. 
This shows that ABi exceeds the true distance measured along 
the base by only one thousandth part of its length for an angle 
of 2° 34'. If greater accuracy than this is desired, the angles 
Ijetween the auxiliary line and the base line, or. the "courses," 
may usually be made smaller than 2° 34'. Since the error is 
approximately as the square of the number of minutes in the 
angle, 

for r 17' it is nearly .00025, or nearly 1 in 4000; 

and for 0" 38^ ** " " .00006, ** *' 1 " 16000, etc. 

To find the angle in minutes between the base line and a line 
joining any two stations. 

Divide the difference or the sum of their departures, according 
as they are on the same or on opposite sides of the base line, by 
their distance apart. 

Tlius the line BiBi makes with the base line the angle 
DDi - BBi 6240-3000 



BD ~ 600 



= 5'.4 = 5' 24". 



The line AEi makes with the base an angle 

BEi 13760 



AE 1400 



= 9'.83 = 9' 50 



ff 



In platting, the auxiliary lines are penciled only, so as to plat 
observed objects in proximity to the line necessarily observed 
from the auxiliary lines. When these objects and the base lines 
are mapped the auxiliary lines need not be retained. 

This method yields quite accurate results when the angles be- 
tween the lines of the survey are 2° or 3*, as we have seen. 

For perfect accuracy, however, use the following method : 

Problem. — Having run a broken line ABGD, to find the angle 
between the first course and the direct course AD, Represent the 
lines run, in their order, by a, 5, and c, and the deflection angles at 




B H 

Fig. 50. 



B and at (7 by 5 and G respectively. Draw CR parallel to ABy 
|ind CH and RDK perpendicular to AB, 

Angle DCB = DOE -- BGE ^ G ^ B. 






8G 
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Now 

BJI = b COB B; HK = c con {G - B)\ AK - AB + BH -\- HK. 
CU = b sin B) JJB = c siu (C - B); DK = GH - DR. 

UK 



Now 



tan DAK = 




AK' 

Also AD = AK -^ cos DAK. 

Of course the method is applicable whatever the number of lines 
run. All but the last line could usually be taken equal to a whole 

number of chains, which 
would reduce the required 
computation to a simple mul- 
tiplication. 

E. To find the angle of 
deflection, T'", between two 
straight lines A V and KJf, 
when the point of intersection 
is inaccessible; and the dis- 
M tances of the intersection from 
^^°- ^'- given points on the lines. 

1. Run and measure a perpendicular PK to one of the lines. 
Measure the angle VPK = P. Then 

F = 90" + P; 
KV = KP tan P, 
and PV = KP -^- cos P. 

2. Run and measure any line PL from one line to the other. 
Measure also the angles VPL = P' and PL V = L, Then 

F = P' + X. 

Hence, in the triangle PVL, PL and the angles are known, to 
find FP and VL. 

3. If obstructions prevent the use of the former methods, run 
and measure any broken line ABGD. Prolong AB and BG to 
meet VM at M and iV. 

Measure the deflection angles GBM = B, DGN = (7, and GDN 
= I>. 
Let AMV = Jf, and GNV = N. Then 

I^=G+D; GI^=GI^^ = Gn = -.-^^^; 

sm iV sm (G -\- D) 

BN^BG-{-GN. Also M^M~Bz:zG-j-D-^: 
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BM = BJV 



sin N 



AM=: AB-\~ BM. 



sin M ' 

Now we have ^iif and the angles at A and Jf, to find A V, MV, 
and tlie angle V = A -\- M. A similar explanation will apply to 
any case. 

When a broken line must be used, the above method involves 
fewer computations than any other. 

F. To locate a curve joining two tangents when the vertex is 
inaccessible. 

Find by the last problem the 
distances "Fa and F6 to convenient 
points on the tangents, and the 
angle V, Then assigning or com- 
puting the tangent T = A For BV 
from the radius, we have 



and 



aA = T^ a F, 
bB= T- hV. 




Fia. 5C. 



We now have the tangent points 
and can run in the curve as usual. 

(j. To locate a curve of radius l{ or tangent T when the vertex, 

the beginning, and the end of the 
curve are inaccessible. Find, as 
shown with Fig. 52, the angle V 
and the distance Va to any point, 
a, on A V. Then 

aA= T - aV, 
and 

. ._ cd a A 

Also 

ac = Ad = i^versin AOc» 
Drawing the tangent c&, we have 

abc = AOcj or acb = 90° — AOc. 

This gives the direction of the curve at r, and it may be run in 
each way from c. 

To pass from any point c on the curve to any point 7i on the 
tangent. 




Fig. 63. 



We have 



tan {den = nnc) = 



ac 
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Set the instrument at c and turn off from the tangent cb an angle 

hen = hcd — den 
= abc — anCf 
an 



and measure 



en = 



cos anc 



H. To find any desired point on a curve when obstacles preclude 
the use of ordinary methods. 

(1.) In Fig. 28 measure any convenient tangent distance AB = d. 
Then, as shown in Problem 1, eq. (43), 



cosec A = —; 
a 



then t = d tan lA, 



d and t give the point D on the curve. 

It is important to note that if AB is made equal to one half the 
long chord for any number of stations given by Table IV, BD = 
^C is the corresponding middle ordinate and may be found in 
Table V. 

Example. — Let AD be a 4* curve, and AB = one half the chord 

OQQ n'A 

of four stations = — ^ — = 199.35. Then Table V gives 

BD = 13.94. 

(2.) Problems 2 and 12 of this chapter furnish general methods 
of overcoming obstacles on curves. 

(3.) We can find points on the curve as follows: 
Let 6 be a station near the obstacle. Deflect from the tangent 

at b some small multiple of the deflection 
angle for one station ^D, giving the line 
bd. The length of bd may be taken at 
once from Table IV and measured off, 
giving (f, a station on the curve beyond 
the obstacle. Taking bm = ^M, and 
measuring off the middle ordinate me 
taken from Table V, gives also a point c 
on the curve. 

If more convenient, make bx ^ cm, and 
^ xc = bm, which also gives c. 

Again, run the tangent bV = d' any 
convenient distance. Then 

cot&OF =^, = ^,=^, 




Fig. 54. 
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Deflect at F' an angle equal to 2bOV'y and make V'd = bV\ 
d will be a point on the curve. The number of htations from h 
is equal to 

hOd _ 2b OV 
D " D ' 

bV should usually be taken equal to a whole number of chains, 

in which case ^^^7 ^s very readily found. 

The lines bV" and V"d lying on the inside of bd may be run 
instead of bV and V'd, 



CHAPTER V. 

LEVELING, STADIA MEASUREMENTS, ETC. 

The field operations in connection with the level are more 
simple than tliose required with the transit, but they require 
greater skill and facility in manipulation in order to produce 
correct results. 

It is to be observed that the elevation of points is a relatire 
matter. Tlie elevation of some point, from which all others are 
to be found, is arbitrarily assumed to be 100, or some other 
number sufficiently large, so that the elevation of all points 
to be considered will be greater than zero. 

Near the coast, and in fact wherever practicable, it is im- 
portant to refer the levels to the mean level of the sea, calling 
this zero, or 100, or some other number, taking care to estab- 
lish from it some convenient and permanent reference-point 
called a bench-mark, or bench. 

All points having the same height as this bench are some- 
times said to be on a level surface called tlie datum. This, 
however, makes no difference with the work and serves no use- 
ful purpose, and need not be considered. 

All elevations thus found become of much importance in 
determining the relative elevations of the countrj^ and in the 
construction of phy Biographical maps, etc. 

Having established the first bench, and recorded its elevation, 
the rodman stands squarely on both feet behind the rod, and 
rests it on the bench as nearly in a vertical position as possi- 
ble, which is best done by simply steadying it with the thumbs 
and fingers, taking care not to grasp it. 

The levelman sets up his level, preferably in the direction 
that the line extends, in any position from which he can well 
see the bench, as well as points to be afterwards observed. 

He then makes sure that the instrument is in adjustment, 
and is focused; levels it carefully and sights to the rod. He 

90 
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may plutnb the rod laterally by means of the vertical cross- 
wire of the level, and the rod may be waved gently on each 
side of the vertical toward and from the instrument, the short- 
est reading being the true reading. 

The line of sight on the rod covered by the horizontal cross- 
wire is then on a level with, or at the same height as, the wire 
itself, and the latter is therefore higher than the bench by the 
distance intercepted on the rod between the line of sight and 
the bottom of the rod. This is called the reading of the rod, 
or simply the reading. Adding this reading to the height of 
the bench, we obtain the height of the cross- wire, technically 
called the height of instrument, and designated by the initials 
H. L 

Having obtained the height of instrument, the elevation of 
any other point upon which the rod can be read can be found 
by taking a reading of the rod upon it. Of course the point is 
below the instrument an amount equal to the reading, Avhich 
must therefore be subtracted from the height of instrument to 
give the elevation of the point. The elevations of any number 
of points may be thus obtained. 

In order to obtain the elevation of points above the instru- 
ment, or below it more than the length of the rod, the instru- 
ment must be moved from its present position to one higher 
or lower as the case may require. 

Before the instrument is moved to a new position a temporary 
hench, called a turning-point (and designated by T. P. or 
"Peg"), must be established and its elevation ascertained with 
care, since any error in its elevation is carried forward through- 
out the whole line of levels. A turning-point must be firm 
and definite and not easily disturbed or lost. A small stake 
or " peg " driven with its upper surface about flush with the 
surface of the ground is generally used. The top of a rock may 
well serve the purpose. 

Benches and turning-points are of course the same in prin- 
ciple, but the more or less permanent point taken as the basis 
of the elevations of the Survey, and also those made usually 
along and near the line, for future reference, whether used 
as turning-points or not, are usually called benches. 

From this new turning-point we proceed precisely as before, 
by getting a new height of instrument, etc., and it is important 
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to note that the operation just described, of obtaining a height 
of instrument from a bench or turning-point, and then obtain- 
ing the heights of any number of desired points within range 
of the instrument, including a new bench or turning-point, 
includes the whole subject of leveling. 

Since the cross-wires must be higher than any point upon 
which a reading is taken it must be remembered that: 

1. The reading on a point, added to its elevation, gives the 
height of instrument. 

2. The reading on a point subtracted from the height of in- 
strument gives the elevation of the point. 

In other words: We must add a reading (to the height of 
some point) to get a height of instrument, and must subtract 
a reading (from a height of instrument) to get the height or 
elevation of 8ome point. 

The theory of leveling requires, therefore, only a simple 
application of addition and subtraction, and it is not easy, it 
would seem, to go wrong in it. 



Station. 



BM 

1 
Peg 2 

+ 40 
3 
4 
6 
Peg -f 60 
6 



-hS 


H. L 


- S 


Elevs. 








200.00 


3.46 


203.46 


7.29 


196.17 






5 34 


198.12 






0.81 
1.12 


202.65 
205.70 


4.17 


206.82 






3.16 


203.66 






6.09 


200.78 






4.14 


202.68 






1.07 


205.75 


6.18 


211.93 


3.13 


208.80 



Remarks. 



W. Oak 60 ft. R. of Station 



The accompanying table shows a convenient form of field- 
book for keeping the level notes of a railway or other survey. 
The first column contains the stations and benches. The second 
the plus readings taken on points whose elevations are assumed 
or already determined. The third column contains the heights 
of instrument recorded one line below the elevation of the turn- 
ing-point (or bench) from which it is calculated. The fourth 
column contains the minus readings. The fifth column con- 
tains the elevations of all points observed. The right-hand 
page is reserved for remarks describing the benches and their 
location, also objects crossed by (or near) the line, as roads, 
breams, ditches, etc. 
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It is to be observed that for any series of levels the sum 
of the plus sights less the sum of the minus sights (omitting 
those for determining intermediate points on the ground) is 
equal to the difference between the first and last elevation. 

Thus to prove station 3, we have 

3.46 + 4.17 — 0.81 — 3.16 = 203.66 — 200 z= 3.66. 
To prove the H. I., 211.93, we find 
3.46 + 4.17 + 6.18 — 0.81 _ 1.07 = 211.93 — 200 = 11.93. 

In practice it is best to check each page of the field-book by 
comparing, as above, the first turning-point or height of instru- 
ment (brought over from the preceding page), with the last 
turning-point or height of instrument on the page. 

To facilitate this work some engineers use two columns for 
the minus sights, placing those which determine the turning- 
points in a column by themselves. 

This practice is commendable. 

Benches should be established at short distances apart along 
the line, taking care to locate them, so far as possible, near the 
crossings of roads, streams, railways, etc., and at all points 
where their need can be foreseen, in the location of cattle- 
guards, culverts, bridges, etc. Of course an extra -good bench 
should be established at the end of the survey. An extra-good 
turning-point or bench should also be established at tlie end 
of each day's work. 

The object of obtaining a line of levels isi to furnish a profile 
of the line surveyed, showing the undulations of tlie surface 
over which it passes. 

The elevations are platted on profile paper, the horizontal 
scale being about 400 feet to an inch, and the vertical scale 
about 25 feet to an inch. This distortion of scale magnifies the 
vertical measures about ***/25 = 16 times, so that the slight 
changes in the elevation of the surface may be distinctly seen. 

In running a line of " fiying " levels no readings are taken 
except on turning-points. If the difference of levels of the ex- 
treme points only is desired, it is necessary to find the differ- 
ence only between the sum of the plus and of the minus read- 
ings, as already explained. This is very convenient for testing 
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a line of levels already run; in which case it is best to touch 
on the benches only, and if found correct, the intermediate ele- 
vations may be regarded as correct also. 

No line of levels should be taken as correct, and so used, 
without first being carefully checked. 

The Philadelphia rod is the most convenient and best rod 
in use. It is plainly lettered and easy to use, and may bo 
read by the levelmun when desirable, and at a distance of sev- 
eral hundred feet. 

To Locale a Level Linr.— Set a peg at the desired height, as 
a starting-point, and take a reading of the rod thereon. Send 
the rod forward in the desired direction, and have it moved up- 
ward or downward along the slope of the ground until a point 
is found which gives the same reading as before. 

Of course the reading is taken on a peg. This second peg 
is of the same height as the first. Find in the same way a 
third peg from the second, etc. 

In this way stakes may be set at points on the ground level 
with the top of a proposed dam, or with the supposed top 
of water flowing over the dam. Then joining these stakes by 
liTies,**the area thus inclosed may be measured. 

The water behind a dam is not level, but is curved con- 
cavely upward and so increases in height back of the dam, 
and sets back farther than if level. 

For the subject of backwater. Works on Hydraulics must be 
consulted. 

Other applications of the level line are to obtain " contour 
lines " for topographical maps, for levees in irrigated rice- 
fields, etc. 

To Run a Grade-line This consists in setting a series of 

pegs so that their tops shall be points in a line, which shall 
have any required slope ascending or descending. 

First drive pegs at each end of a line to the heights required. 
These heights may differ by a given amount, or this difference 
may be undetermined. 

Set the level over one of the pegs and measure the height, a, of 
the cross- wires above the top of the peg. 

Set the rod on the other peg, and make the reading on tbe rod 
equal to the height a. 

Without disturbing the level drive any desired number of pegs 
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along the line, so that the reading on each will also be equal 
to a. 

A line of uniform grade or slope is not a straight line. 

Calling the globe spherical, this line when traced in the plane 
of a great circle would be a logarithmic spiral. On a ler.gth of 
six miles the distance of its middle point from the middle of its 
straight chord would be six feet almost exactly. 



Correction for the Earih's Curvature and for 

Refraction. 

This is necessary for long distances. 

Let AB (Fig. 55) represent a portion of a section of the earth's 
surface. Then if a level be set at A, the line of sight of the level 
will be the tangent AD, while the 
true level will be the arc AB. The 
difference BD between the line of 
sight and the true level is the cor- 
rection for the earth's curvature for 
the distance AB. This must be sub- 
tracted from the reading of the rod 
at B, or, what is the same thing, 
added to the height of B, as given 
by the reading of the rod. 

Let AE =RyAB = i>, and BD 
= E. By geometry, 



or 



AD^ = BD{BD + 2i?), 
Aff 




BD = 



Fig 55. 



BD-i-2H' 



Omitting BD in the right-hand member, since it is small com- 
pared with 2Bf and supposing AD = AB = D, we obtain 



%H 3 X 20913650 



-^- = .000000023908i>«. . . (1) 



This formula gives a result or value for E slightly too small; 
but the relative error is only about one in 24,000 for a distance of 

^^ = 39.6 miles, or arc of j^^ = 34' 22".65. 
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In observing distant objects, a ray of ligbt traversing tbe air 
from an object to the eye or instrament is refracted, and takes a 
curved path wbich, for points near the surface of the earth, is 
practically the arc of a circle, concave downward, and whose 
radius is 7^. 

Thus a point at 6' (Fig. 55) would appear at D higher than it 
really is by an amount CD, This may be found from the above 
formula by substituting IR for li. 

Hence the correction for refraction is 

E' = -^ = .000000003415i>« (2) 

14it 

The correction for curvature and refraction is 

E" = BC=BI)-CD = ^- —^ = "^ =.000000020492i>». (3) 

2Ii 14/i 7/s 

This must be added to the apparent elevation of the observed 
object to give the true elevation. 

Table XI gives the value of the correction for the value of 
R = 20911790 feet. 

When it is possible to set the level midway between the points 
whose heights are required, the corrections will balance each 
other and may be omitted. 

The above equations may be put into a form sometimes more 
convenient as follows : 

The length of arc on the earth's surface subtending angle of 
one minute is 



m-^ = ''^^'''' = ''^'^y' 



Then -^^ = .12638 (1') 

= the correction for refraction for distance 6083 ft. or arc of 1'. 

D * 
Also ~ = .8846 (2') 

= the correction for curvature for the same distance or arc 1', 
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and 



3^ 



= .75828 



(3') 



:= tlie correction for curvative and refraction. 

Trigonometric Leveling. 

First Method. — When the point C (Fig. 56) can be seen from 
two points A and B on the same level, then 

AD = CD cot CAD, and BD = CD cot CBD. 



Subtracting gives 



AB 



AB=CD(cot CAD^ cot CBD), or CD=-^^^^jjjy-^^^-. (4) 



Second MetJiod, — Let A and B (Fig. 57) occupy any positionr 





except in line with C, Measure AB and the angles at A and B\ 
also the angle of elevation CAD. 

C = ISO" --A-B, AC = AB^^, . and (^D = AC sin CAD. (5) 

sin 6 



If A, B, and (7 are in the same vertical plane, the solution is in 
no wise affected. 

Unless the distance AD = 7) is short it is necessary to add to 

the correction found by the x)receding formulas the correction 

SD' 
for curvature ^nd refraction, namely, — -- = .0000000204927/^ 
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To find the height of instrument by an observation of the horizon 

{Fig. 58). 
First Method. — Let be the place of the traosit, and BAA' a 

portion of a section of the 
earth's surface. 

Were there no refraction 
the line of sight would be 
the tangent CA; ACE = C 
would be the angle of de- 
pression or dip ; and we 
would have 

BC= BOX exsec COA 
= li exsec C. 

Owing to refraction, how- 
ever, the line of sight would 
be a curve concave down- 
ward whose radius = 7i^; 
and it would therefore ex- 
tend from (7 to a point A\ 
say a distance AA' beyond 

A. 

Draw Ci>i^tangenttothis 
curve at C to meet the ra- 
dius AO prolonged in F. 
Draw also the tangent A't, 

Let COA=H, COI)=H\ 
Fig. 58. and COA' = 0. Then 

CO = rsecH = 




cos H' 



Let E, on A'O prolonged but not shown, be the center of the 
arc A'C. Now 

^ „^^ CE' ^EO' ^ CO' 
cos = - cos COE = 2W:^0 

1 3,.« _ 7.2 sec' ff 1 3 cos if — sec H 



12r* sec H 



12 



Clearing, substituting 1 - vers for cos 0, 1 — vers J3 for 
cos Bf and 1 -f exsec H for sec H, we find 



13 vers ^ 13 vers H -\- exsec ZT. 
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Or, writing versines for exsecants or vice versa, we have 

vers = 1 vers II, 
or, approximately, 

exsec =z ^ exsec H. 

In the triangle CEO, 

49;'2 -f 36/ 5 - ro' So?-^ - ?•« sec' ^ 85 - sec« // 



cosE 



2 X 6r X 7r 84r* 84 



Also sin ^ = sin 0-~ z= sin — ;^— . 

. ^ . ^ . o ^^ec H ^ . - sec ^ 

.-. sin ^sin = sin^ -~- = (1 - ens' 0;-— — 

7 7 

1 70 - 169 cos* H - sec' H sec // 

X 



144 7  

Now since OA' is the prolongation of EO, and ^Cand OD are 
perpendicular to CD and therefore parallel, we have 

CO A' - DO A' = COD, or - E= H'\ 
.*. cos H' = cos (0 — ^) = cos cos i^-|- sin sin E. 

Substituting in this the above general values of cos 0, cos E, 
and sin J^sin 0, and expanding and reducing, we find 

„, 13 cos J7H- sec £r _, (sec H— cos II) 

cos H' = i-j = cos 5^+ ^ \ 

14 14 

Patting cos 11=1 — vera H, sec 11=1 -\- exsec II, etc., we 
find 

_. ^ _ (exsec ^ — vers 5") 

vers H' = f vers H — , . . (a) 

14 

or vers ^' = f vers 5, very nearly, (6) 

or exsec H' = ^ exsec H, very nearly (7X 

„ exsec H' — vers H' 
Hence vers H' = ^ vers H — . 

From this we have 

,_. „ -,, , ^(exsec fl"' — vers jff') 
vera H=^ vers H' + ^^ — ^, . (b) 
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or vers IT = J vers jy, very nearly, (6') 

or exsec ff— J exsec //', very nearly (7') 

Since the versines of small angles are very nearly in the ratio 
of the squares of the magnitudes of the angles, we have, from (6), 

H -- ^IH' = \.0%U\ approximately. . . . (?') 

T 

Supposing r = 4000 miles and AB = —- = 50 miles, then it is 

oO 

easy to show that the error of eq. (7) is less than .00000002, and 

the error of (6) is about .0000000004. 

Example 1. — The observed dip of the sea horizon is H' = 24'. 

What is the height of the instrument above the sea ? 

We have 

.BG=r exsec //= rj exsec H' = 20914000 X .00028467 

= 595.35 feet, exactly. 

Example 2. — Let r = 4000 miles, and AB = 50 miles. What is 
the observed angle of depression H\ and what is the height of 
the observer above the sea ? 

We have 

^= T^k X 57^29578 = 0'.7162 = 42' 58". 
400U 

.-. H' = 0.716 ^ 1.08 = 0^663 = 39' 47". 

Also, 

7i = r exsec H= 4000 X .0000781 = .3124 miles = 1649.47 feet. 

The exact relations between H and jB"', snown above, would 
seem to be more satisfactory than the approximate equations in 
general use even if these were regarded as sufficiently accurate. 

The Stadia. 

The stadia is a compound cross-wire ring or diaphragm having 
three horizontal wires. 

The two outer ones are called stadia wires, and distances deter- 
jnined by means of them are called stadia measurements, 
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The stadia wires are adjusted so as to intercept a certain space 
ou a rod at a given distance from the transit and perpendicular to 
the line of sight. 

Let C (Fig. 59) = the distance of the object-glass from the axis 
of the transit, and/ = the focal length of the object-glass. 




Fig. 59. 

This focal length is equal to the distance of the cross-wires 
from the object-glass when this is focused for a distant object. 

This focal length may be found also by removing the object- 
glass, exposing it to the rays of the sun, and noting at what dis- 
tance from the center of the glass the rays form a perfect and 
minute image of the sun on a smooth surface. 

Let Cm = l\ Gii=zl, BE = 8\ and HK = 8. 

The focal distance OF is constant, but Go = c varies with the 
position of the object-glass, and hence CF is also variable. 

Let Co = c' when the rod is at DB, and Co = c when the rod is 
at HK. 

Now, from the figure. 



Fn HK I - (c +/) 

or 



8 



Fm BE' 



I'-ip'+f) >s- 



or 



^-(^+/) = |,[^'-(^'+/)]. 



(8) 



8' is usually assumed = 1 foot, and Firi —V — {c' +/) = 100 
feet; and the stadia wires are then adjusted accordingly. 

c' is measured on the telescope when the object-glass is focused 
on the rod at the assumed distance. 

To measure any other distance the rod is again observed at the 
desired point and the space 8 noted, which placed in (8) gives 
I — (c -{• f) = lu say. We may then measure c on the telescope. 
Then 
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Since, however, c has but a small range of values, it will usually 
be sufficient to assume it to be constant and equal to some mean 
value. 

Suppose that in (8) c = c' = Ci, and solving we find 



<^i+/ = 



SI' - 8'1 
8- 8' 



(9) 



If we observe 8' and 8 corresponding to any two distances I' 
and I and substitute in (9), we have Ci -\-f. 

Having found d -f /, lay oR Om = 100 + Ci +/, or Fm = 100, 
and adjust the stadia wires to subtend DE = just one foot at that 
distance. 

Then from (8), writing Ci for e and c\ we have 



I - (^i +/) = ^' - (ct +f)ar = 100>?, or I = 100>S+ (c, -f /), 



or, omitting accent, 



'8 



l = 1008+lc-\-f). 



(10) 



Example. — Suppose at I' = 100 we find 8' = I, and at / = 500 
we find 8 = 5.0453. 
Then eq. (9) gives 

504.53 - 500 



c+f = 



4.0453 



= 1.12. 



Then, from eq. (10), I = 100/S^+ 1.12, provided the stadia wires 
are spaced so as to intercept 1 foot at 101.12 feet distance from 
the center of the instrument. 

The foregoing formulas must be modified when the line of 

Q collimation is oblique to the 
n horizon, which is usually the 
^^ case. Thus, in Fig. 60, let 
I/E' = the space intercepted 
D' on the rod when the line of 
^, collimation FH is horizontal, 
P^^ gQ and let DE = 8 = the space 

intercepted when the line of 
collimation Fn makes an angle nFH = a with the horizon, 
J.et DFE = ZTFE' = 9» 
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In Fig. 60, 

8 = DH - EH = HF [tan (a -f- 19) - tan {a - ^G)]. 
The horizontal reading desired is D'E' = 2-5^ tan ^6. 

D'E' 2 tan {0 



Dividing gives 



S tan {a + JO) - tan (a — J6)' 



-r. c. .r 2 sin 49 

But 2 tan JO = r*-. 

* cos JO 

Also, by Chapter III, formulas (26), (27), 

tan (a + JO) - tan (a ~ JO) = ®*° 



cos {a -\- JO) cos (« — JO) 
2 sin JO cos JO 



cos* a — sin* JO* 
Substituting these values, we obtain 

ITE' cos^ a - sin* JO 



S " cos^ JO 



(11) 



If we neglect sin* JO, or, wliat is equivalent, add sin* JO to the 
numerator, we introduce a relative error of 

sin* JO sin* JO . , ,« , 

r " . ., , - = j^— = sm* |0 sec* a, very nearly. 

cos* a — sm^ JO cos* a 

Again, if we add sin* JO to the denominator, making it unity, 

sin* ^0 
we introduce a relative error of — r-^-z = sin* JO sec* 40. 

cos' JO 

The first of these errors increases the fraction, and the second 

57**. 29578 
decreases it. Moreover, since = — '-rrr^ — = 34' 22". 65, we 

have in all practical cases a > JO, or sec* a > sec* JO. 

Hence the fraction is, by the double approximation, increased 
dighUy more than it is decreased. Hence 

jy K' T)' E' 

— ^— < cos* a ; but — 5— = cos* a, almost exactly. . (12) 

The total relative error is 

6 = sin* JO (sec* a — sec* JO) 
= sin* JO (tan* a — tan* JO), 
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Since tan' J9 is very small compared witli tan' a, we have 

e = sin* \B tan* a, very nearly, 

= .000012 tan* a, very nearly. 
Hence 

lyE' 



a 



= cos* a(l - .000012 tan* a) 

= cos* a - .000012 sin* a (13) 

Since sin 4G = tan 40 = — — r = .005. very nearly, the quantity 

300 

neglected above is only (.005)* = .00000000625 and does not come 

within the range of the table. 

The above is the coefficient of reduction by which to multiply 
the observed space DE t=z 8 in order to produce the true space 
jyE' which would be observed at the same distance if the line of 
collimation were horizontal. 

Hence we have, from (10), 

I = (lOOiS -f c +/XCOS* a - .000012 sin* a\ 

By eqs. (35) and (26), Chap. Ill, 

1 -f- cos 2a ^ vers 2^ 
oos.a = ^ =i^___, 

1 •— cos 2« vers 2a 
and sm' a •=^' = — - — . 

Hence ' 

I = (100S+.+/)(l-^^ -.000012^).. (14) 

or 

^ = (100/S+c+/)^ - ^^5^1^ y very nearly. . . .(U') 

These coefficients may be read from a table of versed sines 
without any computation whatever. 

The last equation is quite accurate enough, but the coefficients 
of Table XIII are calculated by the exact formula. 

Example, — Find the coefficient for a = 7° 20*. 

We write half the vers 14M0' = .01629 

and subtract from unity and find coefficient — .98371 

Another method of procedure is that in which the rod is held 
perpendicular to the line of collimation. 
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To secure this position of tlie rod a bar is attached to it having 
sights upon it, through which the rodman watches the instrument 
during an observation, the line of sights being perpendicular to 
the rod» 




Fig. 61. 
The horizontal distance of the point B from the instiument is 
IH = IK + KH = Im cos a -f- Bm sin a, 
or IH = (100;8 + c +/) cos a + r sin a, 

(See Fig. 61, in which r is the reading of the rod by the line of 
coUimation.) 

The elevation of B above / is 

BH = mK — Bm cos a, 
or BH= {1008+ c+f) sina - r cos a. . . . (15) 

When the distances are sufficiently great correction, must be 
made for curvature and refraction as already pointed out. 

The Gradienter. 

This attachment consists of a screw working against a clamping- 
arm suspended from the horizontal axis, on the opposite end from 
the vertical arc. 

A strong spiral spring presses the arm against the end of the 
screw. The large silvered head of the screw is usually divided 
into 100 equal spaces. When tho screw is turned the head moves 
along one division of a small silvered scale for each revolution of 
the screw. 

When the regular clamp of the telescope is free the telescope 
may be revolved ; but when the telescope is held by this clamp it 
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can be moved only by the gradienter screw, wliicli tbus takes 
tbe place of the vertical tangent-screw. 

The screw is cut with such a ** pitch " as to cause the horizon- 
tal cross- wire to move over a space of 1 foot on a rod 100 feet dis- 
tant when tbe screw is turned tlirougb one complete revolution. 
The wire will therefore move ^J^ of a foot on tbe rod 100 feet 
distant when tbe screw is turned through yj^ of a revolution, 
which is equal to one of the small spaces on tbe head. 

Grades may be established with great facility with this screw. 
First, set the screw at zero and level and clamp tbe telescope. 
Tben move it upward or downward as many spaces of tbe screw 
as there are hundredths of a foot to the hundred feet of the re- 
quired grade. Tbus for a grade of 1.25 of a foot turn tbe screw 
through 125 spaces, or one revolution and one fourth of a revolu- 
tion. 

This screw is also very convenient for measuring short dis- 
tances. Since one revolution of tbe screw will move tbe wire over 
one foot at tbe distance of 100 feet, it is only necesiiiry to turn tbe 
screw through one revolution and observe tbe number of feet tbe 
wire moves on the rod at the required distance, and multiply that 
by 100. 

Tbus suppose tbe space on tbe rod is 2.57 feet, tben the dis- 
tance = 2.57 X 100 = 257 feet. 

When tbe distance to be measured is not approximately hori- 
zontal some modifications are necessary, which we will now ex- 
plain. 

In Fig. 62 let be tbe position of tbe transit; DOB = ^= the 

angle of elevation to tbe foot of 
A tbe rod; AOB = = tbe angle 
subtended by any number of rev- 
B olutions of tbe gradienter screw; 
AB r=i S ^=^ tbe space on the rod 
subtended by tbe angle Q when 
the rod is vertical. ^C is drawn 
Q perpendicular to BO, Then 

ABC = BOB = B; 
OAB = 90'' - (fir+Q); 




Fig. 62. 



BG __ sin [90° - (E -\- S)] _ cos J S ^cosQ - sin ^ sin 6 
AB ~~ sin (90° + b) - c^g q 

BG = -S(cos E - Bin JgTtan 0); 
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BO 
DO 



BG _ J cos E 
tan "~ \ tan 6 



— sin E 



= BO cos E = s(^^f- ^ i sin 2e\ 



These formulas are applicable to any gradienter screw. 

Let tan 6 = yj^ for one revolution of the screw. Then we have 



BO=S(100 cos E - sin E); 



(16) 

D0= SaOO cos« E -isin 2E)= ^^M^l^ei^^L igin 2e\ . (17) 

This last equation is decidedly the simplest formula for compu- 
tation, since it involves SJ^only 
and no exponent. 

When the angle 6 is an angle of 
depression the point B is the 
upper end of the part AB of the 
rod used. (See Fig. 63.) The 
horizontal distance only is usual- 
ly required; and Table XIV gives, 
for different values of E^ the co- 
100(l+cos2^) 



efficient 



Jsin 2E 




Fig. 63. 



by which to multiply the read- 
ings of the rod in order to find the horizontal distances. 

Vp:utical Curves. 

Vertical curves are used to round off the angles formed by the 
meeting of two grades. 

Let AC and CB (Fig. 64) be two grades meeting at C, "xhese 
grades are determined by the rise or fall per station in going in 
either direction. Thus, in the figure, let g represent the rise per 
station of the grade of AC, and g' represent the fall per station of 
the grade CB, In going in the opposite direction BC would, of 
course, be a rising grade and CA a falling grade. 

The parabola furnishes a very suitable vertical curve, and it is 
very easily computed and laid out. 

Let AEB represent the required parabola. Draw the vertical 
line Cn, also a vertical line through B to meot AC prolonged in 
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Fy and the horizontal lines AK and CO to meet BF in K and G. 
Join ^4. B, and drop the perpendiculars aimi&i and a^mabn. Let 
n = the number of stations in AG or CB, Then, since these dis- 




tances are measured horizontally, we have AH = HK^ and there 
fore AD = DB. 

The vertical line CD is therefore a diameter of the parabola, 
and the distances of points on the curve in a vertical direction 
from corresponding points on the tangent AF are in the ratio of 
the squares of the distances of these points from A, Also, 

CD=\FB\ CE = iFB = iCD; 

CE = ED. 
Now, since CF = CA, 

FO = Cn-= the rise oi AGinn stations = 7ig, 

Also, OB = the fall of OB in n stations = n^ ; 

.-. FB :=z n(g + g"). 



Now, since B is 2n stations from Ay we have 

FB 

Offset at first station from A = a.mi = a = -r—^ 



4n 



(181 



The value of fliWi being determined, the distances of the cur\'f< 
at all points from the tangent ^ii^'are also known. Thus 

aiiTii = 4a, Ce = 9a, etc. 

It is easy to calculate the heights of the points of the curve 
above AK, though these heights are scarcely needed. Thus 

rriibi = aibi — a^rrii = g — a ; 

m'tbi = a^b'j — ^^7723 = 2g — 4<i ; 

EH = CH - CE=Zg - 9a, etc., etc 
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Finally, 

BK= FK-FB- 2ng — ^ri^a = 2ng - n{jg + P^) = n{g - sf)^ 
or 
BK= CII — OB = ng — ng' = n{g — g') as before. 

The successive grades are found by taking the successive differ- 
ences of the heights just found. Thus 

viibi—o = g—a ; niib^ — mibi =^— 3a ; Ell—mib^ — g—^a^ etc. 

The change in the grades from station to station, which is the 
same as the chord deflection of the curve, is, we observe, equal to 
the constant quantity 2«. 

Second Proof. — The curve must change its direction in its 
length of 2n stations an amount equal to ^ ± g\ and therefore 

in each station it must chansfe an amount equal to — — —\ and 

this is equal to 2a by eq. (18). 

IViird Proof. — The ordinates to the curve are a, 4a, 9a, 16a, etc. 

The differences of ordinates are 3a, 5a, 7a, etc. 

.'. the differences of grades are 2a, 2a, etc., a constant. 

Fourth Proof. — Let m, represent the 7ith station, and prolong 
the chord TWiWa to meet CE in x (not shown). 

Now ayTTii = (71 — ly-a, 0^171^ = n-a, and CF = (n-^ l)-a. 
But 
Cx + aiWi = ^atnii, or Cx = 2a9Wa — aiWi = [(n -f 1)- — 2]a. 

Hence Ex := CE — Cx = 2a. 

In finding the value of a, etc., it is necessary to know when we 
ore to take the sum of the grades, and when the difference; for 
there may be four combinations of two adjacent grades. 

It is only necessary to observe : 

(1) That when the grades are both ascending or descending FB 
is equal to n{g ^ g), g being the steeper of the two grades, and 
therefore 

H9 -9') g- ^ 



a = 



4w' 4n 
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(2) That when one of the grades is ascending and the other de- 
scending, 

FB = n(g -{- g'), and a = ^^^^. 

If one of the tangents is horizontal, let g = grade of the other 

and then a = -r-. 
4n 

In all cases it is necessary to consider only the change of grade 
at C; which we will represent by O. Then 

O = g - g\ or G — g-\-if, 

according as the grades are both rising or falling, or one rising 
and the other falling. Then 

FB = nO, and a = -— r- = — . 

These formulas apply without change to points between stations, 
as the following examples will illustrate. 

Example 1. — A .9^ up grade joins a .3^ down grade at station 
76 at an elevation of 94.0. Find ordinates, etc., for a curve 6 sta- 
tions long. 

a = ——/- = .1. (See Fig. 64.) 

Stations on AF 73 74 75 76 77 78 79 

Elevations on ^F 91.3 93.2 93.1 94.0 94.9 95.8 96.7 

Corrections .1 .4 .9 1.6 2.5 3.6 

Elevations on curve.... 91.8 92.1 92.7 93.1 93.3 93.3 93.1 

It is necessary to compute the ordinates a, 4a, etc., for one half 
the curve only, since they are the same for corresponding points 
on each tangent. Thus we Lave : 

Stations on AC and CB 73 74 75 76 77 78 79 

Elevations on ^(7and OB 91.3 93.2 93.1 94.0 93.7 93.4 93.1 

Corrections 0.0 .1 .4 0.9 .4 .1 0.0 

Elevations on curve. .. . 91.3 92.1 93.7 93.1 93.3 93.3 93.1 
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Example 2. — A .2^ up grade is continued beyond station 17, 
wliose elevation is 46.4, by an .8^ up, grade. Find ordinates, etc., 
for a carve 6 stations long. 

•® "" '^ IW 




Stations on ^ a and (7B.. 14 15 16 17 18 19 20 

Elevationson^CandOB 45.8 46.0 46.2 46.4 47.?- 48.0 48.8 

Ordinates 0.0 .05 .20 .45 .20 .©5 0.0 

Elevations on curve 45.8 46.05 46.4 46.85 47.4 48.05 48.8 

To find the grade of the parabola at any point. 
Let the curve be that of Example 1, and let the point be at ai 
+ 40, or 140 feet from A. 
Elevation at a, + 40 = 92.2 + .40X.9 = 92.2 + .36 = 92.56. 



Also, 



(lAya = 1.96fl^ = .196 = .20, nearly. 



Therefore elevation of curve at ai -f- 40 = 92.36. 

The special need of these curves is iii sags in the grades to pre- 
vent the breaking of the train. 

According to Wellington, Railway Location,, page 365, vertical 
curves in sags should be ai least 200 feet long, or 100 feet on each 
side of the vertex, for each tenth in the rate of change of grade. 

This would call for a curve 1200 feet long in the last example. 

It is not always practicable to meet this requirement, but such 
curves could le and should be much longer than they are gener- 
ally made. 
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Elevation of the Outer Rail on Curves. 

A car of weight w moving on a curve of radius R with a velocity. 

of V feet per second develops a centrifugal force in the direction 

ab (Fig. 66) expressed by 
id 




/= 



icv' 



^2.\bH 



To counteract this force the 

outer rail on a curve is raised 

^ above the inner rail an amount 

5 be = Cy so that the car may 

rest on an inclined plane. 

Let ac = ^,the gauge of the 
track. 



The component of /in the direction of ac is 



wv^ 



db 



.ah ^ ah _ 
-^ ac "^ g ' 33.15i2 g 



The component of w in the direction of ca is 



, be e 

w = w — = w—. 
ac g 



Now/' and w' are opposite in direction, and in order to satisfy 
the mechanical conditions they must be equal. 
Equating their values, therefore, we find 



ahiD^ 



e = 



32.15jR 



(19) 



But ac = distance between rail centers = gauge + one rail 
head = 4.708 -f .302 = 4.91. For an elevation of 6 inches 

<76 = a<j — .03 = 4.88, nearly. 

This is a good average value for ab. 

Again, if F= the velocity in miles per hour, we have 



_ 5280 22 

* *" 3600 ^ ~ W' 
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Furthermore, jB = -— , in wliicli 2) is the degree of a curve of 

radius i?, and i?i = the^radius of a one-degree curve = 5729.58. 
Substituting these values in (19), we have 

4 88x4842)y. ^_^5ggg^y, 



'6'^. lb X T25 X 5729.58 
= .000057Z)P, almost exactly (20) 

22 

If we substitute in (19) ab = ^, and v = —V, we have, approx- 

15 



imately, 



e = ^^— (21) 



This is the formula in general use. 

To give the most favorable view possible of this formula, ^ub- 
stitute in it ^r = 4.708 and find 

.3149/-^ 

Example. — Find the elevation, e, for a 7° curve and a velocity 
of 40 miles per hour. 
Eq. (20) gives 

e = .000057 X 7 X 1600 = .638 feet = 7.66 inches. 

Eq. (22) gives 

.3149 X 1600 a^af . ^ on • i 

e = ^cTk =616 feet = 7.39 inches. 

It will be observed that the two large factors appearing in (22) 
do not occur in (20) ; and, moreover, eq. (20) is very much more 
accurate than the formula (22) generally used. 

The author has elsewhere pointed out the evil of elevating the 
outer rail on sharp curves sufficiently to meet the requirements of 
too high velocities. 

The elevation should be much less than required for the speed of 

the fastest passeuger- coaches ; for it is better, on such a curve, 

for a coach to hug the outer rail somewhat or to slacken speed, or 

both, than to pull all the freight-cars against the inner rail. 

*The best conditions are realized when the speeds of fast trains 
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are lessened so as to exceed only sliglitly the speed for whicli 
the elevation of tlie curve is suited. 

Thus a train moving at a s(>eed of 50 miles per hour should he 
decreased to a 35-mile rate or less in passing over a curve elevated 
for a 30-niile rate. Under such conditions the cars would slightly 
press the outer rail around the curve ; their motion would thus 
he steadied, and the movemcut would he the steadiest possible. 

The maximum elevation should probably not exceed eight 
inches, except, possibly, at some special point, under peculiar 
conditions. 



CHAPTER VI. 



COMPOUND CURVES, 



A COMPOUND curve consists of two or more consecutive circular 
iircs of different radii; any two adjacent ones having a common 
tangent at their point of meeting, and their centers on the same 
side of that tangent. 

This common point of tangency is called a point of compound 
curve, or P. C. C. 

Compound curves are used to bring the line of the road upon 
more favorable ground than any simple curve could occupy. 

Jjet ^Pand PB (Fig. 67) be the two branches of a compound 
curve uniting the two tangents 
^ Fand BV, Continue ^Pto 
k, where the tangent kD is 
parallel to BV, and draw the 
chords AP, Pk, and PB, 

To prove that the chords Pk 
and PB Coincide. 

Since the radii P0\ and P0% 
are each perpendicular to the |,^ 
common tangent at P, they co- 
incide ; and since the radii Oik 
and OiB are perpendicular to 
parallel tangents Dk and BV, 
they are parallel. Hence th,e 
vertex angles of the isosceles 
triangles POxk and PO^B are 
equal, and the angles at the 
bases must be equal also. Hence 0\Pk = OiPB, and therefore 
Pk and PB coincide. 

Prolong Ak to meet J? Fin £!. Let i?i = the first radius AOi, 
and liq = the second radius POjOa. Let Oi = AOiP, the central 
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angle, subtended by the arc of radius Bi, and 0^ = PO3B, the 
central angle subtended by the arc of radius i?a. 

Now AkP{=BkE) = JOi, by (e). Chapter IV. 

Also, kAP = PkD = PBV=iO^, by (d), Chapter IV. 

In the triangle ABV\et the tangent AV = Ti, and the tangei.t 
BV = 1\. We observe that the shorter tangent is adjacent to the 
shorter radius, and the longer tangent is adjacent to the longer 
radius. IjQt AB = c, BAV = A, ABV = B. 

,'. BVF = F = ul + 5 = Ox + Oa. 

Draw kag parallel to A V. 

aB 4 n.k tan UakB + (^Bk) cot UakB —^ aBk) 
aB — ak tan \{akB — aBk) cot \{akB -{- aBk) ' 

See eq. (35), Chapter III. 
ak-\-aB=A V+BV- (AB-^-Bk) =T^^ + Ti- 2AI) 

aB-ak = BV-AV= T^- T„ 
Also 

aBk ■= BkP — ^Oa , and akB = F— \0^, 
Hence 

akB - aBk = V- 0-^= Oi, and akB + aBk = F. 

Substituting these values in the above equation gives 

Ti-\-Ty 2Rr cot ^0. 

Ta - T, {2\ - 2\) cot ^ F ~ cot i F* • ' * ^''^ 

Hence 

_ (r, + r.)cot4F-8i?, 

COl ^Ui — y» __ rp > 



or 

R, = i(7'a -f 7V) cot J F- Kn ~ 7\) cot lOi ^ 

= r. cot ^ F - |(7a - 2\) (cot^Ox - cot jy). j 



• . (1) 
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Similarly, *» 

or 

E^ = iiT^ + ro cot I F~ i(ri - 71,) cot iOa 

= r, cot iF-i(^^ ~ T^)(cot iOa -cot 1^7). 

From (1) and (2) we get 



.... (2) 



{H^ - /?,) = liTa - TiXcot iO + cot iOa), ] 
7?2 - i?i _ cot ^Oi + cot ^Qa !► . . . (3) 

We observe that either radius can be found by two multiplica- 
tions and both by three multiplications, since ^(7a+ Ti) cot \ V 
is common. This is one multiplication less than is necessary by 
any other formulas. The first equations of groups (1) and (2) are 
preferable when both radii are to be found, but the last equation 
of either group is best when only one radius is required. Since 

ir= ^0. -f i^a < 90°, iOi < 90% and ^0, < 90°. 

Supposing the triangle AB V unchanged ; then, since Oi -\- O9 
is constant, 0^ varies inversely with Oi. 

Eq. (1) shows that Ri varies directly with Oi , and eq. (2) shows 

that Ba varies inversely with O9 and therefore directly with Oj. 

' Hence the radii vary directly with the central angle corresponding 

to the shorter radius. This shows the advantage of making Oi as 

large as possible. 

Prolong the tangent Bk to meet BOt in Hy and draw the per- 
pendicular P&£. Now 

BIJ = BL - kb = Rii vers Ou — Rx vers 0^ = {R^ — Rx) vers 0%. 

Then i>F=^^ = (A^?l);?!i£.. 

sin V sm V 

and AD = Ri tan IV = . ,^ . 

'^ sm F 
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Hence 
(AD+J)V)8mV= i'l sin V 

= Ml (vers V — vers Oa) -f J^a vers Oa. 

Ti sin F-i?, vers F 



Then vers Oa = 



and 



i?, = 



jKa — -Ki 

2*1 sin V -Ri (vers 7- vers Oa) 



y 



or 



or 



vers Oa 
Similarly 

Ti sin F= Ri vers Oj + JBa (vers F- vers 0,), 
fa sin F-iga(vers F- vers O.) 



(4) 



i?i = 



vers Oi = 



vers Oi 
Ta sin F - i?a vers F 



(5) 



It should be noticed that the foregoing equations are symmetrical 
with reference to the radii, the tangents, and the central angles, 

and hence eq. (2) may be 
written at once from eq. (1) 
or vice versa, by simply ex- 
changing the radii, the tan- 
gents, and the central angles; 
and the same is true of eqs. 
(4) and (5). 

Let Fig. 68 represent a 
compound curve, in which 
g ^0, = /?. , J?Oa = -Ka, P = the 
P.C.C. 

Drop the perpendiculars 
Oim apd O^n upon the chord 
ABj and draw OiiSTparallel to 
AB. Let I be the intersection 
of AB and POi , and I the an- 
gle AlP, We have 

Oa^ = 0, Oa sin ; = (2?a - i?0 sin l. 
Also, OiH = O^n — Oim = R^ cos B — Ri cos A, 
Equating these gives 

Ru cos B — Ri cos A 




sin I = 



R% — Ri 
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Again, Am = Hi sin A, 

tnn = Oi-ff = OiOi cos I = (iJa — Hi) cos I, 
nB = ^3 sill B, 

Adding gives 

C = Bx^mA-\- Bt sin B-i-iB^- Bi) coal . . . (6) 

XT m ^ sin J5 , ^ ., sin ^ 

Now Ti =: G —. — ^, , and T^ = C —r 



sin F' ^ sin V 

Wlien B\, Bit -4, and B&re given, ^, C, and the tangents Tx nnd 
7*3 may be found from the above equations. 
We have 

I = OiAl + AOxl = (90" - A)-\-Ox, or Oi = -4 + Z ~ 90". 
Also, 

^ -I- IBOi + ^Oa^ = 180% or I + {W - i^) -f- Oa = 180% 
or Oi = B -'l-\- 90°. 

When Bi , Bif A, and 5 are given, we may find ^, 0, , and O9 
from these equations, and then Ti and 7a from (4) and (5). 

To find the limit in one direction of each radius of a compound 
curve. 

We observe that a curve run from A (Fig. 67) with a radius 
B" = Ti cot ^F would be tangent to J? Fat E, VE being equal 
to VA, 

A curve run from A or from any other point of this curve with 
a radius greater than Tt cot ^V would lie outside of the above 
curve and would intersect VE. Hence the smaller radius must 
be less than Ti cot | V. 

Again, a curve run from B with a radius B"=T2 cot JV would 
be tangent to VA prolonged at B' ( VB' being equal to VB) and 
would pass inside of A. 

A curve run from B or from any other point of this curve with 
a radius less than Ti cot ^ V would lie inside of the above curve 
and would pass still further from A. Hence the greater radius 
must be greater than 7a cot J V. 

From trigonometry we have 

cot (45° - 2) + cot (45** + 2) = 3 sec 2z > 2f 
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Therefore 

cot (45** - a — «) -f cot [(45 ~ a + «)] > 2 sec 2« > 2. 

Hence if the sum of two angles < 90**, the sum of their co- 
tangents > 2, and the more unequal are the angles the greater is 
the sum of their cotangents. 

Now since V < 180% iOi -f iOa = JF < 90°. 

Therefore cot ^Oi + cot ^Oa > 2 in all cases, and eq. (3) shows 
that 

R9 — Ri > Ti — Ti in all cases {e) 

Again from eqs. (1) and (2), 

i?a > Ti cot i V, and Bi < Ti cot |F. 



Therefore 



Bi i\ cot ^ r "■ T, 



if) 



V 


/?a — -Ri 


Ta - r, 

1.73 


120" 


100 


2.14 


80 


2.75 


60 


3.73 


40 


5.67 


30 


7.60 


20 


11.43 


15 


15.26 



These equations show that the radii differ more than the tan- 
gents do, both relatively and absolutely. 

Tf 73 

Putting Oi = Oa in (3) gives ^^ ~ = cot ^Oi = cot ^K 

I2 — J-i 

The following table shows the value of this ratio for some 
values of V, 

For the more common values of F, say 40" 
or less, we see that the difference between 
the radii is several times greater than the 
difference between the tangents; and we may 
remember that when Oi and Ot are unequal 

the ratios of -^ — are somewhat larger 1 

than those given in the table. But the tabular 
results are sufficiently accurate, and they will 
aid much in assigning practical values to the 
radii when the tangents are known. 

Of the quantities i?i, i^a, Oi, and Oa, and 
the sides and angles of the triangle ABV^ four independent 
quantities must be given in order to find the others. Or three 
besides V must be given. Of course the parts of the triangle 
must be consistent, and all of the given quantities must be con- 
sistent with the necessary relations existing among them. 
For example, we must have A -\- B = Oi -{■ 0^ = F, 
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V is supposed to be known in all cases. If either Oi or Oa is 
known, the other is known from the relation above. 

Problems. 

I. Given Ti and Tt, also either one of the quantities Iii,Iit, Oi, 
and Oa, to find the others. 

Example l.—Tx = 447.32, 7\ = 510.84, F= 15°, and i?i 
= 3000. 
.-. r, + r. = 958.1, Ta - 1\ r= 63.52, i(T, - Ti) = 31.76, 

and cot |F= 7.596. 

(1) gives 

^ , ^ 958.1 X 7.596 - 6000 7277.64-6000 ^^ , , ^ 
^* *^^ = 68:52 = 63:52— = ^^'^^^' 

and iO, = 2' 50' 45 ". 

Now iO^:=zj^V- iOi = 4'* 39' 15", and cot JO, = 12.283. 

.-. cot iOi + cot iOa = 32.398. 

From (3), /?. = 81.76 X 32.398 + 3000 = 4028.96. 

If /2a is given, find in the same way J^Oa, ifOi, and i?i. 
If Oi is given, 0, = F ~ 0, . 
Then find i?, from (1), and R^ from (2). 
Similarly if Oa is given. 

Example 2 (see Henck, Prob. 48).— Let T, = 480, T^ = 500, 
F=:18% and 0,==iF=9^ 

.*. c/a ^^ y . 

In this case the common tangent at the P.C.C. makes equal 
angles with the tangents ul Fand B V. "We have 

i{l\ + T,) = 490, i(ra - r,) = 10, 

cot JF=^ 6.31375, cot JOi = cot iO, = 12.7062. 

(1) gives 

Ri = 490 X 6.31375 - 10 X 12.7062 = 2966.67. 

(3) gives 

Rt = 10(12.7062 + 12.7062) + 2966.67 =r 3220.79. 
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IL Given A, B, and G and anj one of the quantities Ri , JR,, 
0\ , and O3 , to find the others. 
Example Jf.— Let A = S'', B= 7«, and C= 950. Let Hi = 3000 
We Lave 

Rin 7? 0^ 

Tx = C=^= -j^ X .12187 = 8670.5 X .12187 = 447.32: 
sm V .25882 

T^ = ^"°^ = .3670.5 X 18917 = 510.84. 
sm V 

Eq. (1) gives 

(T, + r,)cotiF— 2i?, 



cotiO,= 



2\ - T, 
958.16 X 7.59575 - 6000 1277.94 



= 20.1188. 



63.52 63.52 

.-. iOi = 2' 50' 45"; . •. JO, = 4" 39' 15", and cot ^O, = 12.2836. 
Eq. (3) gives 

i2. = ^^^ (cot iO^ + cot iO,) + R, 
= 31.76 X 82.4024 + 3000 = 4028.96. 

If Ri is given, find Ti and T^ as above, and tLen Oi , Oj , and 
Ri in order. 

If Oi is given, we have Oa = (-4 -f- F) — Oi. 

Find Ti and T'a as shown, then Ri and i?i from (1) and (2). 
Similarly if Ot is given. 

Example j^.— Let Ox = ^ = 8"; then Oa= B = T, and = 950. 
Let R = 3000. 

In this case the common tangent at the P.O.C. is parallel to the 
chord AB. Ti and T9 are found as above. Then eq, (1) gives 

Ri = i(^a + T,) cot iF- i(^> - ^») cot iO, 
= 479.08 X 7.69575 - 31.76 X 14.3007 
= 3638.97 - 454.19 = 3184 8, 

and i?a = ^* "7 ' (col {Ox + cot ^ Oa) + Rx 

z 

= 81.76(14.3007 \- 16.35) -f 3184.8 = 4158.26. 
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One of the most useful problems in compound curves is that of 
fitting such a curve to the ground. The lengths of the branches 
give the corresponding central angles, the sum of which is equal 
to the deflection angle V. 

We select a problem proposed by ** L. E. Vel " in Engineering 
NeioSy March 5, 1881. 

III. **Two tangents J. F and 5 F intersect at an angle of 60". 
It is required to begin at the point A and locate 2000 feet of 3** 
curve, followed by 2000 feet of 1' curve. 

** Kequired the distance to bo measured back from the intersec- 
tion F to the point of curve A by the sliortest and simplest 
method." 

A solution of this problem, marvelous for length and labor 
involved, can be seen in Engineering News of March 19, 1881. 
(See also Searlr s Field Engineering, Art. 164.) 

Being challenged by the contriver of tLe above solution, the 
author gave, in Engineering JSewa of April 2, 1881, in substance 
the following as the *' shortest and simplest" solution possible: 

We have i?a = 2fi,, or 1?, - if, = i?,. 

Substituting ifi for /?a — R\ in (4), observing that Oa = 20', 
we have 

Ty = It J (vers 20" + vers 60") -f- sin 60" 

= 2864.8 X .56031 -f- 86608 = 1853.5. Q.E.D. 

If, for any reason, Ta is desired, we have, from (5), 

T — ^^i^Q^s V- Ri vers Ox _ igi(l -- vers 0,) _ gi cos 0^ 
' "~ sin F ~ sin F "" sin V 

== 2864.8 X .76604 h- .86603 = 2534.04. 

IV. (liven Bi and i?a and eitlier tangent, to find the other 
tangent and the central angles Ox and Oa. 

Example.— Lei F = 72% 2\ =1091, i?i =954.9, and i?, = 

3437.7. sin F = siu 72** = .95106, vers F = .69098, and 
i?, - i?, = 2482.8. 

(4) gives 

1091 X .95106 - 954.9 X .69098 , ^„,^ 
vers 0. = — 2482:8-^^ — = •^^^^^• 

.-. 0. = 32" 1' 20" and 0, = F- 0, = 39" 58' 40"; 

vers Ox = .23371. 
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Now (5) gives 

_, _ 9 54.9 X .23371 + 3437 .7 X .45727 ..^ ^ 

V. Given either tangent and the adjacent or the opposite radius, 
also either central angle 0^ or Oa , to find the other tangent and 
radius. 

Example 1.— Given AV= T^ = 1091, i?, = 954.9, V = 72% and 
0, = 39° 58' 20 '. Hence 0^ = 82" 1' 40 ". 

(4) gives 

^ 1091 X .95106 - 954 9(.69098 - .15216) _ ._^ _ 
i?, = -^^^^ = 3437.7. 

Then Ti is found from (6) as above. 

Example 2.— Given Ti = 1091, l?a = 3437.7. and the angles as 
above. 
From (4), 

,, 1091 X .95106 - 3437.7 X .15216 ^,, ^ 
^' = :58882 = ^^'^' 

Then Ti is found from (5) as above. 

VI. Given the tangents and a central angle Oi or Ot , to find 
the radii. 

i?i and ffa are found from (1) and (2). 

Example.— Let Ti = 480, T^ - 500, V~ W and Ox == 9**. 

Then 0, = 18' - 9* = %\ 

Now cot J F ■= 6.31375 ; cot JO, = cot JO, = 12.7082. 
Now, from (1), 

i?, = 240 X 19.02 - 250 X 6.39245 = 2966.7 ; 
and from (2), 

22, = 250 X 19.02 - 240 X 6.39245 = 3220.8. 

Special Problems. 

It frequently happens that a curve already located must be 
changed to meet certain conditions. In this case the equation 
must be solved anew or the results already obtained must be 
modified. 
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If the required changes are small, and especially if some latitude 
is allowed in making tliem, the solution can sometimes be readily 
modified to conform to the new conditions ; but it is generally best 
to solve the equation anew. 

This will be illustrated in the following problems. 

Having located a simple curve APBy radius AOi = Ri , ending 
in the tangent B F, it is required 
to end with agiven shorter radius, 
B'Cy = R9, in a tangent B'V, 
parallel to BV, and at a distance 
within 5 F equal to BH = p. 

The distance BP back to the 
P.C.C., and the distance HB'=d, 
that the end of the new curve 
is back of the old, are required. 

Let PaR = PO,B= 0, 

Now 

KOy BOx-HK-BH 



cos — 



or 



or 



Bi-B^- BH 
J?i — Mi 

vers 



OyCy 



= 1 



V 




Bi-'lii 



= 7j- , or i?i — i?a = -^, 

Ml — Hi vers 



i?a = i?i — 



P 



vers 0' 



(7) 



Or proceed as follows: Describe the arc O'Cwith center Oi, 
Now 

CK 



vers = 



o,(y' 



But CK^BK^BC= BK" PO' = BK^J^, 

and BHz= BK- EK =BK-E^. 



.-. GK-BH-p. 



Hence, as before. 



vers = 



- P 



Also, 



Bi — R% 
d = EB' = K(y =(Bi- ft)sin 0. 



. (8) 
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From (7) and (8). 

d 



sin 

V'jrs 



= cot ^0, 



or 



d = p cot ^0, 



(9) 



Equation (9) is easily proved as follows : Draw PB'B, which we 
have seen is a straight line. We have 



Hence 



BRH= B'BV= ^POiB= JO. 
HB' = d = HB cot BBH = p cot JO. 



Example 1. — Having located a 3° curve ^PB(Fig. G9), radius 
1909.9, required the distance back from B to the beginning of a 
5" curve (radius 1145.9) that will end in a tangent 27 feet within 
the tangent B V, also the distance HB*. 

(7) gives 

vers (PaB - PO,B) = ,Vj = .03534; 
.-. = 15" ir. 
15** 17' 



Then 



= 5.09 chains = 509 feet = arc BP. 



Also, JIB' = p cot JO .-= 27 X 7.463 = 201.2 feet. 

II. Suppose the curve APB is located, and it is desired to end 

with a longer radius, P(y = /?,, 
on a parallel tangent B F, at a 
,, distance HB = p without B V. 
Similar equations to the above 
apply. 

}.et PO,B=PO'B'=0. Then, 
as in Fig. 69, 

p = BH = B'K - BD 
= li'i vers O — 111 vers O 
= (Ru - li,) vers 0. . (7') 
Also, d = RH = KD 

= {R^- K,)b\iiO, (8') 

and d := p cot JO.. . (9) 
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JBxample 2. — Having located a 5° curve APB, required tlie dis- 
tance back from B to the beginning of a 3** curve that will end 
in a tangent 27 feet without B V. 

PO^B = P(yB = 0. 
We have 

vers = ViV = .03534. 
.-.0 = 15° 17'. 

15" 17' 
Then ^, = 3.06 chains = 306 feet = arc BP. 

Also, B'H = p cot |0 = 27 X 7.453 = 201.2 feet, 

the distance that the new tangent point B is in advance of the 
original tangent point B, 

With reference to the preceding problems, we observe tliat if 
any two of the following quantities: the new radius, the offset 
p, the tangent distance HB = d, the arc BP (or BP) or the 
equivalent, the angle 0, are given, the other two may be readily 
toiind by the use of the preceding equations. 

Ehsample 3. — Let p = 1, and let PB = 150 feet, the degree of 
the curve APB (Fig. 69) being T lO'. Hence 

= 10* 45', Rr = 800. 

Eq. (7) gives li^ = 800 - J„^^ = 800 - 57 = 743. 

Also, BB* = cot 5* 22V = 10.63. 

Sktample 4- — Having run two given curves, PB and PB' (Fig. 
69), subtending equal central angles, POiB = PO'B^ = 0, to 
find the distance between the terminal tangents 5yand B'V and 
the distance BB' , 

(7) gives 

p = (Ri — i?2) vers 0. 

Then, from (8), we have 

HB' = (Ri - Ri) sin 0. 
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These equations and Figs. 69 and 70 show that if a curve is 
sharpened or flattened, so as to end on a tangent parallel to the 
original tangent, the new curve does not end at a point opposite 
to the original, but is moved backward or forward according as 
the curve is sharpened or flattened. 

Problem. — Given a compound curve APIS' (Fig. 71) ending in 
the tangent B'V, the first radius, AOi = POi = Bi, being 

A shorter than the second 

J' V y' radius, POa=i?a; to change 
the P.C.C. and also the 
last radius, so that the new 
curve radius OP' = 7^ 
shall end in a given par- 
allel tangent 5"F". 

It is evident that the new 

P.C.C. must be on the first 

branch AP, sine© if on the 

second branch the problem 

'B' would be the same as the 

Fio. 71. preceding. The P.C.C. (at 

P') must be found so that the arc PB* will be tangent to B" V**. 

Suppose the first branch AP of the curve extended to B, where 

tangent BV is parallel to B'V. 

Let AOiP= Ou PO^B' = Oa, and P'0j5" = 0. 

Let B'H=a, B"K = a\ B"C = p, BH = d, BK = d'. 

I. Suppose R' < Rx < i?a. Then B"V" is necessarily with- \ 
ifiB'V\ 
From the preceding problem we have directly 



B'H = {Ri - Ri) vers Oa = a; 



(10) 



55= OiOaSin Oa = (i?a - i?i)sin Oa = <?. . . (11) 



Dividing gives 



I?L^^ = tan 40a = T' or (f = a cot JO,. . . (12) 
sm Oa d 
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a and d are expressed in terms of known quantities, and are 
always known. 
Again, 

B"K = (i?. - R') vers = a\ or vers = _ ^ ^, ; . (13) 

BK = OOi sin = (i?i ~ 7?') sin = d' (14) 

.•. tan ^0 = -„ or d' = a' cot iO. . . . (15) 



Since the position of the tangent is given, a' is known and eq. 
(13) determines the beginning of the curve. Also, 

HK = d-^- d' = acot ^0^ + a' cot ^0, . . (16) 

which determines the end of the curve. 

2. If the curve is to begin at a certain point, is known, and 
we have, from the above eq. (13), 

radius = i2' = /?i — 



vers ' 



Then the end of the curve is found as above. 
3. If the curve is to end at a given distance back (or front) of 
B\ d' is known, and we have 



a! 



tan i^ = ^. 



which determines the beginning of the curve. 
Then the radius, /?', is given as abdve. 

II. Suppose R' > Rx. (Fig. 72.) 

{a) Let B"V" be within B'V. Tben R < R^, 

We have BH = {R, - R^) vers 0^ = a; . . . . (10') 

BII= (/?.2 - R^) sin 0^ = d (11) 

.-. tan W^ --, (12') 

d ^ ' 
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B"K 
BK 



(K' - Ml) vers = a*; . 

(«' - i?i)sin = «?'; . 



a' 
tan iO = -J. 
(I 



V r V' 




HC Bf 



(13') 
(14') 

(15') 



Fig. 72. 



Also, vers = -zyj 



a' 



H' - My 



or ii' = 2?i + 



a' 



vers 0' 



Finally, 



HK = BH - BK = d - d' (16') 



2. If the beginning of the curve is fixed, is known and the 
radius 

= b: ^B,-{- "^ 



vers 0* 



HK — d - d' = aGoi^Oi — a cot JO, 

giving end of the curve. 

3. If the end of the curve is fixed, d' is known and 



tan \0 = J,, 



Then 



JR' = /?i + 



6^ 



vers 



(6) Suppose ^' F" is without B' V. (Fig. 73.) 
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In this case we may liave 



< 
> 



We have, as already explained, 



and 



BfH = (J?9 - i?,) vers 0, = a, 
BE = (iJa - Ml) sin Oa = d, 



a 



tan ^Oi = - 
a 



. . . (10") 
. . . (11") 



(12") 




Also, 
and 



and 



Fig. 73. 



B"K 
BK 



(R - Bi) vers = a\ 
{B' - Bi) sin = d\ . 



tan W = ^'. 
* d' 



By transposition, 



vers = 



a' 



i2' - Bi 



which determines the beginning of the curve. 
By subtraction, 

HK=d'-d, . 

which determines the end of the curve. 



. . (13") 
. . (14") 



(15") 



(16") 
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A special case of this problem is that in which the P. C. C. onij 
is changed. Then l{f = fij, as illustrated in Fig. 73. 
B'V" is without B'V\ (Fig. 73.) 
(a) Substituting iJ, for Bf in the value of a\ we have 

a' — a = p = {lU — i?i) (vers O — vers 0,). 
,'. vers O = vers Oa -}- 



Then i?a = iJ, + 



vers O' 

P'OiP = — Oi shows the angular distance that P' is back 
of P. 

(b) We may consider that the curve APIB" is first located, and 
that APR is the new curve, the new tangent B'V being within 
B" V". Then 

F'OB" = Oa, and PO^R = O, 
and we have 

vers = vers Oa — 



i?a — Bi 



a' 



Bi = Bi -\ -, as before. 

vers O 

P'0\P shows the angular distance that the new P.C.C. (P) is 
in advance of P'. 

2. If, in this problem, the beginning of the curve is fixed, O is 
known and we have 



b: = B,-\- 



a' 



vers 0' 
The end of the curve is given by 

HK = d' — d = a' cot \0 - a cot ^Oa. 
3. If the end of the curve is fixed, d' is known and 



a' 



^ d'' 



tan iO — 



This determines the beginning of the curve* 



COMPOUND CUUVES. 



133 



Then the radius - W - li, + 



a' 



} 



vers 0' 



4. A special case of 
tlie general problem is 
that in which the new 
curve ends on the same 
radial line as the original 
curve. 

{(i) OB" coincides with 
O^R, and H with K, 
as shown in the figure. 
Hence 

BK=BH,oTd' = d, q 

We have from equa- 
tions preceding, by subtracting and transposing. 




H B'B' 



tan iO = tan ^0^ -f ?, — ^ = tan JOa -f- ^— * = tan ^Oa + ^-- 



This gives the beginning of the curve. We have 

OxL = 0,0a sin OiOaX = 0^0 sin OiOL, 



or 



(i?a ~ Rx) sin Oa = {R' - Ri) sin 0. 



. (R, - JgQ sin Oa , p 
• • ^ = ^i^ + ^" 



P'0\P= — Oa shows the angular distance that P' is back of 
P. 

{h) We may suppose the curve AP'B" first located, and thai 
APB is the new curve, the new tangent B' V being within 
B" r'. Then 



P'OB"=0^, PO^B'=0. 



P 
,', tan 40 = tan 40a — v> 

a 
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and ir = ; — 7. h i<i, 

sin O 

as before found. 

In this case the new P. C. C. (P) is on the arc AP* prolonged. 
From the above value of lii' we have 

sin _ Jg , - jg, 

which shows that for and Oj, each less than 90*, we have 

> > 

=:= Oi accordingly as i?a = -B'. 
< < 

Hence the radius and the P. C. C. must both be changed. 

Examples. 

1. A 10° 4' curve, AP, is followed by 100 feet of 7° 44' curve, 
PB'. It is required to find the beginning, the end, and the length 
of a l?** 48' curve that will end in a parallel tangent, B" F", 58 
feet inside of B' V. (Fig. 71.) 

We have 

R, = 669.2, i?a = 740.9, and /?' = 321.9; 
also, O9 = 7'* 44', and j> = 58 feet. 

Hence, eq. (10), 

BE = (i2a - Ri) vers 0, = 171.7 X .00909 = 1.56 = a, 
and, eq. (13), 

R'K= 58 - 1.56 = 56.44 = «', 
and therefore 



Now 



56 44 
vers = — ^^ = .22822. .-. = 39" 29'. 



01 o AK^ 

89* 29' - 7* 44' = 31* 45', and 100 ^' = 815.4 ft. 



Hence the beginning of the new curve is 815.4 ft. back of P, 
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or 



Also, eqs. (11) and (14), 

HK = (R^ - Bt) sin 0, -h (i^. - i?') sin 

= 171.7 X .1346 + 247.:^ X .6358 = 180.3 -f . 
BK=^ 1.56 X 14.79 + 56.44 X 2.788 = 180.4. 



The length of P'B" is lOO-^^-^ = 231.8 feet. 

17 48 

2. Suppose the original curve and offsets a and a' as above, and 
that the new curve is to begin at P\ 315.4 feet back of P. To 
find H' and the end of the curve. We have 

P'OiP = 10** 04' X 3.154 = dV 45'. 

.-. P'OJ?" = 7'' 44' -f 3r 45' = 39' 29' = 0, 

Then, eq. (13), 



\R' = i?, - 



a' 



vers 



= 569.2 



56.44 

.22822 



= 321.9. 



The distance HK is novr found as above. 

3. Suppose tliat it is required to end the curve a given distance, 
HK, back of B\ Then 

d' = HK-d\ taniO = |,; and R' = By " 



vers 0' 



Problem, — Given a com- 
pound curve, APB\ ending 
in the tangent B' V\ the 
first radius, AOi=B\f being 
longer than the second 
radius, PO9 — /^a, to change 
the P. C. C, and also the 
last radius, so that the new 
curve shall end in a given 
parallel tangent B" V". 

I. Suppose ii' > i?, >^,. 
Then B" V" is without^'F'. 
Ijet the notation be as in the 
preceding problems. Then 




C K 8 



Fig. 75. 
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r 

B'U= (Hi - i?,) vers 0, = a; (10a) 

BR= OiOt sin Oa = (i?x - R^) sin 0^ z= d. . (lla) 

a and d are expressed in terms of known quantities and are 
always known. 
Dividing gives 

-^ — ~ = tan 40a = -T or d = a tan 40a. . (12tf ) 
sin Oa tZ 

Similarly, 



a' 



B"K ={R' -K^) vers = a', or vers = -^^ 5- . (13^) 

5ir= OOj sin = (/2'- i?i) sin = (i', .... (14a) 

a' 
and tan JO = — ,, or d' = a' cotan JOj. . . (15a) 

d 

Since tlie position of the tangent is given, a' is known, and then 
vers determines the position of F^ or the beginning of the new 
curve. 

Again, 

HK = d -f d' = a cot 4O9 -\- a' cot JO. . . (16a) 

Tliis determines tbe end of the curve. 

2. If tbe beginning of the curve is assigned, is known and 
we have 



/?' =r Ifx + 



a' 



vers 0' 



The end of the curve is given as above. 

3. If the curve is to end at a given distance in front of B*^ d^ is 
known and we have 



tan 40 = -,. 
^ d' 



This determines the beginning of the curve. 



a' 



Then the radius = R' = R^ -] -., 

vers O 
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IT. Suppose R' < Ri. 

(a) Ijet tbe terminal tan- ^ 
gent B"' V" be without R V\ 
then R' > 2?,. 

Now 

Rjr={n,-Rt) vers 0^-a; (10&) 
BH= 0, Oa sin 0, 

=(i?,-i2a)sinO,=d;(ll« 

tan iOa = — , 

or d = o cot iOt. . (136) 

Again, 
B"K={R,-R') vers 0=a', 



or vers 0= 



a' 



i?i-i2' 



(136) 



Yiv:' V 
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and 



BK = 00, sin = (i?, - i?') sin = (i'; . . (146) 



^r 



tan iO = — , or d' = a' cot JO. ... (15t) 



vers = 



a' 



Ri - iJ' 



determines tbe beginning of tbe curve, and 

HK= BIT- BK- d- d' = a cot JO, - a' cot \0 (166) 



determines tbe end of tbe curve. 



a' 



2. If tbe beginning of tbe curve is given, find R'-rzRi -r,, 

° " ° vers 

as before. 
Tbe end of tbe curve is given by HK = d ^ d\ as above. 

3. If tbe end of tbe curve is given, d' is known, and then 



a 



tan W = —. 

^ d' 



This determines tbe beginning of tbe curve. 
Then the radius is given as above. 
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(6) Suppose B"V" to be within B'V\ We may liave 

< 

li = Hi, 
> 



Now 
A 



B'H= (Ri - Ri) vers 0, = a; . . . . (10c) 

Bn=OiOi sin 0, 



Cy: V 




= (i?, - i?,)8in 0,=rf; (He) 



a 



tan JO. = -. 

or d=rtcotJO,; (12c) 

B''K= (R, - 22') versO=a', 

K or versO = - (13c) 

BK= OOx sin 

={Rx - R') sin = d'; (14c) 

a' 
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tan iO = _, 
^ d" 



or 



d' = a' cot JO. 



(15c) 



The position of the tangent gives a', and then eq. (13c) deter- 
mines the beginning of the new curve. 

UK = d' - d = a' cot JO - a cot JOa . . (16c) 

determines the end of the curve. 

1. A special case of the above is that in which R' = iJj. Sub- 
stituting Ri for R' in the values of a' and a, and subtracting, we 
have 

CB" = p = a' - a = (2?, - iJa) (vers - vers 0,). 



P 



.'. vers = vers 0« + „ -^ _ , 

ill — i<a 



and 



a' 



vers 



COMPOUND CURVES. 



139 



We may regard AP'B" as tlie original curve, APB^ as the new 
carve, the new tangent B^ V being without B" V", Then 



FOB" = Oa, PO^B' = 0; 



and 



vers = vers Ot — 



P 



B. - B,' 



Bi = i?i — 



a' 



vers 0' 



as before, 

2. If in this problem the beginning of the curve is fixed, is 
known and 



B = Bi — 



a' 



vers 0' 



The end of the curve is given as above. 

3. If the end of the curve is fixed, d' is known and 

tan W = %-• 

Then the radius is found as above. 

4. A special case of the last is that in which the new curve 
ends on the same radial line 
as the original curve. 

(a) OB" coincides with 
OaB\ and jff with K. Hence 
d' = d. Then 

tan O = -TT = — ; tan Oa = — . 
d d d 



tan — tan Oa = 



a —a 



d * 



or 



tan iO = tan JO, + 



a — a 
'~d~ 




= tan iO, +§-. 
a 

Fio. 78. 
This gives the beginning of the curve. Now 



BII=OiO^ sinOa=0,0 sin 0={Bi-Bi) sin Oa=(/?i-i?') sin 0. 
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From this we have 



R' = n^ - 



(R^ - R^) sin 0, 
sin 



(b) We may regard AP'B" as the original curve, and APB' as 
the new curve, the targent B'V being without B" V". Then 

P'OB" = Oa, PO^B' = 0. 



tan JO = tan J0«, — 






and 



ir = i?, - 



(i?, — 7?a) sin O5 
sin O 



In laying out compound curves it is generally best to lay out 
each branch from the station at the beginning of the branch, and 
subsequent stations if necessary. 

Thus, in Fig. 67, AP would be laid out from A, and other sta- 
tions on AP if necessary. Then the transit would be moved to 
P, directed along the tangent at that point, and then deflected to 
stations on PB, etc. 

We will show further on, however, how to lay out one branch 
of a compound curve from a station on another branch. 

Problem.— Given a compound curve APB, ending in a tangent 

BV, to change the curve so 
^ as to end on a new tangent 

^L y BV\ but at the same tangent 

point as before. 

I. Suppose the shorter 
radius to precede the longer. 
(Fig. 79.) 

Let B = the known angle 

VBV\AF= 1\,BV= n. 

B Let AV = T\ BV = T" 

and VV = a. 
We have, from the figure, 

F = r - B. 




Fio. 79. 
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In the triangle BVV we have 



T" sin V _ 7. «i° ^ 

-„ or i = I7 — 



y, sin V 



sin V 



Also, 



a 
2\ 



sin B 
sin F" 



or 



a = Ta 



sin B 



Then 



T ^ Tx- a. 



With these values of F', T', and 7"' the tangents may he con- 
nected by assuming a value for one of the quantities Oi, Oa, /»\, 
or i?,, and using eq. (1) or (2) and (3). 

When y ' is on the prolongation of A Vy we have 

F'=F+^, and r = T,-\-a. 



Other »^ ise the solution is just the same as the above. 

II. Suppose the longer radius to 
precede the shorter. (Fig. 80.) 

We have 

AV=Tx, BV=T^, AV'=T\ 

and BV = T", 

Also, VV = a, 

and, in the figure, the angle F' 



Then 



T" = T,^ 
sm V 



/» 



Also, 



/, 77 sin B 
sm V 

T' =Ti+ a. 




Fig. 8a 



With these values of F', T\ and y" a compound curve may be 
located, as already explained. 

Bemark. — A special solution of this problem in a voluminous 
work on Field Engineering, with an example worked out, occupies 
six pages. 
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Problem. — Having found the radius AO = M of a curve, to 

substitute for it two radii, AOi = i?i, 
and PiOi = /?2, the longer of wbicli, 
AOi, is to be used for a certain dis- 
tance only, at each end of the curve. 

Let AOiPi = BCPi ^ 0„ 
and PiOaA = 20,. 

Supposing the arc APi described 
with the longer radius, the intersection 
of PiOi with the central radius MO of 
the simple curve in Oa gives Oi as the 
center, and PiOa as the radius, of the 
central branch of the compound curve. 

In the triangle OOiO^,, 

OiOOu = 180° - iF, OOiOa = 0„ 




Fig. 8L 



and 



OO^Oi =PiO^M= iV- Oi- 



Hence 



OOi = Ml - B, and OiOa = 2?, - i?a. 



O1O2 Bi — x?a 



siniF 



OiO 



Bi - B ~ sin(^F- Oi)' 



. (17) 



From this we find 



B, = B,- (Bi - B)- 



sin4F 



sin(iF- 00* 



• (18) 



We may assume values for any two of the quantities Bi, B^, 
and Oi, and find the other from either of the above equa- 
tions. 

We observe that Oi + O2 = ^ F, which is known. Hence if 
a value of Oi is assumed, or if Oi is computed from Bi and B^, 
O9 also becomes known. There are then but three independent 
quantities, 7?j, Bi, and Oi (or O2). 
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When this is used as a transition curve, Mi is much greater 
than H; the first branch is short, or Oi is small; hence 



Hi — R^ 



siniF 



Ri -H sin(jF-0,) 



does not much exceed unity ; or i?i — H^ does not much exceed 
Jii — i?, or iJa is not much less than H. Hence, by sharpening 
the main portion of the curve a small amount, the ends of the 
curve may be much flattened. 

To determine the distance MM' between the middle points of a 
simple curve and a three-centered compound curve joining the 
same tangent points. (Fig. 81.) 

From the triangle OOiOa, 



Sin 



siuiK' 



Then 



MM' = 00a + O^M' - OM 



Problem, — To connect two 
tangents by a compound 
curve of four branches, the 
first two consuming one half 
of the vertex angle V. 

Let A'PimPtB' represent 
the curve. 

Let A' Ox = Rx , 

PjO^ = Ri. 

The vertex distance 

Vm = E, 

and A' Ox Pi = 0,. 

Draw O2H and O^K per- 
pendicular to A'V and to 
A'Oi respectively. Then 

A'K=HO^= VO^ cos i V 

=(^+i?a) cos JF. 



sin Ox 
sin k V 



{R Ri)' m 



(19) 




Fio. 88. 
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1 fence 

cos Or - ^^^ - ^^^- - 2i^_ if^ 

and 

E cos IV- Rivers iV 
vers C?i = 1 — cos Oi = ^-jz = ^— 

Transposing, we have 

n _ E cos i F — i?3 (cos 0^ — COS ^ V) 

R\ = 7^ > 

vers Ox 

J^cos }F— /?, vers Qi 

~~~~7\ I ir • 



and jRa =r 



cos Oi — cos I K 



I^ (20) 



Also, 7/F = FO, sin ^V = (E -{- i?,) sin J F; 



A' 11= KG., = 0,0, sin 0. = (7?, - i?a) sin 0,. 



Hence ^' F= Ti = (fiT + ^a) sin iF+ (7?, - i?,) sin O.. (21) 



Since cot AOi = tJ^ , we Lave, from (20) and (21), 

* vers Oi 



sin 0, _ 7^ - (^+ ^Osin^F 



cot iOi = /r- = ^,- 



vers Oi jE* cos J F — 7^2 vers |^ V' 



. (22) 



In the figure the curve is flattened at the ends, but either or 
l)oth ends may be sharpened, the equations applying without 
change. 

Supposing the vertex distance ^to be known, we may assume 
R, and Rt and find 0, from (20), then Ti from (21). 

Again, we may assume R^ and Tx , and find Ox from (22), then 
/e. from (20). 

Again, we may assume i?, and 0,, and find i?, from (20), then 
Tx from (21). 

Finally, we may assume Tx and 0,, and find i?a from (22), then 
Rx from (20). 

After finding the unknown quantities, we may lay out the 
curve A'P^in, consuiiiin^r o'.c half of the vertex angle F. Then, 
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letting BE = Mi , P^C = i?2, 5'F= r, , and B'EP^ = 0, , we 
may assume values without reference to the corresponding values 
in the curve A'Pifn; and find and lay out a curve wAS', differ- 
ing to any possible extent from the curve A'Piin. 
Otherwise, drawing the tangent LmN (Fig. 82), we have 

7nLV=mNV=iV, mL - 2" = E cot iV; LV = ^" 



and A'L = T = A'V - LV = 1\ - 



sin^F' 
E 



sin \ V 



With the vertex angle mLV = ^V and ihe tangents A'L and 
Lm a compound curve A'Piin of two branches may be located as. 
usual, using eqs. (1) and (2). Similarly for the curve mB. 

It is evident that a compound curve of any number of branclus 
and having in general any radii may connect two fixed tangent 
points. We may, for example, lay out all but two of the proposed 
number of branches ending, we will suppose, at wi, Fig. 82. 
Then run out and measure or compute miV; likewise NB', Then 
observing that the vertex angle at JVis equal to F'less the central 
angles already run off, we may connect the tangent points m and 
B' as usual, thus completing the curve A'mB*. 

Let us suppose the compound curve to pass through the middle 
point of the simple curve AmB, Fig. 82, of radius AO = B, con- 
necting the tangents AV&nd BV, 

Then mV = E = B(sec JF - 1), 

or EcosiV= R{1 - cos JF). 

sin IV 

Multiplying by =^_ = tan iF, we obtain 

cos JF 

J^sin 1F= /?(tan JF- sin ^F). 

Now since these equations express the relations existing among 
the elements i?, F, and E oi a. simple curve, and since, too, eqs. 
(20) and (21) express the relations among the elements of a com- 
pound curve, it is plain that if we substitute in eqs. (20) and (21) 
the value of E (or of ^sin JFand of j^cos JF) drawn from these 
equations, the resulting equations will express the relations among 
the elements of a compound curve that v ill pass through the 
middle point m of a simple curve of radius B and central angle K. 
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We thus find 

il i - li.) .ers iV y . . (33) 

vers Oi 



or /?3 = 



1? vers IV — El vers Oi 



vers J F — vers Oj * J 
Also, 2\ :;= ^ tan JF-f (i?i ~ i?a) sin 0^—{R^ R^) sin JF. (24) 

But 2\ = VA + A A' = i? tan JF+ ^^'. 

Hence 

^^' = d = {Rx- JRa) sin Oi - (5 - i?3) sin \V. . . (25) 

These results are of course easily deduced from the figure in the 
same way as results were derived from Fig. 69 and others. 
For example, 

AA'=KO^-AH^{Rx-R^) sin O^^^R^R^,) sin \V, 

and 

ri=^FH-^^'=i? tan \V^{R,-R^) sin 0,-{R-R^, sin JF. 

Exmfiple.— Let Oi = 24° 15', Rx = 905, and F= 81'. 

It is required to find the radius PiOa = R^ of the second branch 
of the compound curve passing through the middle point of a 
simple curve of radius R = 630 (Fig. 83). We have 

£J cos iV=R (sec i F-1) cos J F=i?(l -cos iV) = R vers J F 
= 630 X .23959 = 150.94; 
i2i vers Oi = 905 X .08824 = 79.86. 
Also, 

cos Oi - cos i F — .15136. 
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Then 



i?, = 71.08 -f- .15136 = 469.6; 



2. If the radius Rt is com- 
mon to both central bran- 
ches, we have a curve of 
ihree branches shown in 
Fig. 83. The same equa- 
tions, (20), (21), and (2^2), 
apply. 

Ekcample. — Let 

V = 80° 16', 0, = 12*' 40', 

i?i = 1011.1, and i?a=860. 

Then 

Rj - R, = 151.1. 

From the first of group 
(20) we find 




^ 1011.1 - 151.1 X .9756 ^ g^3^ ^ ^^^^ ^ ^^^^^ 

' .7645 



.-. £!= 1129.8 - 860 = 269.8. 



(21) gives 



Ti = (^+ Ra) sin JF-f (Ri - Ri) sin Oj 

= 1129.8 X .6446 + 151.1 X .2193 = 728.27 + 33.14 = 761.4. 

In the curve MP^B we have 

E = 269.8, P^O^ = Rt = 860. 



Let 
(20) gives 



BGP^ = Oi = ir 50'. 



_ 269^8 X .7645 - 860 X .1874 _ 45.10 ^ ^ 
' ~ " .04805 " " " .04805 
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Also, from (21), 

BV=2\=. 1129.8 X .6446 + 151.1 x .3062 = 728.27 -f 46.27 

= 774.54. 

3. If the end branches have a common radius, li,, and central- 
angle, Ox , and the central 
branches a common radius, 
i?a, we have a symmetrical 
curve of three Iranches shown 
in Fig. 84. Equations (20), 
(21), and (22) apply. 

I. Suppose the curve is flat- 
tened at the ends. 

£Ixample.^het 




V = 67% H, = 3437.7, 



and 



i?a = 1432.4. 



Fig. 84. 



It is required that the com- 
pound curve shall be tangent 
at the middle point of the 
simple curve whose radius is 

B m 2291.8. 
We have 



£!=M exsec JF = 2291.8 X 0.1992 = 456.53. 



Eq. (20) gives 



cos Oi 



R, -{E+ R^) cos iV 3437.7 - 1575.1 



{Ri - R^) 2005.3 

.-. Oi = 21" 45' and 0, = F- 20i = 23" 30'. 



= .92884. 



Now, from (21), 

Ti =iE+ Ru) sin ^F+ (i?i - R^) sin Oi 

= 1888.9 X .55194 + 2005.3 X .37056 = 1042 56 + 743.08 

= 1785.64. 
The tangent of the simple curve is 

A'V= 7?tan JF= 1516,92. 
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Hence the tangent point of the compound curve is back of the 
tangent point of the simple curve 268.72 feet. 

Example 2.—hei V = 60% R = 2000, E^ = 1200, and AA = d 
- 240. To find E, 2\ , Ox , and R,. 

E= iifexsec |F= 2000 X .1547 = 309.4. .*. E-{-R., = 1509.4. 

2\ = d + i?tan i F =t ^ + 2000 X .57735 = 240 + 1154.7= 1394.7. 

_ 1394.7 - 15 09.4 X .50 00 ^ 640 
^""^ ^^'-~ "309.4 X .8860- 1200 X . 134 107 . 18 

,-. 0, = 19% 



= 5.97126. 



Now (20) gives 



Jix = 



267.94 - 1200 X .0795 172.54 



.05448 



.05448 



= 3167.0. 



Observe that ETcos iF= 267.94 is computed in finding cot JO,. 
If Oi is given, we have, from (23), 



9« 



„ (fi~ Ji?a)vers^F , 
vers Oi 

Then find Ti (and ^ if 
desired) as before. 

II. The curve sharpened 
at the tangents. 

This will occur when the ^', 
compound curve is a moder- 
ately easy connecting curve 
between two tracks, the 
curves being sharpened at 
the ends to fit the frogs. 

Example i.— Let F = 27* 
40', and E = 45. Assume 
R, = 744, and Oi r,. 6** 34'. 
Eq. (20) gives 



J?, = 



43.695 - 4.881 



.022444 
:=: 1729.4. 




n 
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Eq. (21) gives 

2\ = 1774.4 X .2391 - 985.4 X .11436 = 424.26 - 112.69 = 311.6. 

Example ;?.— Let F = 63°, and E =^ 270. Assume Ri = 744, and 
0, = 20" 31'. 

Eq. (20) gives 

_ 270 X .852 64 - 744 X 06 333 _ 183.10 _ 

^* - ;'o8403 ~ ■::o8403 "- '^^^^•''• 

Eq. (21) gives 

AV= Ti =z 2448.9 X 5225 -f 1434.9 X .35021 
= 1279.6 4- 502.5 = 1782.1. 

Problem. — To draw a tangent to two given curves. 

Let AFi and BFt be tbe curves, AO = Jii, &nd £(/ = B^. 
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I. When the curves are visible from each other. 

In this case a point Pi may be found by trial on one of the 
curves, through which if a tangent line be drawn, it will be tan- 
gent to the other curve also. 

II. When the curves are not visible from each other. 

(A) Suppose the distance between the centers 00' = c, and the 
direction of 0(7 to be Icnown. Let DOO' = 0, 

Run any convenient radius AO, Then the angle AOO is 
known. Let PtP^ =:: a represent the tangent line, and suppose 
O'D to be drawn parallel to it. Then 



cos = 



DO _ lii-Ji^ 

ao~ c ' 



COMPOUND CURVES. 151 

Also, PiPa = IXy = C sin 0. 

Then AOP, = AOa - B00\ 

which gives the length of the arc AP\ , and consequently the posi- 
tion of Pi. 

P$l\ makes an angle with tbe tangent at A equal to AOPi, and 
therefore PjPa is determined in every respect. If more conven- 
ient, run any line AB, and measure the angle OAB = A, Suppose 
BK to be drawn parallel to OC/j and let ABK = B. We have 

sm B = sm A . 

c 

Then AOO' = AKB = 180\- (A -f B). 

Now find 0, AOPi, and Pi Pa = a as before. 
(B) Suppose that 00' is not known. 

Run and measure any line AB = d, and the angle BAK = A, 
Then, in the triangle ABK, we have 

AB = d, AK=: i2j - 2?,, and KAB = A 

Hence, Chap. Ill, formula (8), 

sin A sin A 



tan 5 = 



-T-^ — COS ^ — — - — cos A 

AK lix — Bi 



Then c = BK=AK "'-■£= («. - rS^ 

sm P sin P 



Now proceed as before. 

We have already considered generally the problem of connect- 
ing two straight lines by a compound curve of two or more 
branches. 

We now come to consider the problem of connecting two 
curves by a third curve, thus forming a compound curve of three 
])ranches. 

Problem. — To locate a curve tangent internally to two given 
curves^ as shown in Fig, 87. 
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Let^Oi = i?i, and (70a = ^a. represent the radii of tbe curves. 

I. Suppose the tangent point on either curve to be given. I^et 
A be the point. 

By construction. Make An =C02 = i^a. Draw jiOu and at the 
middle point of nOa erect a perpendicular to it to meet AOi in O. 
is the center and A0= R is the radius of the connecting curve. 

Calculation. — Run and measure a line from A to any point C on 
the other curve. Let AG •=■ a. 




Measure the angles PC A = C, and CAO = ^ (P is on CO^ pro- 
longed). 

Draw the perpendiculars CH And O2K to Ad, 

Evidently the angle between CO2 and AOi is equal to A — C. 

Therefore 

AK - AH-\- HK = 0^ cos ^ + lU ccs {A - G). 

Similarly, KO-i = a sin A -\- lU sin [A — C). 

Now Kn = AK - An = AK - Ji^. Let KnG^ = n. Then 

KGi ^ Kn ^ \riG^ Kn Kn 

tan n = -v^r-: nOt = ; nO = = r r— = — j ^r-. 

Kn cos n cos n 2 cos* 7i 1 -|- cos 2n 



Finally, 



AG =z J)0 = B^ -{- 7iG = JR. 
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If ACOt can be made a straight line, 
C = 0, AK = (a + lit) cos A, and KO^ = {a + lit) sin A. 

We Lave wOOa = 180* — 2n, wliicb gives the central angle, and 
consequently the length of the connecting curve. 
To find OiOt =c: Find K0-, and ^^as above. Then 



KO,=AK'-Iiu tan^O,Oi=^, and OtQ,= c= ^' / r- 

AOa cos KOtOi 



If the tangent point 2> on the curve of shorter radius is given, 
lay off on DOt prolonged a distance Dn =AOi = ^i, and proceed 
precisely as above. 

II. Suppose the radius of the connecting curve to be given. 
Consider any radius of either of the curves that will, when pro- 
longed, intersect the other curve. Let OtC represent such a 
radius, and OtGP the same line prolonged. 

Measure OP = b, and OiPOt = P. Let POiOt = Oi. 

V  n sin P _ sin P 
>.ow tan Oi = 757r = — 5 . 

(See Chap. Ill, formula (8).) 
Then 

POaO, = 180** -(P+ Oi). Also, OrOt = c = Bi ^^^. 

sin Ut 

The triangle OdOt gives 

cos 00.0. = in^n^y + c^^jR^iity 

COS 00.0. = ^ 2c(ig - i)o ^• 

Then AO,P - 180' - {POrOt + OOjO.). 

This gives the distance from Pto the tangent point A. 
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Also, 
tan 0,00a = 



sin 00x0^ 



sin 00x0^ 



OOx 
OxOt 



— cos 00x0^ 



H- Rx 



cos 00x0% 



wLicL gives the lengtli of the required curve. 

If Ois at the intersection of the curves, & = 0; otherwise the 
same formulas apply. 

The above solution applies whatever may be the relative posi- 
tion of the given curves. 

When, however, the given curves are tangent internally there 
is no connecting curve. 

Problem. — To locate a given curve tangent externally to two 
given curves, as shown in Fig. 88. 






Fig 88. 
Let A be the given tangent point. Let AOx = /?i, and ^Oa 

Make An = -BOa, and at the middle point of nOa erect a per- 
pendicular to nOa to meet -40i, prolonged in 0. is the center, 
%nd ^0 = /it is the radius, of the required curve. 
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Calculation.'^'Run the line AC = a^ as in the preceding prob- 
lem, and suppose the perpendiculars Gil Rud O^K to be draun. 
I^et ACL = C, and GAOx = A. Then 

AK= AH+ HK= acos^ + i?aCos(^ - C\ 
and KO^ = a sin ^ + -Ka sin {A — C). 
Now Kn = An - AK = R^ - AK. 

I^et KnO^ = w. Then 

KO^ _ Kn 

tan n = -:=jr-\ nOi = ; 

Kn cos n 

471 Oa Kn Kn 



/-» jj.» >^ a 



cos n 2 cos^ 71 1 -|- cos 2n' 
Finally, ^40 = 7iO - An = nO — Ei. 

Suppose the radius of the connecting curve ^0 = JS to be given, 
and the position of the tangent points and the length of the curve 
required. 

Draw COi intersecting the curve AD in P. Measure CP = h, 
and the angle 0^00^ - G. Let GOxO^ = d. Now 

^ sin G sin C .^,. ^-^ ._ . 

tan Oi = -^ = ^ , ^ -, (Chap. Ill, eq. (8)). 

^-.eosa -^'-cosC; 

Then COaOi = 180"* - (C7+ 0,). 

sin G 



Also, OiO'i = e = R. 



a 



sm Oi 
The triangle OOid gives 

{R 4- i?i)* 4- c' - (i? + i?a)= 



cos OOxOy = 



2c(R + Rx) 



cos 00,0a = 2^ + i?0 "" ^' 

Then ^OiP= 00,0a - OOiOa. 
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This gives the position of the tangent point A with reference to 
P, 

The above solution applies whatever the relative position of 
the given curves may be. 

When, however, the given curves are tangent internally, or one 

of them, prolonged at pleas- 
ure, lies entirely within the 
other, there is no connect- 
ing curve. 

Problem, — To locate a 
curve tangent to two given 
curves, externally to one 
and internally to the other, 
thus forming a compound 
and a reverse curve. 

Let^O, =/?, ,COa =^a, 
A0= R. 

Let A be the given tan- 
gent point. 

Bi/ Construction. — On the radius OiA prolonged make An =: 
GOi = i2«. Draw nO^, and at the middle point of nO^ erect a 
perpendicular wO to meet AOi in 0, 

is the center and AO = DO = 22 is the radius of the required 
curve. 

Calculation, — Run the line ^ (7 = a, as in the preceding prob- 
lems, and suppose the perpendiculars Cffand OtKto be drawn. 

Let ACL = C, and CAOx = A. 

Tlien AK = AH+ IIK = a cos ^ + i2a cos ( J. - (7), 
and K0% = a sin 4 + ^a sin {A — (7). 

Now Kn = An -}- AK = jB» + AK, Let KnO^ = n. 
Then 




KO^ ^ Kn ^ inOi Kn 
tan n = -r^-; nO^ — ; nO =— = t— = 



Kn 



Kn 



cosn 



cos n 2 cos* n 1 -f- cos 2/** 



Finally, 



AO = nO -'An — nO -- M^. 



Suppose the radius of the connecting curve AO — R to be 
given, and the position of the tangent points and the length of 
the connecting curve required. Draw COt intersecting the curvv 
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AI> in P. Measure GP = b and tbe angle OiGO^ = C, Let 
6'OjOa = 0,. Now, Chap. Ill, formula (8), 



tan Ox = 



sin C 



sin C 



GO, ^ - b-^B, ' 

— cos 6 — ^^ — — cos C 



6'Oa 



B, 



Then 



Also, 



GOtOt = 180" - ((7+ Oi). 

sin C" 

Oi Oa = C = i?a — 



Sin Oi 



The triangle OOiOi gives 



COS 00.0, _ 2c(Ji-^-Mr) 



or 



Then 



cos OOiOi = 



{c-^Ii-Ii^y -(li+B,)' 



2c{R -R, ) 

AOxP= 180° - ((70,0a + 00,0a). 



- 1. 



This gives the position of the tangent point A with reference 
to P. 

The above solution applies for all positions of the given curves. 
When, however, the curves are tangent externally there is no 
connecting curve. 
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Fig. 90. 



Problem. — To find a curve tangent to a given curve, and to a 
straight line, which intersects the curve. (Fig. 90.) 
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A. Let AO = li' = the radius of the given curve AVm, and let 
BD be the line. 

The radius Hoi the required curve may be given, or the tangent 
point A on the curve, or the tangent point J9 on the line. 

I. Given the radius AG = R, Dt&w VO. Suppose FAKL and 
CH dvavv^n parallel to BD. Measure the angle PVD (which is 
equal to DOV) and represent it hy A. 

Let AGB = AOD = 0, and Dm = H' vers A = a. 

Now mL — BK = Dm. 

That is, H' vers — B vers = a, or vers = r^ . 

li — H 

VB= VD -^ GH= R' sin A - {R' - R) sin 0. 

This gives the position of B. 

Also, AOV = AOD - VOD = - A. 

This gives the position of A, From A or from B the curve may 
be run. 
We have, from above, 

R' sin A- VB 



sin = 



R' - R 



Whence tan JO = -^—pr = ^57-^ — -. ttd- 

sm B' sm A - VB 

II. Suppose the tangent point A to be assumed. 

Let AOV- B. Then AOD = ^ + 5 = is known. 

We have, from above, 

R = R' -- "" 



vers 0' 

BV is found as above. 

III. Suppose the tangent point B to be assumed. Let VB = b. 
Substituting this value of VB in the value of tan JO, we have 

tan JO = jrr-. — ^ 7. 

* R Bin A •" 

Th6li R= R' ^. 

vers O 
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Now and R give the length of tbe arc AB and the tangent 
point A, 

Draw ABrrif which is a straight line as shown above. 

Now BBm = ABV= ^ACB = iO, 

ml) = B' vers A = a, and BD -^VB -VB = B' s'm A -VB. 

Then tan mBD = ^^, or tan ^0 - —j—. — =^, 

BD li sm A —VB 

as already shown. 

B. Suppose the required curve to be tangent to the' given 
curve externally, as also shown in Fig. 90. 

Let the central angle AC'R = 180** - 0, and AC = r. 

Then AGB= ADD = 0. 

I. Suppose the radius AC = r given. 

We have mL - B'C - CF = Dm. 

That is, 
H " vers ^ r — r cos = a, or 5' vers — 2r + ^ vers = a, 
Hence 

.'^ers = ^i^; F5' = 5'i)-Fi) = (ff'+r) sin ~i?'sin X 

B -}- r 

This gives the position of B '. 

Also, ^OF =: AOn- VOD = - A. 

This gives the position of A. From ^ or J5' the curve may be 
7un. B' is also given by the angle ACB" = 180' - 0, 

w 1, f K. • n T^^' + -H^ sin A 
We nave, from above, sin O = ^rj— . 

B + r 
Whence tan ^0 = -: — ^ = ^7— r 



sin O R' s^m A-\-VB'' 
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n. Suppose the tangent point A to be assumed. 
Let ^OF = ^. Then 

AOD = A+B=0, and AC'S' = 180'' - (A +B) = 180'' —O 

is known. Tlien, from above, 



r = 



R' vers — a 
1 + cos O ' 



B'V'i^ found as above. 

in. Suppose the tangent point ^' to be assumed. 



Let 



VB' = if; 



r = 



B,' vers — a 
1 -f cos * 



Then 



tan \0 = 



«-f 2r 



B! sin A -f V 



r and 0. 

* 
Give the length of the arc B'A and the tangent point A, 

C. Suppose the required curve to be tangent to the given curve 




Fia. 91. 



internally, the centers of the two curves being on opposite sides 
of the line. (Fig. 91.) 
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Let DOV = DVP = A, and Dm = /?' vers A = a, tLS before. 
Let the central angle AGB = 180 - 0. 

Then AOD = 0, 

I. Let the radius AC = r be given. Suppose FAKL, Gil, and 
C'H' drawn parallel to i?/>. We have 

mL + BC-\- CK=: D7fu 
That is, 

li' vers 0-^r -\- r cos =^ a, or li' vers 0-^2r — r vers = ^t, 

(I — 2v 
Hence vers = -^, — - . 

si -^ r 

Then AOV = VOD ^ AOD ^ A - 0, 

which gives the position of the tangent point A. 

Also, VBrzzVD-CH^ R' sin A - (W ^ r) sin 0, 

which gives the position of B, From A or from B the curve may 
be run, 

^1 . ^ iJ'sin^-F5 
From above, sm O == ^^ , 

„- , - vers a — 2r 

Then tan 40 = - .-—77 = -.,,—. — ^ ?>»• 

* sm R sin A —VB 

II. Suppose the tangent point A is assumed. 

Let AOV = B. Then AOD = A - B = is known. 
We have, from the above equation, 

_ (I — B' vers 
^ " 1 + cos 

Then VB as given above. 

HI. Suppose the tangent point B to be assumed. 
Let VB = b. Eliminating the functions of Q from the equa- 
tions involving sin and vers 0, we find 

_A_ {IV sin A - by 
^ "* 2 47^ - 2a ' 
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vers a — 2r 



Then tan ^0 = 



sin R' sin A — h' 



r and give the center G and arc BA and the tangent point A. 
D. Suppose the required curve to be tangent to the given curve 
externally, as also shown in Fig. 91. 
Let the central angle AG'B' = 0. 
I. Suppose the radius AC = r is given. 

We have viL -\- B'F = JJm. 

That is, B* vers O -\- r vers = a. 

Hence vers = -rrr— — . 

B + r 

Then AOV = VOD - AOD = A - 0, 

which gives the position of the tangent point A, 
Also, 

VB' - G'H' - VD = (B' 4- r) sin - B' sin A, 

which gives the position of B\ 

From A or from B' the curve may be located. 

From above, sm O = „. , . 

B -}- r 

r«, X 1 ^ vers a 

Then tan JO = 



sin "" i2'sin^ + VB'' 

II. Suppose the tangent point A is assumed. 

Let AO V= B. Then = .4(7'2?' = AOD = ^ - 5 is known. 
Then equation above gives 

vers t/ 

VB' is found as above. 

III. Suppose the tangent point B' is assumed. Let VB' = 6. 
We have, from equation above, 

a 



tan k(J — -^—. — -. — -J — ; — f. 
^ R'^\nA-\-h 



COMPOUND CUKVES. 



163 



Then r is found as above. 

r and give the center C", the arc B'A, and the tangent point 



A. 



Also, 



YOA = VOD - AOD = A - O 



gives the arc VA and the tangent point A. 

Broblem. — To find a curve tangent to a given curve internally, 
and to a straight line, that does not in- 
tersect the curve. 

A. Let AO = R' = radius of given 
curve Am, and BD = given line. 

I. Suppose the radius, ^(7= 5(7= i2, 
of the required curve AB to be given. 

Draw OD perpendicular, and sup- 
pose ^i^if drawn parallel to BD, 

Dm = a, 



Let 
and 
Now 



AOF=^ACK= 0. 
BK = Dm + mF, 




Fig. 92. 



or 



H vers z=i a -\- W vers 0, or vers = 



a 



B- R 



/• 



This gives the length of the arc mA and the tangent point A. 
Also, DB= FK^{R^ R') sin 0, 

This determines the position of B hj giving its distance from D. 
the point on the line opposite to m. 
We have, from above, • 



Whence 



sin = 



tan iO = 



BD 



R- R'' 



vers 



a 



sin BD 



II. If the tangent point A is given, we have AOm = given, 
and from the equation above we find 



R = 



a 



vers 



+ «'. 
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Also, 



AK= R sin 0, 



which gives the position of B. 

III. If the tangent point B is assumed, let BD = 5, and we 
have, from above, 



a 



tan W = -. 



We also have, as explained above, 



Dm 



tan 40 = -=^ = 



¥ 



BD 



a 
I' 



Also, 



^ = ^' + 



a 



vers 0* 



and jK give the length of the arc BA and tlie tangent point A. 

If Dm is unknown, run and measure any line EP = b and draw 
PH. Measure EPL (between EP and OP prolonged) and 
PEL = E. Then 

OLD = E + P, and POm = = 90° - (E+P), 



Hence DO = Dff-}- HO = b sin E + B" cos 0, 



and 



Dm = DH - mH — b sin E — B' vers mOP. 



B. Let the curve be tangent to a given curve externally, and to a 

straight line that does not 
B intersect the curve. 

Let ^0 = i2' = the ra- 
dius of the given curve 
Am, and let BD be the 
line. 

I. Suppose the radius, 
AG = BG=r, of the re- 
quired curve to be given. 
Suppose (75 and OD drawn 
perpendicular, and CH 
and FAK parallel, to BD. 
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The notation is uniform throughout this class of problems. 
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Now DO = Dm + wO = a -f i?'. 

Also, DO = Ba+ BO=r-\- {li' + r) cos 0. 

Therefore a -^ E' = r -^^ (B' + r) cos 0, 

or cos = — —,—, , and vers O = ,., , . 

li -^ r li -{- r 

This gives the length of the arc Am and the tangent point A. 

Also, BD = an = (i2' + r) sin 0. 

This gives the position of the tangent point B. 

2r - a 



Also, tan ^O = vers -f- sin = 



BD 



II, If the tangent point A is assumed, AOH = O is known, and 
the above equation gives 

_ g + ig^(l - cos 0) 
^ 1 + cos • 

Then BD = (/^ + r) sin O, as before. 

III. Suppose the tangent point B is assumed. Let BD = b. 
We have 

• tan \0 = — r — 



2R' + a* 



Observing that HO = DO - BC = a -{- R' - r, CIT = Z>, and 
CO = R' -{- r, we deduce, from the triangle GHO, or from the 
above. 



a . b 



9 



^ = o- + 



2 ^ 2(3i?' + «)• 
O and r give the length of the arc AB and the tangent point A. 

** Wye " Problems. 

The preceding equations apply at once to *' wye " problems. 
In this case a straight line and two curves are tangent to each 
other, or three curves are tang^ent to each otlier, 
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Example 1. — A 4** curve, radius PjOi = J? = 1432.4, ends in a 
tangent Pi A. It is required to locate a curve PP, tangent to 
the straight line and curve. Draw O^n parallel to Pi Pa. 
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Let 



wOiOa = Oi and OiOjP, = 0,. 



I. Assume the radius 0^ A = r = 954.9 corresponding to a 6* 
curve. 

^ ^ nO, R-r 477.5 „-^ 

Now cos Oi = ^-^ = ^^-p^ = ^3g;^3 = .2000. 

.-. Oi = 78^46, 



and 



O^ - 180" - 78". 46 = ior.54. 



Hence 



no Aft 

arc PPi = —r- = 1962 feet, 



and 



arc PP^ = ^^ = 1692 feet, 
o 



Also, PiPa = nO, = (2? + r) sin 0, = 2389.1 feet. 

II. Assume the tangent point Pon the curve PiP. 
Then Oi is given, and, from equation above, we have 



r — 



R{1 ~ cos Oi) 
1 + cos Oi 



Also, 



PxP^ = (7? + r) sin 0^. 



This determines the tangent point Pa. 
m. Assume the tangent point P^ on the Hue PjP}. 
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Let PiPj = c. Then, in the triangle nOx Ot, 

(R + ry - (J? - r)« = c\ 



or 



4Rr = c*, or* r = 



4iJ- 



Oi and Oa and the position of Pi are now found as in casQ I. 

Observing that the radii are inversely as the degree of the 
carve, we may substitute the reciprocals of the degrees of the 
curves in place of the radii in the formulas. Thus 



cos Oi = 



i-i 

i + i 



= 4 = .2000. .-. 0, = 78^46. 



Example 2, — A 2** curve, radius P\Oy = iJ, = 2864.8, is tangent 
at P to a 3° curve, radius 
POa = i?, = 1909.9. 

It is required to locate 
a 0" 55' curve, radius 
P,0 = h:^ 6250.4, tan- 
gent to both curves. 

In the triangle O1O9O, 

OiOu = 2?, 4-i?a, 
0x0 = R - Rx, 
and 0^0 = R - T?,. 

Hence the angles may be found by the general formula 




cos a = 



6«4-c« 



a' 



2bc 



Or, observing that 55' = \i of 1**, we have, as explained above. 
Or, multiplying through by 2 X 8 X H. we have 



cos = 



(39)^-h^50)» - (55)* 
2 X 39 X 50 



83 
325 



.25538. 



9 * 



= 75%2. 
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By simply transposing this equation, we have 

^„..e«^t«^-,.«....<,..«..^. 

Or O2 could be found by the familiar *' sine proportion." No-w 

Oi = 180' - {0 +0a ) = 61^53, ISC' - Oa = 136".72, 
and ISO*' - Oi = 118^48. 

Hence P^P, = 7520 -^ {i = 8204 feet; 

PPi = 11848 ^ 2 = 5924 feet; 

PPa = 13672 -f- 3 = 4557 feet. 

II. Suppose Pi Oj P is assumed. This gives the position of Pi. 
Then OOiOt = Oi is known. Draw O^n, making Pin = PjOa. 
Let OnOi = OO^n = n. Then 

sin Ox sin Oi 

tan n = 



Now nOiOi = Oi — w, OOan = n. 

.-. 002P=2n-Ou and POaP,=180*-0O9P=180'*-(2n-Oi). 

This gives the length of the arc PP^ and the position of Pa. 

OiOOa = 180 - 2n. 

This gives the length of the arc P1P9. 
To find Bf we have 

sin 0, ,x> I r> \^^^ ^» 
sm n sm n 

_ J/iOa _ (jg, -f /?,)sin Oi 
cos 71 sm 2n 

Finally, PiO = ij = -K, -f- wO. 



COMPOUND CURVES. 



169 



If tlie tangent point Pa is assumed, draw Oi/?i, making 
PiUi = P,Oiy and proceed as above. 

Example 3. — A 4"* curve, radius POi = iJi, is tangent externally 
to a 5° curve, radius PO^ = K^. 
It is required to locate an 8** ' ^ 

curve, radius PiO = E, tan- 
gent to both curves. 

We have /Pv> <<\P- 



cos 



Q^ (i-fi)H(i+ i)^-a+i)' 

2(i-fi)(i+i) n 

_ 225+169>324 _7_ ^ 

"" 2X15X13 -39— ^^"^^- ' 

Therefore 




= 79° 40' = 79". 67; 

a- -1 1 n ^225+824-169 19 _„^_ 

Similarly, cos 0. ^ ^X 15x18 = 2^7 = •^^^^^• 

.-. Oi = 45M7' = 45^28. 

Or Oi may be found by tlie " sine proportion." Then 

Oa = 180*^ - (0 -h Oi) = 55" 03' = 55°.05. 

II. Suppose Oi or Oa is assumed; Oi, for example. This gives 
the position of Pi. Draw OaW, making PiU = P^O^, 
Let OnOa = OOaW = ti. Then 



tan n == 



sin Oi 



cos Oi — 



^1 — x?a 



Then 



wOaOi =71—0,, and . OO9O1 = Oa = nOaO, + n = 2n - Oi. 



This gives the arc PPi and the position of Pa. 



Also, 



= 180" - (0, + Oa), 



which gives the length of the arc PiP%. 



ito 
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To find M, we have 

^ /^ sin Oi 
sin n 



(«. + %)?!?<'• 



sm n 



nO = 



_ inO^ _ 



cos n 



(Rx + i?a) sin O r ^ (R, -f jga) SJD O, 

2 sin n cos n "" sin 2n 



Then 



OPi = B = nO - nPi = nO - l?a. 



Problem, — Having located a simple curve APB, of given 
radius A0 = 2i, tangent to a given line AO at A, it is requiied 
to run a compound curve, A'P'B*, of two branclies exterior to 
the simple curve, the first branch having the shorter radirs ai d 
ending in a given parallel tangent A'O', the second branch b -iiig 
concentric with the simple curve and at a given distance from it. 
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To find the angle of the first branch. Let A'Oi = Ei, BB* = 
PP' = D, and AE = d. Let AOP = A'OiP = 0, Draw OiK 
parallel to AO, 



COMPOUND CUUVES. 



I'M 



Now K0 + B, = R-i- d, or KO = R - Ri + d. 



Also, 



Hence 



0x0 = OP' - 0,P' = R^D- Ri. 



KO 
00^ 



cos •= -:T-:r- = - 



R- R,+d 



R- Ri-^D' 



or 



vers — 



D-d 



R- Ri+D' 



This solves the problem fully. 

The formula shows that rf must be less than 2), since vers 
must be greater than zero; and that the less is the difference 
between d and D, the shorter is the first branch, A'P\ of the 
curve. 

When d = D, vers = zero; therefore = zero, the branch 
A'P' vanishes, and the exterior curve becomes a simple curve, 
concentric with the curve APB. 

Also, EA = KO, = 00, sin = (i2 - ^, -f i?) sin 0, 

wbicli gives the position of the tangent point A\ and the distance 
apart, measured on AO, of the head-blocks at A and A'. 

When d = zero, AO and A'G' coincide, and the two curves 
are tangent to the same 
straight line, at A and at 
^', as shown in Fig. 98. 

The formula for this case 
becomes 

D 



vers = 



R- R,-^D' 



The formula shows that 
O increases and decreases 
as Ri increases and de- 
creases. 

Hence, in order that the 
parallel branch B'P' may 
be comparatively long, and 
therefore the braiich A'P' 
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correspondingly short, the radius Rx must be correspondingly 
short, and the frog at A' sharp. 
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Example. — Suppose a number 9 frog placed at A^ and a nam* 
ber 7 frog at A', Let BB' = D = 2'Z feet. 

Required tlie angle A OP = 0, and tlie distance A A* between 
tbe frogs. In this case 

A0 = R = 744.0, and A' Ox = /?i = 439.4. 
.-. i2- i^i +2) = 326.6, 



whence vers = ^^777^= .06736, and = 21*' 09' = 21M5. 

o2o.o 

AA' = (i? - i?i + D) sin = 326.6 X .86081 = 117.84. 

Tbe degree of the curve A'P" is 13*.04. 



rp 



01 IR 

. •. A'P' = 100^— - 168 feet. 
If AA' is given, we have, from the preceding equations, 
sin O =^ 5 5 — : — =ri and vers O = 



vers D 
.-. tan ^0 =^ . ■•- = 



sin ~ AA' * 

If any two of the quantities 0, D, or AJi! are known or 
assumed, we may find the other from this equation. 

We observe that the head-block A! must be placed where tbe 
main track, AG^ and the first turnout curve, AP <ire sufiiciently 
far apart to give room for it. This limits the distance AA', 

Problem. — Having located a simple curve, A'PB'^ of given 
radius, A'0\ = i?i, tangent to a given line, A'O'y at A' , it is required 
to run a compound curve, APB, of two branches exterior to tbe 
simple curve, tbe first branch having the longer radius and ending 
in a given parallel tangent, AO; the second branch being concen- 
tric with the simple curve and at a given distance from it. 

Let AO = i?, A'Oi = Bi , 

etc., as before. We have 

B - KO T= Mi + d, or £'0 = i? - A - d, 
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in 



&SLd 



Hence 



OOi = 0P- OiP = R-Ri-^ L. 



cos O ^-ZTTT = 



KO B- R,—d 



OOx" B - Rx - D 



. vers = 



d- 2) 



li - U, ~ D 
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Since vers must be greater than zero, d must be greater tban 
D. 

In case 2> = zero, the arcs BP and 5'P' coincide, and the 
problem is the same as that given under Figs. 69 and 70, and we 
have 

d 



vers = 



B- Br' 



as before shown. 

In case the simple curve, in the two preceding problems, is 
exterior to the compound curve, the same solution applies. 

Tliese problems are useful about yards and switches when it is 
desirable or necessary to have turnouts from different switches 
merge into parallel curves. 

The radii B and By are determined by the numbers of the frogs 
used at A and at A\ 
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To locate the second branch of a compound or reversed curve 

from a station A on the first 
branch of the curve. 
T ^^'^ P t' AP and PB are the two bran- 

dies of two curves bf Di and Z>a 
>B degrees; TPT' the common tan- 
gent, and AV Si, tangent at A, 

Let Til and Wa be the number of 
chains in AP and PB respec- 
tively. Let ^1 and 1% represent 
the long chords AP and PB. 
Then the angle 

APT:=^n,Dx, 
and the angle 

BPT' = i»,2>a 
Fig. 100. .-. APB^im"" -{(n,Dx-\-n>^B^). 




Hence, by formula (8), Chap. Ill, 

sin APB sin \{n^B^ + WaZ>0 



tan PAB = 



t^- cos APB 



h 



-\- cos U^iBi -f niB'i) 



(26) 



BP l^ 

BAP + ABP := 180*' - APB = y,n^B^ + n^B^), 

Hence, if nxBi -\- n^B^ is small, we have, from the above the 
approximate formula, 



PAB = 



L 






'n iBi -f- n^B 
~2~ 



y 71, 4-Wa\ 2 / ^ ' 



For reversed curves Da is negative and the formulas become 

sin ^{n^Bi — n^B^) 



tan PAB = 






-\- cos J(/iii)a — WaZ^a) 



and 



PAB = 



n- 



2(Aii + Wa) 



{UiB}' — WaDa). 



(28) 
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The above formula is easily deduced as follows: 
BAP + ABP = 180° - APB = APT -f BPT' = !h^2jtl!lR\ 

In the triangle ABP the angles are proportional to the opposite 
sides nearly. Hence 



BAP = 



BP 



AP -f BP 



iBAP + ABP) 






+ ^«^«\ 



Wa fn^Di + Wa-Da^ 



y »i -f- Tia 



Having run a curve with the center and radius B through a 
given arc AB, it is required to find the f^ 
radius of a curve with center 0' on AO 
that will end at C on BO at a given distance 
A from B. 

Solution. — In tbe triangle ABC we have 

BG= a, AB = c = 2R sin JO, 
and ABC = 5 = 90° - JO. 

sin 5 



Then 



iiLnBAG = 



cos B 

a 




Fig. 101. 



Xow 0' + WACy - 180% and + 2B^0' = 180% 

« 

Equating and transposing gives 
(/ - = %BAO' - 2C40' = %BAG = 3^, or 0=0 + 2A. 



Hence 



Sin Oi \sin Oi/ 



^awp^c.— Let iJ =r 640, BO === « = 100, =r 40% Then 
5 = 70% 



Now e = 1280 X .8420 = 437.8; - = 4.378; cos B =-. .3420, 

a 



I'J'G 
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Then 

and 

Finally, 



-^ = S = -^^- 



.-. ^ = 13*06', 



(/ = -f 2^ = 66** 12'. 
540 X .6428 



C0 = 



.9205 



= 377.1. 



Problem. — Given a compound carve of anj number of branclies, 

to find the length of the tangents. 

^ ^ ^l ^*^' ^».^» ? « ^* ^AJ'xP^Pt (Fig. 102) represent a 

compound curve of three branches, 
the central angles being Oi, Oa, 
and Os, and the radii i^i, ^3, and 
Ri. Draw through the centers 
Pi parallels, and through the tangent 
points perpendiculars, to the tan . 
gent at A. 

O^P^c = Pa V^Xt = O1+ 0„ 
and 
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O^Pte = P»VtXs = O1+ O, + On. 

Let PiXi = ti, PiXi = Uy and P^Xt = U. 

We have ti = Bi vers d ; 

U = ti + Pib - PaC = ^ + P,[cos 0, - cos(0, -f Oa)] 
= jBi vers Oi + i?a[vers (0, -f 0^) — vers Oi], 

or U = (iJi — -Ra) vers 0, -f i?a vers (Oi + Oa); 

t. = ^a + Pa<Z - P*e = i?, vers 0: + ffa[vers (Oi + Oa) — vers Oi] 

+ i2,[vers (Oi + 0. + 0,) - vers (0| + Oa)], 

or U = (Rx - i?a) vers Oi + (i?a - i?s) vers (Oi + Oa) 

+ i?s vers (0, + Oa + O,). 

The law connecting the terms of these expressions is very 
simple, and therefore the expression for any tangent may be 
written at once. 

ix Ri vers Oi 



Now 



P.Vx = 



sin Oi 



sin Oi 



= Ri tan JOi, 



as before found. 
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__ ti _ jg| vers Oi-|-7?^[vers(Oi4-Oa)- vers Oi] 

' '^sin(0i-f03)~" sin (O.+^a) ' 

Bi vers 0,-f l?a[vers (0, + 0,) - vers 0,] )- («) 

p ^ -fi?»[ver8(0,+ 0a4-03)-vers(0|+0a)] 

' ' '" sin (Oi + Oi -f O3) 

The tangents PiVi and P»Fa are scarcely needed. 
Again: 

AVx =i?i tan^Oi. 

Considering any pair of tangents, A V% and P, Fj for example, 
and noting that their relations to the radii and central angles are 
i.i'iotical, except that they stand at the opposite ends of the curve, 
It is plain that the formula for A Fa may be derived from that of 
Pa Fa or vice versa, by simply interchanging i?, and i?9, as well as 
Oi and Oa. 

For the same reason, the formula for A Fs may be derived from 
that of PaFs, or vice versa, by substituting li^, i?,, and i?,, in 
order, in place of i?i, i?a* and R9, in order, and doing the same 
with the central angles. 

This amounts to interchanging Si and Bt as well as Oj and Oa. 

Thus we have 

^ _ i2a vers 0, + i?i[vers (Oi + Oa) — vers Oa] 
^''^'"" sin (0,-f^O ' 

Hi vers Os + i?8[vers (Oa + 0,) - vers (?,] }" («') 

.^_ +gi[vers(Q. -f- 0^ +Ot)-yeTs(0^-\-0,)] 

"^^'^ sin (0, + Oa + O3) 

Example,— Let AOiPi = 0, = 38', PiOaPa = Oa = 18°, ^0, 
= Ri= 600, and PaO, = i?a = 900. 
To find ^Fa and Pa Fa. 
From the above formula we have 

_ „ _ 600 X .2120 + 900 X .2288 333.1 

i'.Fa- -^^^ ^ - g^^^- .. 401.8. 

, ^. 900 X .04894 + COO X .39187 279.17 ^^^ ^ 
^^^ ^^^' = ^82904 = .82904 = '"'•'• 

If we draw lines parallel and perpendicular to P3F3 instead of 
to ^4 Fa, as in Fig. 102, we may compute AV^, AV^, etc., directly, 
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Problem, — To determine a simple curve tangent to a compound 
curve at any point. 
Let Pa (Fig. 102) be the point. Make A A' = AF, - AV^. 
We readily find 

P Tz J Tz _ (^«- i?i)[ver8 (O, + 0,) -(vers 0, + vers O,)] 

sm (O, -[- Oa) 

Tliis gives the tangent point A', Then 

A'S = Ii = A'V2 cot J(Oi -f Oa). 

Observe that Pa represents any point on the arc Pi Pa. 
In the same manner the elements of a simple curve may be 
found tangent to a compound curve at any point. 
Problem. — Two curved railway tracks cross each other. To find 

the angles at the crossing's of 
the rails, and the relations 
between them. Let be the 
center of the track BA and 
DC, and Oi the center of the 
track AG and BD. Draw the 
radii OA,OB, etc., OiA, 0,B, 
etc. OD and OiD not drawn 
on the figure. 

Let AO = B, AOi = i?,, 
BO, = B^-i-g,GO = R + g, 
O2 and OOi = c. gis the gauge 
of the tracks. 
The triangle AOOi gives 




cos J. = 



ig« 4- Bi* - c' 
2BBi 



vers A = 



{c-\-B- BO(c - B-\- B,) 
2BBi 



Similarly, from the triangles BOOi, GOOu and DOOi, we have 



cos B = 



2B(By + g) 



_ { c + B - B, - g)(c - B-j- BxA-g) 



COS C = 
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2Ri(R + g) 



„ (c + Jg. ~ i? - g r)(c - Jgt + jg + J7) . 

^^'^ ^ = 2^.(-^T7) ' 

and cosi>=:L^^-'^^' + ^^'+-^^'-^'^ 



2(/2 -f ^)(i2x + g) 



These equations give the angles sought. 

Any two of these equations will give the relation between the 
two angles involved. 

Thus, equating the values of c* in the first and third equations 
•ibove, we have 

n*- + (/2i + gy - 2M{Ri + g) cos 5 = i2« + i2,» - 2ER, cos A. 
From this we readily find 

cos^=^^cos^+5§^;. . . . (29) 

iff* 

Or, adding p „ — - to the second member of the equation, we 
Jt({Mi -f- g) 



' have 



cos B = ^ — }— cos A-\- -^ very nearly. , (30) 
Ml -J- g R 



Similarly for any two of the angles. 

Writing the approximate values only, which are very nearly 
correct, we have 

R o 

cos G = r^-. — cos A-j- -ry. Very nearly; (31) 

M -\- g -/ii 

H o 

cos D = 5-| — cos B + yj • . very nearly; (34) 

it -\- g III -\- g 
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cos D 



COS c -h -7^— ; — , very nearly. 



Ri+9 



R + 9 



(35) 



Let d = the degree of the carve of the rail AB, D that of CD, 
dx that of AC, and Di that of 5i>. 

In case the angles OAOi, OBOi, exceed 90^ Let A, B, etc., 




Fig. 104. 

represent their supplements, which are the angles of intersection 
of the rails. Then 

cos^= -~YRB, > 

2i?(^i + g) 

e'- R,* -(R + gY 
2R,{R + g) 

2iR + g)(Ri + i7) 



and 



vers A = 



cos ^ = 



cos C — 



cos 2> = 



Since these values are the same as in the former case, with a 
negative sign, it is evident that if we elimins^te c from them we 
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will obtain equations the same as equations (80) to (85), witli the 
sign of the last or absolute term changed. Thus we have 

cos B = ■= — ^ — cos A — -^j very nearly; .,....* (36) 
Jtii -\- g M 

cos C = :=rn — COS ^ — ^, very nearly; (37) 

U -Y g U\ ' 

COS B ^ ^^-j-^_^^ cos A-^^-.^^-^, very nearly ; (38) 

-« ^ = W^) "'^ ^ - S. + im ^^'^ ^^''^■'  • <^»' 

72 (I 

COS D = :^—r- COS B — yz — -- , very nearly ; (40) 

B -\- g U\ -\- g 

R\ g 

cos D ^= =; — ; — COS 6' — rrr—- — , vcFy nearly (41) 

-R' 4- <7 B-{- g 

We may find results practically true by the following short 
and simple method. 

Ijot L in Fig. 103 mark the intersection of AB with the radius 
CO, Now the sum of the angles in the triangles AOOx AndBOOi 
being equal, we have 

B-\-BOA + AOOi + 00,B = A-\- AO^B+ OO^B + AOO,. 

.'. B= A-{-AOiB - AOB, 

Now BE = g, and ^^J7= u4, nearly. 

Let J? be the intersection of the arc CA and the radius BOy. 

Then AB:= — ^, nearly, and AB = -r^, nearly. 

tan A "^ sm A 

The angle AO.B = —^^~ = ^^^^^. 

and the angle AOB = ^^ = .J^.—:. 

100 100 sin A 

Heuce B = A + ^-(--^^ - -JL\. , . . (42) 

].00\jtaii A sin A) ^ 
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Similarly, 0=A+ ^J-^ - ^U. . . . 

100\tan A sin A J 



(43) 



mMmple,—het R = 1228, ff, =764. .\ d = 4** 40', and di = 
7" 30'. Also, g = 4.708, and A = 20% to find B and C. 
Eq. (30) gives 

cos B= .993875 X .93969 + .003834 = .937869, 

.-. -B = 20M8'+. 
Or eq. (42) gives 

i? = 20 + .04708(20.606 - 13.644} :;= 20" + 0'.32777 = 20*' 19' -f . 

Eq. (31) gives 

cos (7= .99618 X .93969 + .006162 = .94226 

.-. C=19'34'. 
Op eq. (43) gives 

cos (7 = 20 + .04708(12.82 — 21.93) = 19^57 = 19^ 34'. 
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REVERSED CURVES. 



Reversed curves are mostly used in connection with turnouts 
where the velocity is slow and space an object. They are espr- 
cially objectionable on the main line since, adjacent to the revers- 
ing' point, the outer rails of the two branches are on opposite sidfs 
of the track. This calls for tlie elevation of both sides at once, 
which is impossible, and so the track must be level at that point 
and cannot therefore be properly elevated at any point near it. 

ITieorem, — The reversing point of a reversed curve between 




Fig. 105. 



parallel tangents is in the line joining the tangent points. Let 
AJIdB be such a curve reversing at M, the radii of the two 
branches being equal or unequal. 

Draw the chords AM sind. BM\ and C// parallel to AD, to meet 
OB prolonged ; also the radii as shown. The radii CA and BO, 
being perpendicular to the parallel tangents, are parallel, and the 
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radii CM and MO^ being perpendicular to the common tangent at 
Jf are in the same straight line. Heuoe 

ACM = BOM. 

.\ 90* - ^ACM = 90" - iBOM, 
or AMC = BMO. 

Hence AM and MB are in the same straight Ime, that is, M is 
on the line AB. 

I, To connect two parallel tangents by a reversed curve having 
equal radii. 

Given the perpendicular distance between two parallel tan- 
gents, BD = b (Fig. 105), and the common radius CM = MO, to 
find AD = a and the chords AM and BM, 

Let AB=c, Since the radii are equal and the angle A CMz=zBOM, 
the triangles ACM &nd BMO are equal, and AM = BM = \c. 

Henoe when the radii are equal the chords AM and SM are 
equal. Draw Ci? perpendicular to AM, 

Then AE = ^AM = ic, 

' angle BAD = ^ACM = AGE. 

and hence the right triangles BAD and AGE are similar and give 

AG-^AE^ AB^BD, 

or li -i- ic = c -i- b, 

,-. ct^2i/bM, or JS = ^, ^'*'^-^* • • (^) 
But c« = a« + ^>» (2) 

.-. B= ^ , or a = 4/6(422 -ft), or b=2n- j/iR^-a*. (3) 

When any two of the quantities a, b, c, and B are given the 
other two are readily found by these equations, 
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Again, 0H= 0B-\- BR— BD = 2B - b, 

and CO = 2B. 

Let ACM = BOM = A. 

Then cos ^ = —^r^~, or vers ^ = hd (^) 

^2> = CH=^2B sin ^, ^it/ = 2AE - 2i? sin iA, ) 

[' (5) 
and AB = 2AM: = 4iJ sin ^A. ) 

Example.— L^ii b = 20, and B = 741.7. .•. D = 7^.725. 
To find AD, AM, etc. 

vers ^ = -1^ = .01348. .-. A - 9'' 25' = 9^4l7. 
i4oo.4 

Then AB =*2J? sin A = 1483.4 X .163613 = 242.70; 

AM= 2B sin ^A = 1483.4 X .08209 = 121.77. 

9.417 
Also, arc AM = 100<^-^ = 121.90. 

If AB and BB are given, then 
tan \A = -j-r^; AB = -: — — r ; and B = ~ 



AB sin j^A ' sin J^ 4 sin ^A' 

Example.— hat BB = 13, and AB = 200. Then 

tan i-4 = ^ = -065. 
.*. J. = 3^ 43' 08"; sin ^^ = .06486; 
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II. To connect two parallel tangents by a reversed curve hav- 
ing unequal radii. (Fig. 106.) 
We have 



GO = CM+MO = 7?-f r, 
and 

HO = OB-\-AC-BJ)=:R-i-r^b. 

E-^r — b 





/J 


D 


^r^ 


\ /^-h 




/ ^ 


^S-^ 


B 


/ / 






%y 







C H 

Fig. 106. 



.'. cos A = 

or vers A = 
Then 



H^ r 
b 



R-{-r 



AD= CH={Ii + r) sin A; 
AM = 2R sin ^A; BM= 2r sin ^A; 
AB = AM+ BM = 2(R + r) sin ^A, 

Again, let AM = c', BM = c". AB = c' -^ c" = c. Then, as 
above, from triangles ^.CJ^and ABD, 



^-2b' 



and, from triangles BFO and ABD, 



r = 






Adding gives 



B + r.= - = 



CT« + y 

26 • 



This shows that for the same distances AD and BD the sum 
of the radii is constant 

1. Given the perpendicular distance BB between tangents, the 
radii CM = R and MO = r, to find AD, the chords AM and MB, 
find the central angles A. 
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Example.— \jei BD = 28, i? = 955, r = 574. 

.-. vers A = yfl^ = .01831. .-. A = 10" 59'. 
sin A = .19052, and sin ^A = .09570. 
AD = 1529 X .19052 = 291.50; 
AM^ 1910 X .09570 = 182.79; 
BM = 1148 X .09570 = 109.86. 

2. Let AD, BD, and M be given, to find the other radius, r, the 
chords, and the central angles. 
iKrawp^d.— Let AD = 400, BD = 56, and E = 900. We have 

tan iA = j%% = .14. .-. iA = T 58'. 
AB=BD-ir- sin i^ = 56 -^ .13802 = 404.04; 
AM^ 2 B sin ^A = 1800 X .13860 = 249.48; 
and BM = AB - AM = 154.56. 

r = ^BM^ sin i ^ = 77.28 -f- .13860 = 557.6. 

III. To unite two tangents not parallel by a reversed curve of 
common radi us. (Fig. 1 07. ) 

Given the angles of in- 
tersection at D and E, and 
the length of the common j^, 
tangent DE, to find the 
common radius CM= MO 
= R to unite the tangents 
AD and BE. 

We have 

DM— Bt&niD; 
EM= BtsLU^K 




Fig. 107. 



or 



.-. DE = i?(tan ^D + tan ^E), 



tan ^D H- tan ^E 

mmmple.—het DE = 250, D=:AaM=24\E= BOM= 16°. 

tan 12° + tan 8° = .35310. 
.-. iJ = 260 H- .35810 = 708.03. 
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or 



IV. To connect two given points on two diverging tangents by 

a reversed curve of com- 
mon radius. (Fig. 108.) 

Given the angles BAD 
= A, ABE = B, also AB 
a, to find the radius R of 
the curve A MB, 

Draw CL and ONH^er- 
pendicular, and CH paral- 
lel, io AB. 

Let 

HCO=BKO=: GKA=K. 
Then 

Fig. 108. BO = CO sin K= 2R sin K. 

Also, I£0= CL+N0=zIicosA + Iico8B. 

. •. 2B smK=Mco3A-}-B cos B, 

cos A + cos B 




sin K= 



2 



Again, ^Z = i^ sin ^ ; LN= GH = CO cos JT = 22? cos JT; 
Bn = R sin 5. 



Adding gives 



or 



a = R(sm A + smB+2 cos if), 
i2 = 



sin J. + sin 5 -|- 2 cos ^ 

Also, ACK = ACL + LCK = A + 90" - K, 

and ^0 Jf = 5 + 90" - ^. 

The foregoing solution requiring barely a single division, ex- 
cept by tbe factor 2, may be compared with Henck Problem 40. 
Example.— Let a = 1500, A = 18% B = 6% to find R. 

cos A = .95106 

cos B = .99453 sin A = .30902 



2)1.94558 
sin K = .97279 



sin B = .10463 
.-, 2cos^= .46340 



Then R = 1500 -r- .87695 = 1710.47. 
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V. 1*0 connect two diverging tangents by a reversed curve, 
starting at a given point. 



I 


3 


A 


y> 


/ 





a 


/ 


^V 
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^ 
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ft ^*Vi 


>--. 
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l^ 


L 






N 



Fig. 109 

(a) Advancing toward the intersection of tangents. (Fig. 109.) 
Given the angle of intersection AKB = CAL = K^ the initial 
point A<, the distance AK — a, and the radii CP = R and OP = r, 
to find the central angles Cand of the reversed curve APB. 
First Solvtion.—We have 

AL = R cos K; AH^AKsmK] 

and BN" = AL — AH = R cos if — a sin K. 

Then 

cos O = ^ = -j^i^, and G = DGP - ACD = - K. 
GO R-^- r 

Now having the central angles C and 0, run the branch AP 
subtending the angle (7; then reverse and run the branch PB 
subtending the angle 0. 

Example.— 'het K= 24" 30', AK= 854, R = 1440, and r = 1146 



Then 



AL = 1440 X .91 = 1310.4 
AH:= 854 X .4147 = 854.1 

B]^= 956.3 
r = 1146 



{Bn + r = 2102.3) -- 2586 = .81291. 
.-. = 85** 37', and C = — JC = 11° 07'. 

If convenient to measure AH instead of AK, the solution is 
shortened. 



l&O 
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Second Solution. — Suppose the curve run backward to D where 
the tangent is parallel to BK, and draw lines as shown. Then 

Dc=: B vers 0; PM = r vers 0. 



li M M 



Hence AE + PM = AH =: b = Ab(^-^^\ + Da^. 



But 



Da- R vers AGD = K vers K, 



.-. ^J2rf^^^i^Wrversir=5, or ^^ = (& - r vers ^) ^— ?- 
\ R I U-\- 



If r = JB, 



AE = 



h — R vers K 
2 • 



Now measure AE as found, making angle GAL = -K". Run 
^P perpendicular to AE, ar.d the cjrve J.Pto intersect ^Pin P. 
Reverse and run the curve PB. This method does not require 
the central angles to be known, and neither method requires the 
curve to be actually run backward to 2>. The problem is thus 
much shortened. 

ip) Receding from the intersection of tangents. (Fig. 110.) 




Given the angle of intersection AKB = CAL = K, the distance 
AK = a, and the radii GA = R and OB = r, to find the central 
ftngles G and of the reversed curve APB. 
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Draw Aa parallel to BK» Then 

Ba = R vers K\ AH = AK sin K; 
Da + AH=DE==b; 
0]!f=OB+DC- EDzzz E-^r -b. 

.•. cos = — ZT—, , and vers O = 



Evidently, G = K ^ 0, 

The solution here given is, of course, applicable to the former 
case (Fig. 109) ; and the first solution there given is likewise 
applicable here. 

Example,— hQi K = 18" 23', AK = 920, i2 = 955, and r = 819. 

Da = R vers JiT = 955 X .05103 = 48.78 
An:= AK sin K= 920 X .31537 = 290.14 



388.87 

338.87^1774=: .19101. 

.-. = 36" 00' 
K = 18' 23' 



C = 54" 23' 
Second Solution, 

I)e = E vers DCP = E vers 0; PM= r vers 0. 

.-. PM = Dc^ = Da^ + AE^. 

H a jti 

Hence AE+PAf=Aff-b = Ae(^^-^\ -f Da^. 

But Da = E vers ACD = E vers JT. 

. •. 'Ae(^-^] 4- r vers K-b, ot AE = (b-r vors A') , ^ -. 

Ifr = i?, AB^'--:^-;^. 



1&2 
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Now run AE and EP to meet tbe curve A DP, etc., as in a 
former case. 

VI. To connect two given points on two diverging tangents by 
a reversed carve. 

Given tbe chord AB = a, tlie angles BAL = A and ASK = 
/?, and tbe radius AC = R^ U> find tbe radius BO = r of tbe re- 
¥ ersed cu rve APB, ( Fig. 111.) 




Fm. 111. 



Draw CT parallel and CJf and ONT perpendicular to AB. 

CT = MN =AB- A2f -- BN= a - Rsin A-- rsmB, 



and 02' = CM-\- ON ~ i2 cos ^ + r cos B. 



Als^), 



CO.= R-\-r. 



.'. (B-{-rf = (a - i^sin ^ — r sin Bf + (i2 cos^ + r cos By. 

Expanding and observing tbat 
1 — (sin Anin B-{- cos A cosB) = 1 — cos (A— B) = vers (^— J5), 
w« readily find 



r = 



^ — R sin A 



R 

a 



vers (A — B) -^ sin B 



('ompare witb Henck Problem 38. 
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Example.—liQi a = 1500, R = 1600, A = 18°, aod B = 6°, to 
find r. Then 

^a = 750 

i?8in^ = 494.43 



255.57 



-vers(^ - B) =^.02185 
a ^ 15 



: .02331 
sin 5= .10453 



.12784 



r = 255.57 -j- .12784 = 1999.14. 

VII. Having located a reversed curve, it is required to shift the 
P.R.C. so that the termi- 

nal branch may end in a " * 

tangent parallel to the orig- \ 
inal tangent. (Fig. 112.) 

Let APB be the curve, 
CP=R, 0P= r, and BK=r. 
D, the distance l*: tween the 
original tangent BL and 
the new tangent B'K, to 
find the angle of retreat 
PCP\ 

Draw Gmn parallel to BL, 

We have 




Fig. 113. 



Oxm = OxB' + BH+ Hm = r-{-D-\- Hm, 
and 071= OB + Hm = r + nm\ 

,', 0x171 — 071 =z D. 

That is, {R + r) cos Oi - (i? -f r) cos — D\ 

. *. cos Ox = cos + ^^T— i — • 

Then OGOx = A= O.Cn — 0C)i 

= (90° - 0.) - (90" - 0) = 0- Ox. 

' M^xaTuple.—het O = 34° 20', i> =: 94, R = 1433, and r = 879, 
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We have 

cos = .82577 

2> H- (/? + r) = .04174 

.-. cos 0, = .86751 

.-. Ox =29'50'; 
.% A = 0-Ox = 4' 80'. 



CHAPTER VIII. 



TURNOUTS. 

A TUBNOUT is a curved track leading out from a main track. 
At the place where the outer rail or ** lead" crosses the rail of 
the main track a frog is placed, which allows A C B 

the flanges of the car-wheels to pass the rails. 

A frog is a piece of metal, usually steel, 
having two straight channels crossing each 
other on the upper surface through which the 
flanges of the wheels pass. The triangular 
part of the upper surface formed hy the 
channels is called the tongue of the frog 
(Tig. 113). Every railway company should 
own a variety of frogs suited to different 
turnouts that are likely to be required. 

Frogs are usually designated by numbers, 
the number of a frog being the number of 
times the bisecting line (7F contains the base 

line AB, Denoting the number by n, we have n = --=^ and 




AB 



OF 



2n = -jj^ Designating the frog angle AFB by F^ we have 

GF 



cotii^ = 



AG' 



.'. cotiF=2n (1) 

Standard frogs are made so that n is a whole number or a 
whole number plus J, and therefore 2n is a whole number. 

Let Fig. 114 represent a " split-switch " turnout. AB and JIF 
represent the rails of the main track, and ^^one of the switch- 
rails. In the figure the switch is set for the turnout, but when 
set for the main track A takes the position of A'. 

Prolong the curve backward to c, wher€ the radius cLO is per- 
pendicular to the main trm k. 
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Draw also the radii CO and FO ; Ca parallel to the main track 
and the tangents C VK and FV. 

Then LFV=LOF — the frog angle, which we will denote by F, 
Let 5 = the switch angle BAC = FKV = LOG, then 

COF^FVK- F- S. 

Then CFV = \FVK = i{^' - 8), 

Also, DFC = LFV - CFV = F - ^F - 8) = i(F-{- S), 




Fio. 114. 

Or, since the tangent CF makes an angle 8, and the tangent 
FV&n angle 2^ with the main track, 

angle FVK = GOF = F ^ 8, 
Hence CFV = J(2^ - S), 

and DFC = DFV -CFV = F - ^(F -8) = i{F + 8), 

Let B' = B-i- ig= CO = the radius of the outer or ** lead " 
rail, and 1/ = the degree of tbe curve CF. 

Let d = AA' = BC^ which is properly the throw of the switch, 
and I = the length of the switch-rail. 

Suppose d = 5 inches — .416 of a foot, and ^ = 15 feet. 



rii 



Then 



sin S = }l^' = .027. 
15 
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.'. 8=V^5' 30", and vers S = .0003858. 
Now cL = H' vers F, and c<i = If vers 8. 

.". i? vers F — 2i' vers S = cL — ca — aL = CD = g — li. 



.'. B 



, _ _ g - d _ g -d 



vers ^ — vers ^ cos 8 — cos i^ 



or vers F = vers iS -j- ^-57— (2) 

We observe that 
vers F — vers S = (i — cos i?*) — (1 — cos S) = cos iS^ — cos F, 

so that in all such cases either the cosines or the versines niav be 
used as is most convenient. 

Again, CF = ^^^^^ = ~^^-^y (3) 

BF = CD cot CFD = (g - d) cot \(F + 8), . (4) 

HF = 1 + DF = I -\- {g - d) cot i(F+ 8), . (5) 

and LF = FO sin LOF = H' sin F. (6) 

^i?* is the ** lead " and shows the distance apart, measured paral- 
lel to the main track, of the head-block and the point of the frog. 
Since D* represents the degree of the curve CF, we have 

arc Clr = 100 ^^-^^ 

The lead can be lengthened or shortened somewhat without 
materiallj damaging the turnout curve ; and therefore, in prac- 
tice, rails of such lengths are selected, when possible, as will 
make the lead sufficiently near the true length, thus avoiding the 
cutting of rails. 

In case of sharp turnouts (those of short radii), point or switch 
rails shorter than 15 feet should be used; but in any case to find 
the radius or the lead, etc., it is only necessary to substitute in 
the above equations the proper values of d and 8. 

Table VI gives the elements of turnouts for a variety of frogs, 
for switch-rails of 15 feet in length, and for a throw of 5 inches ; 
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and also for a number of frogs for the same throw and for switch- 
rails 8 feet in length. 

The same table gives also, in case of a double turnout on 
opposite sides of a straight track, the number (n'}, angle (^"), 
and position of the middle frog, corresponding to given turnout 
frogs F and F\ as shown iu Fig. 122. The similar triangles 
ABC and aOG of Fig. 114 give 

GO = aC'^,, or 7? = aO^. 
BC a 

If in this we put aC = ^, we have 

Tliis shows the value of R such that the end c of the prolonged 
curve Cc will be opposite the head-block A. 

If ^ = 15 feet and d = h inches, we have R = 540. And if 
I = 8 feet and ei = 5 inches, R = 153.6. Hence, in Table VI. for 
8witch-rail 15 feet 

LF ^ HF accordingly as -B ^ 540. 
and for switch-rail 8 feet 

LF^HF accordingly &sR^ 153.6. 

Example,— Find the lead and radius for a number 9 frog, switch- 
rail 15 feet and throw 5 inches. We have 

2i^ = 6" 21' 35", and S=V 35' 30". 
.-. vers i?'- vers S = .005768, and g -^ d = 4.2917. 

4 2917 

••• ■'^' = -AA^oo = '744.02. Then R = 741.67, 
.005768 

and 

BF=l-\-{g-^ d) cot J(27'+ >8) = 15 + 4.2917 X 14.3885 = 76.75. 

A turnout curve between head-block and frog is in general 
pot the same as the main pa^t of the curve beyond the froir. 
When, therefore, two intersecting tracks or a straight line and 
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track, for example, are to be connected by a compound curve, tbe 
tangent points must be found so tbat witb given frogs tbe con- 
necting curve may be properly located. 

Problem.— To connect a straigbt track and straigbt line by a 
compound curve of two brancbes, 
tlie first brancb being a turnout 
curve fitting a given frog. Eqs. 
(1) to (5) of compound curves 
apply to tbis case witbout cbange. ^< 

Let A V represent tbe center line 
of tbe track, BV tbe straigbt line, 
and APB tbe center line of tbe 
compound curve. 

Example. — Let AOi = lit = 437 
to fit a No. 7 frog, li^ = BO^ = 537, 
V - 50", and 0, = 10°, v^rbicb is 
sufficient to clear tbe frog. It is 
required to find tbe tangent point ^. 

Eq. (4) gives 

AVz= T - ^' ^^^^ V-hiBt-'Bi) vers 0^ 

' sin V 




_ 437 X .357 -f 100 X .234 
.766 



= 234.2. 



Tbe tangent VB is not generally needed, but may be found in 
the same way from eq. (5). 

Problem. — To connect two intersecting straigbt tracks by a com- 
pound curve of three branches, the two turnout curves having 
radii to suit given frogs. 

Let Fig. 116 represent tbe case, APi and BP^ being the center 
ines of the turnout curves. Tbe tangents are required. 

First Method. — The equation under Fig. 102, compound curve s 
fcpplies directly, and we have 



BVsm F=(/?,-7?,)versO,4-(/?a-i?,)vers(0,-f Oa) ^ 

+ Rz vers {Ox + O9 + 0,), 
>r, i^Fsin V=Ri vers Oi-f7?3[vers (0,-f Oa)-versO,] 

+ i2,[vers(0, + 0, + O3) - vers(0, -f 0,)] 



ia) 
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To find J. F we may iDtercliauge Hi and -Bs, also Oi and Os in 
the above formulas, as explained under Fig. 103, p. 177. Thus, 
observing that Oi + Oa + ^» = ^i we have 




^Fsin V= 



and 

A Fsin V 



= {Ri - /?a) vers 0, + (i?, - Rx) vers (0, + 0,) 

+ /?! vers F, 

i?, vers 0, + 7?9[vers (Oa + 0,) - vers 0,] j 
+ R, [vers F - vers (Oa + 0,)]. J 



1^ {a') 



Example i.— Let ^O.Pi = 14** 30', PxO^P^ = 31', and P^O^B = 
ir 30'. Also AOi = 437 (to fit a number 7 frog), P^O, = 490, and 
PaOs = 400. To find AV. Substituting in first of the above 
equations, we liave 

^ Fsin F= - 90 X .03185 -f- 53 X .29909 -f 437 X .5 
= - 2.87 4- 15.85 + 218.5 = 231.48; 



.-, AV^ 331.48 -± .886 =; ^6^,15, 
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l£xample 2, — Let the values be the same as in example 1, ex- 
cept i?i , which we will suppose equal to H^ = 400. Then 



Bi — 2^, = - 90, and ii, — i?, = 90. 



Therefore 



A Fsin V = 90(.29909 - .03185) + 400 X .500 
= 90 X .26724 + 200 = 224.05. 



Therefore 



AV- 224.05 -- .866 = 258.72. 

Eqs. (a) apply without change whatever may be the order of 
the radii, but the first form, which usually involves the least 
labor, may contain some nf'gative terms which must be subtracted 
from the sum of the positive terms. 

Second Method. — Let A'PiP^B' (Fig. 117) represent a symmetri- 
cal compound curve. Pro- 
long the middle arc PiPa to 
A and B as shown. We will 
illustrate the method by the 
following 

Example. — Let the vertex 
angle = F= 98% A'OiPx = 
B'OxP^ = r 50', which is 
sufficient to clear the frogs. ^^ 

Let A'Or = BV, =B^ = 
437.06 corresponding to 
number 7 frogs, and Pi 0^ = 
/;, = 358.1. To find the tan- 
gents VA' and VR. 

We liave, from eqs. (7), 
(8), etc., of compound 
curves, 

Aff = {Ri - Bi) vers 0, = 79 X .01469 = 1.16 = a; 




A'U = (i?, - Bi) sin Ox = 79 X .17078 = 13.49 = d. 
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.-. HOi - Ii= 358.1 + 1.16 = 359.26 = radiasof simple curve 
joining ^and K, but not used except to find F^Tand VA.'. 

Now F/f= Stan ir= 413.29, and y:4' = 426.78. 

This gives the tangent point A' (or B') from which the com- 
pound curve may be located. The simple curve joining ^and K 
is not shown. 

Let Fig. 118 represent the case in which the curve is sharpened 
at the ends. 




Let V= 84% A'OiP, = B'OxP^ = 29% A'Oi = -B, = 437.06, 
and PiOi = 2?, = 877.06. 



Then All 
A'H 

.'. nOi 

Now VH 
.-. VA' 



{Hi - JB.) vers Oj = 440 X .12538 
(i?2 - i?i) sin Oi = 440 X .48481 
R - 877.06 - 55.16 = 821.9. 
« tan J F= 740.04. 
740.04 - 213.32 = 526.72. 



55.16 ; 
213.32. 



The curve A'PiP^B* may now be located. 

The simple curve connecting the tangent points JJand K\s not 
drawn. 
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Third Method. — We may easily fit a given turnout curve to a 
different curve bevond 
the frog by a simple but 
direct application of Fig. 
81 and corresponding 
formulas of compound 
curves. 

Thus let A'm'B', Fig. 
119, be a simple curve 
of radius A'O = -K con- 
necting the center lines, 
A' V and B F, of tviro 
tracks ; to substitute for 
it a compound curve 
A'mB' of two different 
radii, A'0, = B'Ox = R, 
and Pi Oa = ^a,tbe longer 
of wbicb is to be used 
for a distance adjacent 
to each tangent, for tbe 
purpose of fitting a 

given frog. Tbe tangents and tbe elements of tbe curves A' Pi 
and B'Pt are given. 

Example,-ljei V= 98% emd A'V= B'V = 4 6.78. 

Then R = A'O = B(/ = A' V cot ^V = 426.78 X .8693 = 371. 

.-. D = IS** 26' 40". 

Let A' Pi and B^P^ be 13° 06' 34" curves for number 7 frogs. 

Then A'Oi = J5'0» = i?, = 437.06, and lii - R = 66.06. 

Suppose A'Pi = B'Pa = 75 feet, tben 

0, = {(IS** 06' 34") = 9" 50'. 

Eq. (17) p. 142 gives 




Ml -i?a=(^~i2) 



sinir 



1? 



= 66.06 



.75471 



sin(JF- Oi) .63158 

= 66.06 X 1.195 = 78.94. 
.-. Rt = 437.06 - 78.94 = 358.12. .-. i), = 16% 

Observe that tbis curve, A'PiP^B', is the same as A'PiP^B* of 
Fig. 117 or of Fig. 118. 
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W« observe thai tho degrees of llie two branches of ihe com- 
pound curve (taking A' Pi and B'l\ together as one) differ 
approxnnately from the degree of the simple curve inversely as 
their lengths. 

It is, of course, not necessary to locate any simple curve, but 
simply to make use in the formulas of the radius (A'O, for ex- 
ample) of a simple curve corresponding to any desired tangent 
A'V. 

If we suppose the switch-rail to be a part of the turnout curve, 

such curve being tangent to the main 
track at A (Fig. 120), we have 




AO" = 



AH 



vers AC/'F ' 



and representing A(y' = FO' by B' to 
distinguish it from the true radius H' ■= 
OF (Fig. 114), given by eq. (2), we have 



i?" = 



9 
vers F ' 



(7) 



Fig. 120 



The triangle FHO*' gives 



IIF = R" sin F. 



(8) 



The triangle AFH gives 



HF= g cot iF, 



and 



AF = 



9 



sin 42^ 



(80 



(9) 



These equations may be deduced at once from those for Fig. 114 
by putting d = 0, 8 = 0, and ^ = 0, as they are in this case. 
Introducing the number of the frog, we have 



and 



AFH= \A(y'F r= jHi7'F= i^; 

HF = AH cot AFH = g cot \F = 2gn. . 



Or, make HA' = HA ; then 



(8") 



AFA' = ZAFB: = F, 
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and the triangle AFA' may represent the frog, and we have, by 
definition, 

^^t^, = ^^, or HF=2gn. . . . (8") 
AA' 2g 

Again, 
HF^ = AH{2A0'' - AH) = 2An(A0" - iAH) = 2glt,. (8") 
Equating values of HF^ from (8") and (8"), we find 

the radius of the center line of turnout = i?i ~ 2gii^. . (10) 
AF^ = HF^ -i-g*^ ^g^n^ + P'^ .'. AF = gi^in- + 1. 

The foregoing equations aienot applicable, however, to straight 
switch-rails, as we will explain. 

Let ACiF(F\g. 121) represent the turnout curve actually located 

under the supposition that /^ ^ ^ \j 

the switch- rail is a part of 
the turnout curve, which 
is tangent to the rail of 
the main track at the 
head-block A, AG being 
the switch-rail. Eq. (10) 
gives, for a number 9 
frog, 

72=2X4.708X81=762.7. 

The tangent ofEset of the 
curve AGiF from the rail 
^ F, at a point opposite 
C, is 



i = 



15' 



= .1475 feet 




2 X 762.7 
= 1.77 inches. 

Hence the curve ACiF 
is 5 - 1.77 = 3.23 inches ^i 

from C, the end of switch- Fig. 121. 

rail. But the real turnout curve must connect G and J^and be tan- 
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gent to the switch-rail and frog. Prolong AG to meet the tangent 
FK in K. 

Now nF=2ffn; trngle FAK = ^F -- 8; AFK = ^F. 
Also, sin AKF = sin (FAK+AFK) = sin (F - S). 

...AK=AF^^^^. and FK = AF^^%-^. ', 
Sin (F — 8) iim(F—8) ' 

For a number 9 frog, switch-rail 15 feet and throw 5 inches, we I 
have I 

^^ = 56.64, or Cif = 41.64 = 7', , and FK=^.SO=T. 

Since the tangents are unequal a simple curve cannot meet the 
required conditions, and we will suppose a compound curve of I 
two branches. Since, moreover, tbe tangents are quite unequal I 
and the central angles small, we know from Chapter VI, eq. (3), 
and eqs. (e)and (/) following, that the radii will differ very much, j 
We will suppose the central angles equal, for this will make the | 
radii the most nearly equal possible, as pointed out in Chapter VI, 
and will result in the best possible curve. The vertex angle 

CKV = V = F - 8 = Q" 2r - V 35' = 4° 46', 

and therefore 0^ = 0^ = 2" 23'. 

Eqs. (1) and (2), Chapter VI, give 

COi = 111 = 1164.13, and PO, = J?, =r 513.85. 

W^e note that the oflSet from the tangent ^Vto the curve ACiF 
is 5 inches at about 25 feet from A, and that the curve has the 
direction of the switch-rail at about 21 feet from A. By moving 
the switch-rail forward from AC to Ai Ci about 8 feet, making ^C7 
about 23 feet, a close approximation to the part of the curve CtF 
could be used. This would make the lead nearly equal to the 
true lead given in Table VI. This would also involve some com- 
promise, and would be somewhat troublesome in practice. 

Thus is proved the impossibility of locating a simple curve tan- 
gent to a switch-rail and to a frog placed in the position deter- 
mined by the above formulas. 

When so placed the result is a turnout difficult and even dan- 
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gefous to operate, unless the trackman is able to put in by the 
eye a compound curve answering more or less well the purpose 
of the turnout. 

To Lay Oui' the Turnout. (Fig. 114.) 

When it can be done, which is usually the case, first locate the 
frog with reference to a joint in the main track. Knowing the 
lengt'i from point of frog to either end of it, we thus find and 
mark the position oi 2^oint of frog, which is Fm Fig. 114. 

Measure off FH, giving place of head-block so as to avoid cut- 
ting rails if possible. 

For example, a number 9 frog calls for a lead HF = 76.75. Sup- 
pose the length of frog from its point to tlie switch end, which is 
the part that applies on the "lead," is 3.35 feet, the switch-rail 
being 15 feet. This will use up 3.35 -\- 15.0 = 18.35 feet, and we 
will need 76.75 -- 18.35 = 58.40 feet of rails. We may well use 
two 30-foot rails, making FH = 3.35 -f- 15 + 60 = 78.35. The 
arc CF is a trifle longer than BF (about 0.1 for a No. 12 and 0.2 
for a No. 7 frog), and this will practically allow for expansion 
and therefore no allowance need be made in measuring FH. 
Note that FD = FII - I. 

Remembering that the curve OF is tangent to the switch -rail at 
C, the curve of the outer rail CF may be located by any methods 
heretofore explained. 

Drawing GF^ the curve CF is easily located by ordinates, noting 
that CF = Z>^ nearly, and that radius GO = B' = R~{- y. 

The turnout can be conveniently located by setting the instru- 
ment at C, turning off from the line of the track the angle S, which 
gives the tangent GV, and locating the curve of the outer rail 
GF. The degree D' of the curve CF, corresponding to U'=R-\-lg, 
may be taken from Table I. 

Or set at F a^d turn off from FD the angle F, which gives the 
tangent FV, pid run the curve both ways from F. This is the 
handiest andn>est method. 

We may locate the center line as follows: 

Make GE perpendicular to ACy equal to ^g, then run the curve 
from F, wit^ radius EO = B given in Table I, the tangent at E 
being, of course, parallel to AC, 

Or make Fm = ^g and perpendicular to FV, that is, make angle 
DFm = 90** — ^, and run the curve both ways from w, the tan- 
gent at in beinj^- parallel to FV. ^. , 



^ 



/ 
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Double Turnouts from a Straight Track. 

In case of a double turnout (Fig. 122) three frogs are required; 
the frogs F and ¥' being the same as F in Fig. 114, the third 
frog being at F'\ where the lead-rails cross each other. 




Fia. 122. 

Draw the line WF'* parallel to the main track; then it is plain 
that one half the fpog-angle F" is equal to the angle made between 
the line H'F" and a tangent at F" to either arc AF or A'F'. 
Therefore the formulas for this case may be written at once from 
eqs. (2), (3), (4), (5). and (6) by putting CD' = y — d instead of 
CD = g — d, and \F" instead of F, Hence 



R'= }tn-^ b' o'- vers ^F"= vers 8-\-^^. 

vers ^i*^"- vers /S * ' i?i 



(11) 
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jyF"' = (ig -d) cot i{iF" + 8) H'F" =zl-\- D'F", . (13) 

UF"=R' &\Ti^F" (14) 

Table VI gives the numbers {n"), angles {F"), and distances 
from bead- block of middle frogs corresponding to frogs of different 
numbers at 7^ and F' , 

Example. — Let tbe frogs at 2?" and F' be number 8^. Tben 

F= F' = Q° 44', and vers F - vers S = .006511. 

Eq. (2) gives 

4 2016 
^' = ru^L^. = 659.14. . •. Ji = 656.79. 

Then (11) gives 

1 QS75 
vers iF" = .0003859 + ^^~ = .0035253. 

.-. iF" = r 40' 36", and F" = 9** 20' 52". 
From (4), 

D'F" = {ig^d) cot i(iF" -i-S)=: 1.9875 X 18.2709 = 35.3998, 
and 
B'F'' = 50.3998. 
Finally, 71" = ! cot ^F" = ^ = 6.11. 

Hence a number 6 frog at F'\ tbe curves being slightly 
flattened at the frog F'\ will answer the requirement. 

To find an approximate relation between Fand F". 

Comparing eqs. (2) and (11), omitting d and vers iSfrom both. 
we have 

vers iJP"' = i vers F, or 4 vers ^F" = 2 vers F. 

But versines of small angles are nearly as the squares of the 
angles. Hence, approximately, 

vers F'" = 4 vers j^F". 
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These equations give 

vers F' = 2 vers F, or (F'y = 2(F)\ or F" =z i^2F. 
If F= F = &" 44', or n=z ti' = Sj, 



then 



n 



n" = -p. = 6.01 T^ 6.0, nearly, or F" ±z 9° 32', nearly. 



V 



Hence in practice take E from Table VI opposite F, and 
ii^" = l'3Fas nearly as possible. 

In case of a double turnout, v^here no frog f" is at hand of the 

number given by eq. (11) or 

by F" =^i/2F, we may 
locate the turnout as a com- 
pound curve, and thus fit 
the frogs, provided ^F" is 
less than F. 

Let OF'' = OxF" = R\ 
and EF" = E^F" — /?,. 
(Fig. 123.) 

H' and the lead H'F' are 
found as in the preceding 
problem. 

We observe that in Fig. 
114 the inclination to the 
main track of the arc at G 
is^; while in Fig. 123 the 
inclination to the main track 
of the are at J?*" is ^2?"'. 

Moreover, CD z= g — d\ 

while F'K = y. Hence it 

is evident that we can write 

^^^' ^^' at once the relation betweei 

F" and F from the relation between 8 and F by substituting 

^F" for S, and y for g - d We thus find 

vers F = vers IF' + ^/, or B' = =—^ rsvr- (15) 

^ ' i2" vers F — vers ^F" ^ ' 

Since the versine of the angle of the inclination of the curve 
cCF Sit a-ny point to the main tyack is equal to the di$t^nce of 
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that point below c divided by the radius i?', it follows that the 
difference between the versines of such angles at any* two points 
is equal to the difference between their distances below c (or from 
the rail AB or DF) divided by i^. See eqs. (2) and (15). Thus 
the relation between the versines at any two points may be written 
at once. 

When F =. \F'\ JBi = oo, showing that the turnout beyouvl 
¥'' is the straight line F"L. This is apparent from tho f3gur% 
since the angle KLl" = LF"M= \F" . 

When F < \F'\ Rx is negative, showing that the turnout must 
reverse at or beyond F" in order to cross the main track at the 
required angle. 

By prolonging the arcs F'J^C as in Fig. 114, the equations for 
the last two cases may readily be deduced in the same way as 
were those for Fig. 114. 

Example.— F = 6* 44', F" = 8' 48'. 

From (11) we find 

72' - k-<^ _ ^ 2-9375 _ 

~ vers \F" - versfi^ ~ .0025613 ~ ' 

and from (13) 

B'F" = ^ + (i^ - rf) cot ^\F" + S) 

= 15 -f 1.9375 X 19.0550 = 51.9191. 

(15) gives 

^' - vers F - vers \F" " T0039502 - ^^^'^^' 

and, from (4), 

KF = \g cot \{F-\r \F") - 2.35416 X 11.2789 = 26.552. 

JCF" may be found by (3), but is not needed. 

Supposing F" < 2F, then we have approximately as follows : 

When F'* = F i/2. Hi = i?', as above pointed out (see 
Fig. 122). 
Wlien F" < F \/2, 2?, < R\ as shown in Fig. 123, 

When F" > F V"?, i^i > R- 
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'I'URNOUTS FROM CURVES. 

Given the radius R of tlie center line of the main track, and 
the frog angle F, to determine the position of the frog and the 
radius R' of the center line of the turnout. 
I. When the turnout is from the inside of the curve. (Fig. 124. ) 

Let AB and DF be the rails of the 
main track, AC the switch-rail, the 
arc CF the outer rail of the turnout, 
and i^tbe point of the frog. 

Since the radii FE and FK are 
perpendicular to the tangents of tbe 
two curves at Fj the angle EFK=F. 
Complete the semicircle DFL, join 
FLy and draw i)ir parallel to it. Let 
\FGK= G. Then 

ECF = EFC =C-\- 8, 
and CFK=G-{-F+8. 

Let DKF = K. Then 

KLF = KFL = GDH= i^. 

Now 

DFK -f GFD = GFK=G+F+S, 
and FDK - GFD = DFK - GFD = DGF = (7. 




Subtracting and dividing by 2 gives 

GFD = U^-\- 8), 



We have 



7- Tft DH 

cotJ^=^, and tani(2?'+^) = 5^. 



or 



cot JiT 



LF 



GL 2R-d 



t&n i{F -i- 8) ~ DU ~ CD ~ g - d* 

.2tt- d 



coti^= tan^(F+-S) 



g - d 



Again, 



CDsm GDF_ _ {g-d)co^\K 

" ~ sin GFD ' 



sin^(i^-h^)' 



(18) 



r~. (19) 



' >, 
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Also, 

CMF=F-\rK, and CEF = CMF -- ECM := F + K - S, 
and we have 

15 



CE = 22' -f J^ = 



\CF 



sin \{F -Y K - S) 



(20) 



II. If the turnout is from the outside of the curve (Fig. 125), 
complete the semicircle, join FL' p 
and draw DH parallel to it to meet 
FC prolonged. \ \L 

Now EFK' = F. 

Ut DGF = a 



Then EOF 
.-. CFK' 
DFK' + GFB 
and 
DFK' - GFD = FBL - CFD := a 



EFC=: C+8. 

G-i-F-\'S. 
GFK' = G-\-F+8, 



Subtracting, and dividing by 2, 



g:ives 



GFD -^ \^{F ^' 8), 



Let DKF - K. 
Then 

KL'F = KFL' = GDH = ^K. 

We have 




Fio. 125. 



or 



Then 



FU DH 

cot \K _ FL GL 2ig + d 
•'• tan \(F+S) ~' DH~ GD '~ g ^d ' 

cot \K = tan ^F + s f^^^ - 
GD sin GDF (g - d) cos ^K 



GFzz 



sin (7/rZ? 



sin i(F + iS) * 



. (18') 



. (!»') 



' 
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Again. OFF .- CLF - ECL, and CLF =F- K, 
.-. OFF- F-^ K- a. 



Finally, 



i? -f i^' = EF 



),CF _ 



iCF 



•sin ^CEF sin 1{F - K - S)' 



(•20) 



Since in both cases ^is small, cos j^K = 1, very nearly, and the 
g - d 



lead = 



. very nearly, wbicli is tlie value of the lead 



sin i{F -f Sy 

in a turnout from a straight track. Hence Table VI applies to 
turnouts from curves as well as from straight lines. 
In case of a doable turnout on opposite sides of a curve, Fig. 

126, the frogs F and F\ if equal, are 
opposite, since the chords AF* and 
A'F, as we have just seen, are very 
nearly equal. 

Comparing Figs. 122 and 126, ig- 
noring vers 8 and (2, we see that, iu 
both cases, 2?^ ' is in the center of the 
main track, and that the relation be< 
tween F (or F') and F'* is the same 
in this case as in the case of a 
double turnout on opposite sides of 
a straight track; and consequently, 
in this case also, we have 

vers iF" = ^ vers F, 

or vers F" = 2 vers F, 

or F" = i/2F, nearly. 

We learn from the preceding di>- 
cussion and results that frogs in the 

F" r- 

approximate ratio of —- = \% are 

F 

needed in the cases of double turn- 
outs on opposite sides of a straight 
Fig. 126, track or on opposite sides of a curved 

track. Such frogs should therefore be kept on hand. 
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Thus if F corresponds to a number 8 J frog, tben F" corre- 
sponds to a number 6 frog, nearly. 

Problem. — To find an approximate value of the degree of a 
turnout from a curve in terms of the degree of a turnout from 
a straight line, the turnouts to fit the same frog, F. 

Let d = the degree of the center line of the main track, D = the 
degree of the center line of the turnout from the main track, and 
Dt = the degree of the center line of the turnout from a straight 
track to fit the frog F, as in Fig. 114. 

Let I r^ the length of either arc GF or DF in Figs. 114, 124. 
and 125, Ignoring the difference in curvature between the center 
line and either rail of a track, we have the following equations : 

In Fig. 114 the difference in the directions of the arc at G and 

at F is evidently equal to i^ — 8. But it is also equal to t-^J)\ . 

Hence zr^Di = F - 8, (21) 

In Fig. 124, since the arcs CFand Di^make an angle of 8 with 
each other at G and D, and an angle of F with each other at F, it 
is evident that the change in direction of the arc GF from G to F, 
less the change in direction of the arc Z^i^'from D to F^ is equal 

7 • 7 

to F — 8. But the change in GF=: -—D, and that of DF=z ---d. 

Hence ^j)-±d^F^8 

I 
Equating with the above and dividing by -— , we find 

D'-d = Du or D = Dx-\-d (22) 

In Fig 125 the change in direction from G to F plus the change 
from D to F'lB equal to F— 8. Hence 

^ ,D-\-^d=F-8. 



100 ' 100 

Equating, we find 

P-^d=Dj, ovD = Dx-d (23) 
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Hence, to find the degree of a turnout for a given frog from the 
inside of a curve : To the degree of a turnout for the same frog 
from a straight track, add the degree of the given track. 

To find the degree of a turnout for a given frog from the 
outside of a curve : From the degree of a turnout for tlie 
same frog from a straight track, mbiraat the degree of tbe 
given track. 

Example 1. — Required the degree of a turnout from the inside, 
as well us from the outside, of a 4° curve for a No. 9 frog. 

The degree of a turnout from a straight track for a No. 9 frog 
is T 44'. Hence the turnout from the inside is 11° 44', and from 
the outside ia 3" 44'. (See Figs. 124 and 125 ) 

Example J. — Required the degree of a turnout from the outside 
of a 7** 44' curve for a No. 9 frog. 

In this case the degree of the turnout is 7* 44' less 7*' 44', or 0. 
Hence the turnout is a straight track. In this case the turnout 
may be regarded as the main track, and the main track as the 
turnout. (See Fig. 114.) 

Example 5.— Required the degree of a turnout from the outside 
of a 11° curve for a No. 10 frog. 

In this case the degree of the main 
track exceeds the degree of a turnout 
from a straight track for the given 
frog by ir - (6° 09') = 4" 51'. 
Hence, referring to Fig. 127, we see 
that in this case the center Ei of the 
turnout, instead of being on the 
outside of the main track as in Ex- 
ample 1, is on the inside, that is, on 
the same side as K. 

Example ^.— Let F (in Fig. 124) 
= 5® 43'. Main track an 8** curve, 
or r = 716.197. 8=V 35'. Re- 
quired the lead CF, and the radius 
of the center line of the turnout. 
Wo have 




Fio. 127. 



"" ~ "sin l(F+~SJ " M6m " '• 

The degree of turnout curve from a straight track, correspond- 
ing to til© frog F, is, by Table VI, O** 09' -|-. 



TUfiKODTS. 



2ir 



Adding the degree of t^e main track (8*), we liave 

degree of turnout = 14° 09^ -f-» 
and the radius is -^ = 404.92 — . 

Or (18) gives 

tan KDF= (^^ - <^) ta° j(Z+^) ^ 1431^X^37_9 ^ ^^^ 

g — d 4.2916 



.-. KDF= 87M8'36". 
Then (19) gives 



^K = 2° 41' 24 ". 



Gir=(LzJl'21^=Q7,M. 



sin 4(2?'+ A') 



iCF 



33.67 



- = 406.01, 



Tben, by (20), we find 

^i +^ff = jnri(^_|. j^ - IS)~ .08293 

and i?' = 403.66, and D = 14° 11' +. 

The above approximate results differ but little from the true 
results and show that the approximate formulas are practically 
all-sufficient. 

Other Turnouts from a Straight Track. 

From the same point in a straight track it is required to locate 
two turnouts on the same 
side. (Fig. 128.) ^ \V 

We will assume that 
F= F\ and tbat these l 
frogs are opposite to each 
olber, and that the curves y\ 
are tangent to the main 
track at A. 

Let KA =?•-[- Ig, and c 
EA = r' H- {g, 
' The angle ^X'F=i^, and 
the angle KF'E=F' - F. 

Hence the triangle KEF' 
is isosceles. Therefore 

EK = EF' = AE, 

or AE= lAK. K 

That is, Fio. 128. 

r' + y = iir + Ig), or r' = J(r - Ig). . . (2^^ 
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This relation is easily proved as follows : 

Let d = tUe degree of the curve AF, and d' that of AF\ Now 
we have seen that d' = d -\- the degree of a turnout from a 
straight track for the frog F, i.e., d* = d -\- dy or 



r' + y r + W 

Or again : Draw the tangents VF' and DF'\ also EF" parallel 
to LF. Evidently, 

VF'D = F' = F, and DF'H = F. 

.-. VF'H=2F. 

Hence 

AN ATT 

vers VF'H = vers AEF' = vers 2F=^= — 



AE r' - \g 
Also, 

^ AL iAH c-n. . T7. ^S 

vers F ^ -tt?= -^t" ; vers 2i^ = 4 vers F = -7 — ^-7-7- 
AK r + fer i(r + ^) 

•*• f' + iff= K^' + i^). *s before. 

In this we assume LH = AL = F'F\ but LB - F'F cos /. 
We also assume vers 'HF = 4 vers i^ ; but vers 'ZF < 4 vers F. 
The two ;tma/^ errors exactly balance, however, and result in a 
true formula. 

We have vers i?"' = vers JT* = —^_ , .... (25) 

r + ig 

and vers F" = 



But r' + ig = i(r + ig). 

.-. vers F" = 2 vers F, or F" = i/2F, nearly. 

This is the same relation between F and F" as was above 
shown to exist between the frogs in the case of turnouts to the 
opposite sides of a straight or of a curved track. (Figs. 132 and 
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136.) Hence a set of frogs adapted to a double turnout on oppo- 
site sides of a straight or a curved track is also adapted to such a 
turnout on the same side of a straight track. In case of the 
double turnout on the same side of a straight track, the longer 
radius is equal to twice the shorter radius + iff- 

In case no frog is at hand equal to F^' given by the relation 
vers JP"" = 2 vers F. we mav select 
one, which call F", as near the 
same angle as possible, and find, as 
already shown (see Fig. 129), B 

EF'' = r'+ ig= ^„ and"" 

vers Jf' 

BF" = (r' + ig) sin F''. • Then 
compound the curve at F'\ and 
find the radius OF' to suit the 
frog F\ whether it is equal or un- 
equal to F, 
Let AK = r -{' iff as before. 

Then KF' = r - y. 

Assume 

OF' = r" + y. 

Then EO = r' - ?•", and EK 

BEF" = F", and OF'K 

Let F'KF" = K, We have 




Fio. 126. 

r — r', 
F\ 



Then OF*'K = BEF" - BKF" = F" - BKF" - A, say. 
Again, 

F"F'K— F"F'0 + OF'K= F'F'O -f F\ 
and F'F"K = F'F"0 - OF"K= F"F'0 - A. 

Subtracting gives 



F''F'K - F'F"K ^ A-{- F\ 



/ 
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Also, 
SF" = ^-^y,„ wd UF" = KP" -{r-ig) = e, say. (28) 

Hence 
KF'' + KF = 2(r - y) + e, and KF" - KF = e. 

Applying the "tangent proportion " to the triangle JPy^", 
we have 

e:2{r - ig) + e:: tan i(A + F') : cot JJT, 

or cot iJT = ( ^ "SC^ ^ \ tan i(A + F'). . . (29) 

Now 
BKF' = BKF" + JT. and BF' = 2(r - 1^) sin i^iTJP". (30) 

This gives the position of F\ 
We have 

{(KF*F'' + KF''F') = 90'' - iJT, 

and iiKF'F" - KF"F') = tK-A + i^"), j^st found. 

Subtracting gives 

ifA^'i?" = 90*' - i(^ -f ii^' + JST). 

Adding OF"K = ^ to the above, we have 

OF"F' =r. 90' + Jil - J(i^' + JT). 

Taking OF"F' + OF'2^" = 20F"F* from 180% we have 
F'OF" ^F' -\-K'' A. 

e^inally, Oi^' = r" + i^ = ^2^}rOF'' ^^^^ 
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Suppose the turnout straight beyond F" ^ tbe frog being at Fx, 
In tbe triangle F,KF" . i 

angle F^F"K = 90° - OF"K = W - A, 
.-. sinFiF'^K = cos A. 
Also, KFi =r - y, and KF" = r - ^g -i- e. 

» 

Hence sin KF,F'' = ^ ~ ^^ "^ ^ cos ^. 

»• - ^^ 

TT'iJTF" = 180'' - (KFxF'' + KF"Fy). 



'// 



This gives tbe position of tbe frog F^ . 
ExampU.—F = 6° 43' 59", i?" = 6° 01' 82", F" = 8" 47' 51". 

By Table VI, BF = 80.036, r = 680.306; 

BF'' = 61.204, r' = 397.826. 

By (27), 

tan BKF" = ^}fgt = -0902777. .'. BKF'' = 5* 07' 31". 

A = F"- BKF" = 3** 38' 20"; J. + i^' = 9° 39' 52"; 

i(^ + -F") = '4M9' 56". 
By (28), 

KF" = -^i^ = 680. 702. . • . 6 = 680. 702 - 677. 952 = 2. 75. 

Eq. (29) gives 
iot \K=i ^''^'^^ \ tan K^+-y")=494.056X.0845388=41.76691. 

.-. \K=r 22' 42", and if = 2** 45' 24". 
KF"F' = 90° - \(A -\- F' -\-K) = 83° 47' 22". 



2:22 FIELD-MANUAL POU EKQlNEEUS. 

Then, by (31), 

j^nv' (^ - \9) «i» K 6 77.952 X .0489 43 

^ ^ = sin if ^"i?" = .994131 ' = ^^^^®- 

\{F' -f A' - ^) = 2" 84' 18". 

Then (82) gives 

.-U_l. i^"-^^ 16-^ Oft. .Oft 

^ + *^ = sin i(J^- ^K-A) ^ .044869 = ^^^'^^^^ 
and r" = 363.182. 



CHAPTER IX. 

THE TRUE TRANSITION CURVE. 

The object of this chapter is to make known tlie trve transi- 
tion curve, to show its need, to furnish simple foriLulas for its 
use, and to show its ready application in practice. 

Fundamental Principles. 

When a car passes from a straight line upon a curve, or vice 
versa, it receives a shock more or less severe, in proportion to the 
sharpness of curvature and the rate of speed. This, it is well 
known, is due to a tendency of any body in motion to persist iu 
its direction of motion at every point of its path. 

This shock is damaging to rolling stock and track, causes dis- 
comfort to travelers, and is, moreover, a source of danger. 

It is evident that the elevation of the outer rail cannot obviate 
tJiis difficulty to any appreciable extent ; for it is plain that such 
elevation, which must vary directly with the degree of curvature 
(see Elevation of Rail, Chap. V), can correspond to a gradical 
change of curvature only, and not to a sudden change, like pass- 
ing from a straight line upon a curve or the reverse. 

Whatever, therefore, the elevation might be, a car passing 
from a tangent upon a sharp curve, or conversely, would receive 
a violent shock. The only way possible to do away with such 
shocks and the resulting evils is to interpose between the tangent 
and the main curve a "transition curve." 

A transition curve, as its name indicates, is a curve placed 
between a tangent and a main curve. 

A theoretically perfect transition curve must have the follow- 
ing properties : 

1. It must end on the curve with a radius equal to that of the 
curve, and on the tangent in a straight line. 

2. The degrees of curvature of the transition curve at different 
points must vary directly as their distances from its junction 
with the tangent. 



001 



FIELD-MANUAL POTi ENGINEERS. 



To these must be added the following practical requisites: 

3. The curve should be one easy to understand and esj>ecially 
easy to lay out. 

4. It should be flexible, so as to accommodate itself to the con- 
figuration of the ground and to other conditions. 

Since the curvature of the transition curve is less than that of 
the main curve with which it connects except at and near the ])oii)t 
of tangency, it must lie outside of the latter prolonged. 

Hence, when a curve is located ending in a tangent, it is neces- 
sary either to move the curve inward or the tangent outward, in 
order to interpose a transition curve between them. We will 
suppose the curve to be moved. 




Thus, referring to Fig. 130, AO represents a tangent and A the 
tangent point of the curve Afiy which is replaced by the slightly 
sharper concentric curve kde. This latter curve is connected with 
the original tangent at by the transition curve Omd, m being 
the intersection of that curve with AKy which is the distance be- 
tween the concentric curves, and is called the offset. 

Since the curves Kd and Omd subtend the same central an^le, 
while the latter is flatter than the former it must be longer also, 
and therefore must be back of A, 

Again, since the radius of curvature of the transition curve at 
d is equal to dE, which is less than/j^, we see that the curvature 
of that curve at and near to r7 is a little sharper than that of the 
original curve Afi. 

Now the degrees of curvature of different arcs are as the angles 
^ed in passing over equal len«^ths of those arcs. Hence, in 
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order tliat the degrees of curvature at diffetent points of Onid 
imiv vary as their distances from 0, the angles turned in passing 
over arcs of the same length, supposed to be very short, uiust 
v{iry as the di»^tances of their centers from 0; and the total angles 
turned between and different points must therefore vary as the 
sipiares of the distances of those points from 0. 

Hence if is the total angle rf^2^ turned in passing over any 
length of this curve, as Omd = S, we must have 

S^ = cOf c being a constant (1) 

A transition curve should be long enough to allow the outer 
rail to gain the elevation at d, proper for the main curve without 
inclining too abruptly. 

Froude, Rankine, and others allow an incline of one foot in 300; 
and, since the maximum elevation of the outi r rail should not 
exceed 8 inches or f of a foot, transition curves need not exceed 
f X 300 = 200 feet in length. Curves of any length, however, 
may be readily used by the formulas to be given.* 

Elementary Relations. 

By elementary relations is meant those pertaining to lines and 
angles of the figure. 

1. To find the length of the offset curve in terms of the length 
of the transition curve. 

Let dEK = dgT = Of and S ±= the length of the transition 
curve Omd. Then 

Of 

Kd = -, exactly (2) 

o 

The figure shows that md is a trifle greater than Kd = -, and 

2 

o 

therefore mO is a trifle less than Kd = -. 

2 

g 
Also, ^ is a trifle less than mO, hence a trifle less than -. 

2 

Let dE = R', then 

AT = dh = R' sin (3) 



*The author hopes to pive the pmof of the following formulas in a trea^^ 
ise on the True Transition Curve, to appear later. 
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2. To find any tangent distance. 
We find or=^(l-^4-^-) (4) 

or or = /S cos ^lo, (5) 

450 

4 
or OT — 8 cos - 0, very nearly (6) 

Example.— Let = ^ of the unit angle = 19'. 09859. Then (4) 

gives 

0T= 4^-^+ 81x216 ") ='^(1--^11 +• 00005716-) =.9889465. 

Eq. (5) gives ^ = . 988936A 

Eq. (6) gives 0T= .989046^S'. 

Hence (5) gives result too small by only .00001/8, and (6) a result 
too large by only .0001/S. 

O iu this example is very large and the errors are therefore 
comparatively very large. Hence (6) is sufficiently exact for all 
cases. 

Let R' = KE. Now Kd = KE X KEd. That is, 

l=I^O:o.R' = l^ (7) 

Again we find 

oj* AO = - cos -^0, almost exactly, ... (9) 

S 1 
or ^0 = ^ cos 2 0, very nearly (10) 

For = 19^ 09859, 

(8) gives AO = f(l -.00870+. 00001 143) = .49815.5, 

(9) gives AO = .498155, 
and (10) gives AO = .498265. 
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We observe tbat (9), even for this very large value of 0, gives 
a result true to five places; and that (10) is also practically exact. 
Letting KE = R', we also find 

AO --= fi?' sin |0 (11) 

To find the tangent distance corresponding to any part of the 
curve it is only necessary to substitute in (4), (5), or (6) the corre- 
sponding values of the arc and of the angle. Thus suppose Oa6 

= JjS>. Then the spiral angle for b is —, and we have 

^^ -|(^ - lM + 356$2r6-)= I cos i?. almost exactly. (12) 

Q -I 

= -^ cos-0, very nearly. (13) 



Now, from (10) and (13), 

AA' = OA' ^ 0A = f-(cos JO - cos iO), . (14) 

For O = 19^09859, 

AA' = .00278|- = .00139iS. 

This shows the distance of the middle of the curve & to the right 

> of AmK. 

For all ordinary values of this distance can be neglected and 
the middle of the curve be taken as at m. 
From (9) and (10) we have 

a o 

— - AO = -^ vers AV^ = ^» suppose, . . . (15) 

a o 

and -5- — AO = — vers JO = d, suppose. . .. . (16) 

These values are very easily computed, since the versines of the 

> angles contain few significant figures. 
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a 
Then, d being very small, AO = -w — d may be easily computed 

mentally. 

3. To find any offset, as d2\ We find 



"■^ - ''^F " 43 + 1330 ~; 



S . ^^ , 8 . ^^ ,^ 1 



(17) 



or dT = — sin f -f- = "H" sin f 0, very nearly. . 

Also, rfr=dFcosa J 

For = 19^09859, (17) gives 

dT= M0ZS8, 

and (18) gives 

dT= 410215, 

which is sufficiently accurate even for this very large value of 0. 

The offset for any point of the curve is readily found by sub- 
stituting in (17) or (18) the arc and the angle corresponding to the 
point. 

Thus let c = arc Om, and B = the corresponding spiral angle. 



m. A fE E* E' \ 

Then ^^ = ,^__^ + _-.j 



, . . . . (19) 



M . <5 . ^E ,__ 

or Am = t =z — sm -^ (20) 



Eq. (1) shows that E varies as c'. Also, sin ^E increases less 
rapidly than E^ and therefore less rapidly than c'. 

Hence t increases less rapidly than c'. 

c 
Again, let b be the middle point of the curve. Then Oft = — , 

2 

and the angle subtended by the arc Oab = ~. 



THE TKUE TRANSITION CURVE. 229 

SabstitatiDg these values for 8 and in (17), or for c and E in 
(19), we have 

^'* = 1(^3 - 6i?i +) <21) 

s o 

or -4'6 = -r- sin — , almost exactly. . . . (22) 

The error of (22) is less than .0000005 for = ir.09857. 
^- (7) gives 

^ ~20- 
Also, versO=^|^-- + ^0-j. 

.-. hK=It vers O = /Sf? ~ ^* + -^. - V • 

\^4 48 ^ 1440 I * 



(23) 



or hK = -^ sin f 0, very nearly, (24) 

or hK = T*j/8 sin -^0, almost exactly (25) 

Now from (17) and (23) we get 

t.=AK=dT-hK=8(^^^-^+^^-y . (26) 

Hence 

AT?" * 8.0 8.0 . ,-.^. 

AK = ^1 = — sin -^ + = -- sm ~, very nearly, . (27) 

or AK =z ti = ^iSsin JJ(?, with great accuracy. . . . (28) 
Comparing (18), (22), and (27), we see that 

A'b > \AK, A'b > IdT, and AK > \dT, 
However, when Q is not very large, we hav§ 
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A'h = t-cLfiT = IdT. very nearlr; J . . . (29) 
^ij» = ^AK = Jif r, Terj ncari j. ) . . . (30) 

From aO) and (28) we have 

AK 1^*^ |x2siBiOco8iO 2 o 

AO =5-— ^ S +=3 ^ 4- ^•'^ '^^'^y- ^^^) 

Tbe above yalaes are all Teiy simply expressed in terms of 8 
and O, tbe offset carve being known. 
We now require tbe following : 

4. Having an offset i corresponding to an offset curve Kd, of 

a 
lengtb --- and degree D, to find tbe cbange in tbe offset, or tbe 

new offset, t', for tbe same lengtb of offset carve, wben tbe 

original Afi is a D degree carve. 

S O 

We bave, from (28), AK=^ ^ = — - sin — -, wbenirdisaZ>degree 

O ju 

cr 

curve of lengtb — -, tbe central angle being 0, 

Wben, bowever, Afi is a 2? degree curve, Kd is a curve of 
degree D j^^ = D-=z -> = ly, and, its lengtb remaining tbe 

same, tbe central angle = O ■= —, = (y, and tbe offset t* > U 

H — t 

We find 

^' = * + R~W ^ ^ "^ M-2t ' ^^^ ^^^^7- • (32) 

Or we may find t^ as follows : 

Suppose, for a moment, -ffif, instead otAfy to he & D degree 
curve of radius 22, and compute i or take it from Table XV. Tben 
we bave KB = B — t = R, and of course 2)', witb wbicb we may 
compute t' very accurately, or we can take it from Table XV. 

5, To find tbe offset AK = Mn terms of tbe central angle 
and tbe radius KE = B' or of AE = B. 

Substituting 20B' for 8 in (27) and dividing by 22' gives 

22' ~ V6 168 "^4680 J ^""^ 
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Represent tlie series by e ; then 

-—=ie, or t r= R'e (84) 

Substituting B - tiov B' in (34), we find 

' = «TTi <''^ 

But « = f vers |0 -f- = f vers jO, very nearly. . . (36) 

Hence, from (34) and (36), 

t = i?'f vers |0, (37) 

and, from (35) and (36), 

_ B vers |0 
^ ~ I + vers fO' ' • (^) 

6. To find the angle between the tangent AO and any radius 
vector or cbord drawn from 0. 
We find 

^- = tan ^0(« = ^ + -- + ^^, very nearly, . (39) 
Omd representing any arc. 

.-. AOd < -g-j hut AOd = —, very nearly. . (40) 

The angle — between AO and the radius vector Od may be 

called the polar angle. 
Again, 

-. = tan AOd = f tan -^0 with great accuracy. . (41) 
Ex(miple.—het = 6° 48'; then ^\0 — V 59', 
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The formulft gives 

tan AOd == f tan 1* 59' = .0395766. 



which is but a single second less than -jj-. 

o 

The series (39) would give precisely the same result. 

Furthermore, —-^AOd varies as 0*, nearly. 

o 

Hence for O = 13** 36' AOd = -^ - 08", nearly. 

o 

Referring to (39), we see that -- increases more rapidly th.an O, 

and therefore more rapidly than 5*, and still more rapidly tban 
d^. Hence i increases more rapidly than d^. For all values of 
E or not very large, it is plain, however, that t increases nearly 
with d*. 

In the cubic parabola whose equation is o^ = a^y, AO in the 
figure being the axis of a?, the offsets do increase as the cubes of 
their distances from 0, measured along AO^ increase. 

For all values of 0, not large, such curve fulfills the theoretical 
requirements of a transition curve with reasonable exactness. 
As O increases, however, the curve departs more and more from 
iihetniie transijtion curve and becomes more and more unsuitable 
.'for a transitiion. curve. 

Moreover, this curve has a minimum radius of curvature ivhich 
(Cannot be passed in lusing it as a transition curve, and wbicli 
\Would be rtroublesome ;to many. Furthermore, the deflection 
langles are fractional, are subject to no simple law, and therefore 
•require special computation, which is not the cas^, as we ^ball 
see, with ;the true transition curve. 

7. To .find the point of ;the curve Omd where ithe qurve :is 
iparallel to i the, chord. 0<?. 

.Let p'be the point. Since at the curve makestthe angle -^O 
with Od, it changes direction \0 between and j?. But it chang-es 
direction an amount between and d. Now since these 
cbanges are proportional to the squares of the distances Op and 
Od, we have 
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.'. Op= i^iOd = ,677SWd or, Op == ^Od, nearly. 

8. To find the tangents dg and Og. 

We have dOg = ^0, 

and hence .*. Odg = |0, very nearly. 

Also, from (18) , dT = - sin f 0. 

, dT 8 sin |0 

sin O 2 sm ^ '^ 

0. To find the length of any radius vector or chord Od and 
the angles between these chords. 
We have 

angle AOd =^ ~, 

and dr=|-sin|0. 

. /^^ ^m • ^ 5^ sin |0 „ 

Then 8 — Od = 8 vers % (44) 

o 

Hence any radius vector is equal to the arc it subtends multi- 
plied by the cosine of its polar angle. 

liCt c = arc Oa = arc a6, etc.; these arcs being sufiiciently 
short not to differ sensibly from their chords. 

Let = spiral angle of Oa, 49 = spiral angle of Ob, etc. 
Then 

d 6 

chord Oa = c cos --, or arc Oa — chord Oa = c vers — , 

o 3 

chord Ob = 2c cos — , or arc Ob — chord Ob = 2<j vers — , etc, 

o 3 
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Example.— Let Q = 30' and c = 100. 

Since Oa subtends an angle 6, it would subtend an angle 26 
if the curvature was everywhere the same as at a; and since 
Oa = 100, the curvature at a is therefore V. 

Since Ob subtends an angle of 46, and would subtend an angle 
of 86 if the curvature were everywhere the same as at b, and 
since Ob = 200, the curvature at b is 

1 = 49 = 3-. 

Similarly we find curvature at <; = 3% etc. 

Or, since at a the curvature = 1*, at 6, c, etc., it is 2*, 3**, etc. 

Then the chord Oa = 100 cos 10' = 99.99958; 
the chord Ob = 200 cos 40' = 199.986; 
the chord Oc = 800 cos 90' = 299.897; 
the chord Od = 400 cos 160' = 399.567, etc. 

We observe that, as 6, 46, 96, etc., increase as 1*, 2*, 3*, etc., 

the versines of these angles increase as 1*, 2*, 3*, nearly; and 

6 46 

c vers — , 2c vers — , etc., increase as 1*, 2*, 3*, etc., nearly, 
o o 

We can also find the long chords Ob, Oc, etc., from Table IV 

opposite the degrees of curvature of the arcs Ob, Oc, etc., at the 

points where they are parallel to their chords. Thus the degree 

of curvature for arc Ob is 

120' X .57735 = 69'.28; 

then chord Ob = 199.986. 

For arc Oc it is 180' X .57785 - 103'.92; 

then chord Oc = 299.897. 

For arc Od it is 240' X .57735 == 138'. 56; 

then chord Od = 399.568. 

We have 

AOa = -^; AOb ^ ^; AOc = ^; AOd ^ — , etc. 
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Then, by subtractioD, 

^, 40 - Q 39 ^^ 9Q - 49 59 ^^ 169 - 99 79 ^ 
a06 = — y- = -, 60c= — = -, cOd= = j, etc. 

Hence these angles between the chords are in the ratio of the 
odd numbers 1, 8, 5, 7, etc. 

10. To find any deflection angle, as dbl, at any point b; also any 
chord bd. 

bl being the prolongation of Ob, we have 

^ _ - sin bOd 

tan M = 



cos bOa r^ 

dO 



Then Odb ^ dU -- bOd and bd may be found by the sine propor- 
tion. 

Or as follows : Let e and Ci represent the chords Ob and bd, and 
8 and 8i the corresponding arcs. Let Oa = 1, and 9 = the spiral 
angle for Oa. Then 

AOd = (8+ 8^y^, AOb = ^4» 

o o 

and hence dOt? = 8,(28 + ^O^" (45) 



Now sin 6dO =: ^ sin ftC^rf = - sin 8i{2S -f /Sx)^-. 

Oa Ci o 

Now — = "H"' nearly* 

.-. WO = ^. ^,(25 4-i^i)|- = i»(2i5+>S^i)-|-. nearly. (46) 

This amounts to assuming that the angles bOd and bdO are in the 
ratio of the arcs bd and 50, which is very nearly true. 

Now dbl = bOd + bdO = (5 + fi^,)(2/S + /»,)|-. . . (47) 

9 
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We may find any chord, as bd, with sufficient accuracy from 
Table IV, opposite the degree of curvature of the middle of the 
arc bd. 

11. To find the exsec dV, also TV, etc. 

dV= dT sec TdV= f sin f sec 0, 

or dV - JEV - Ed := R Bee - IT; 

a 
TV = dr tan = - sin f tan 0; 

0V= 02 + TV. 

12. To find the radius of curvature at any point of the curve 
Omd. 

We have B!=^^^ (48> 

Since i?' is a radius of the transition curve expressed in terms 
of the arc Omd and the angle dgT, the relation is perfectly 
general. 

Eliminating between (1) and (7) and omitting the accent, we 
have 

* = &• (49) 



This shows that the degree of curvature varies directly with the 
length of arc measured from 0» which agrees with the definition 
of the curve. 

13. To lay out the curve by ordinates, or offsets from the tan< 
gent AO, 

We have, by (18), 

op = \0a sin 2A0a; 
A'b = iOb sm 2A0b; 
eC = JOc sin 2^0<J, etc. 
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I^t the spiral angle of Oa = 30'. Then AOa = 10', AOh = 40', 
AOc = W, etc. Hence 

ap = 50 sin 20' = .291; 

bA' = 100 sin V 20' = 2.33; 

cG = 150 sin 3° 00' = 7.85, etc. 

Now set a 100 feet from O and .29 of a foot from A0\ 
h 100 feet from a and 2.33 feet from A0\ 
e 100 feet from 6 and 7.85 feet from AO, etc. 

We also have, from (6), 

Op = Oa cos ^AOa; 
OA' = Ob cos iAOb, etc. 

But these quantities are not needed. 

Special Problems and Examples. 

The reader will observe that since Kd = , when either Kd 

or Omd is known the other is known also. 

Problem 1. — Given the length and degree of Kd, Fig. 130, to find 
tbe offset ^^and tangent distance AO^ and to lay out the curve. 

Example 1, — Let Kd be a 9' 36' curve 100 feet long. 

.*. Omd = 200 feet. 

Eq. (16) gives 

-- ^ AO = -~ vers — = .088. 
a 4 ^ 



.-. .40 = f- - .088 = 99.912. 



Eq. (27) gives 



. 

sin -~- 

^=|._i = 100?i54i«' = !f?= 2.789. 
Or ^JTand AO may be taken directly from Tables XV and XVI, 
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To Lay out the Curve. 

Use four 50-f eet chords, for example. dOg = -- = 3" 12' = 192'. 

o 

Set the transit at and turn off from AO, 

irf = 12' for station (a); 
16 ^ ^ 

12' X 4 = 48' for station (6); 
12' X » = 1** 48' for sUtion (c); 

and 12* X 16 = 3" 12' = ^ for station (d). 

o 

Or, having computed the first deflection angle (12'), find it in 
column 1 of Table XVII, and opposite it, in columns 2, 3, etc., are 
the deflection angles for stations 2, 3, etc. 

Proceed in precisely the same way in any case. That is, divide 

dOg = -5- by the square of the number of equal chords to be used, 
o 

i^vhich gives the deflection angle for station 1; then multiply this 

angle by 2* = 4, 3* = 9, etc. , for succeeding stations. Or take 

the angles, after the first, from Table XVII. 

Measure the chords Oa, ab, etc., as for a uniform curve. 

Example ;?.— Let the degree of Kdhel/ = S° 20', and 3 = 300 
feet. Then 

^d = ??? = 150 feet, and dEK = i^ x 8* 20' = 12* 30' = 0. 

^ = 6* 15', ^ = 4* 10' = 250', and ^ = 3* Tf. 

Compute as above, or Table XV gives 

AK = 5.44, 

and Table XVI gives AO = 149.78. 

250 
Using chords of 50 feet, the first deflection angle = -— = 06'. 95 

36 

or 07', and the succeeding angles to the nearest minute are 28', 

1 ° 03', 1" 51', 2** 54', and 4* 10'. 
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It is not necessary to know AKU\ order to lay out the curve; but 
AO must be known to give tlie beginning of the ciirv*^. 

Problem S, — Given the degree of the offset curve Kd and the 
offset AK, to find the length of the transition curve, etc. 

ExampU.'-LQt radius EK=: IV = 698.73, deg. 1/ = 8** 12'= 492'. 
Offset ^jr= 4 feet. 

From (87), 

vers iO = ^K = _g_ = .00763; 

.-. O =10° 87i', ^ = 3** 3^' = 212J', and j = 2" 39i'. 
Then 
Kd = i8^ 100^, = 100 . ^Jl^i' = 100 ?g^^ = 129.60. 

Table XVI gives d = .14, and therefore AO = 129.46. 

Use five chords, each' — '-— = 51.8 feet in length. 

5 

2124 
The first deflection angle is —~^ = 8.5, and the successive an- 

25 

gles are 34', 1" 16^^', 2* 16', and 3" 32i'. 

In case it is desired to use an offset of an approximate given 
length, it is generally sufficient and best to take Sin round num- 
bers so as to correspond with the desired offset sufficiently near, 
and then proceed as in Problem 1. Table XV very much facili- 
tates this operation. Thus for i>' = 8° 12' and 8 = 250. we find 
(by interpolating for the .02' above 8' 10') offset = 3.72 feet. 

Also, 

= ^ i>' = 10* 15', ^ = 205', and ^ = 2'' 34'. 
100 o 4 

Then Table XVI gives d = .12, and therefore 

^0 = 1^ - d = 124.88. 

Problem S, — Given the degree (/>') of Kd and the tangent dis- 
tance AO, to find the length of the transition curve Omd, and the 
offset AKt 
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Example,— Let i>'=r 36', .-. i?'= 596.83, andlet ^0 = 99.912. ] 
From (11), 

sin JO = 99.912 -j- 1342.87 = .07440; 
.-. = 9*36'. 
Prom (10), 

^ = 99.912 -J- .99912 = 100; 

. •. >S = 200. 

Now (27) ot Table XV gives 

^^=2.789. 

Remark. — If 8 (or Kd ^ ^) *^^ ^^ ^ K *^^ t ^^^ &^^^t '^^ 
have cos — = -40 -4- ^, wliich gives 0. Then D' = -=:-. 

Or, under 8 in Table XVI, find d ^ — — .40, opposite which, in 

2 

column 1, is 2>'. Then 

= Ajry. 

200 

Then AK = f^ sin ^; or, with 1/ and 8, Table XV gives AK. 
o « 

8 8 

If iS and ^^= -- sin — are given, sin — - = AK-h- — . Or 

o « ^ o 

under 8 in Table XV find AK, opposite which, in column 1, isl^. 
Then as before. 

If 410 and ^^are given, (31) gives 

.0 S AK 
^^^4=2ZO- 

8 

'10) gives — = AO sec — . Then as above. 
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PrMem 4. — Given tbe degree D of the main curve Afy and tbe 
length of Kd or of Omd to find the offset AK, tbe tangent dis- 
tance AO,eic. 

Example i.-Let AE = R= 599.63, .-. D = 9** 33^'. Let 
S = 200. 

Then Kd = 100, Af> 100, and = degree of Kd == D' > B. 
Assume =: D =z r 33^'. Then ^ = 4** 46f, 

and, from (27), AK = 100 sin lli?i! = 2.776; 

Then i2' = i? - ^ = 596.844. 

.-. J7 = 9" 36' = 0r, ^' = 4^ 48'; ^ = 192', etc. 
Now aO = 100 COS 2" 24' = 99.912. 

Or these values of .4Zf and AO may be taken from the tables. 

The above value of offset is only approximate ; but AO. and 
not AK, is used in laying out the curve. To show the trifling 
effect upon Kd and -40 of an error in the offset we now compute 
corrected offset. 

We have AK = f = 100 sin ^-^ = 2.789. 



Let i?" and i>" represent the new values of Z?' and D\ 
Then J2" = i? - ^' = 596.831, and D" = 9" 36' = ly. 
Or Table XV gives opposite 9" 33i' t = 2.776. 

ThejQ R' = R- 2.776 = 596.844, and IT = 9" 36'. 
Now opposite 9^ 36' we find f = 2. 789, etc. 

It is seen that f, the corrected va^lue of t, exceeds t by only .013^ 
and therefore ;i?", the corrected value of R\ falls short of R' by 
the same amount; soithat I/' exceeds 1/ by only f of a second and 
does not appear in the result. This } of a second in 7)' or de- 
creases AO by.less than two unitsof the fifth deciui^l place,. 
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We thus see that the assumption, /tt the purpose of computing 
the offset, that the degree of Kd is the same as that of Af, leads to 
only a small error in the offset and to an exceedingly small error 
in the essential quantities involved; so that it is useless to recom- 
pute the offset, etc. 

We also have, from (32), 

r = t + 



R-2t' 



Example ^.-— Let AE = R= 674.07, .-. J9 = 8* SC. 
Let 8 = 800, then Kd = 150. Af > 150, and > JD. 

Assume = f 2> = 12" 45', and ^ = 6** 22^'. 

rru Air * ^ ' ^ 100sin6*22i' ^_ 
Then AK =z t = — sm — = 5 = 5.55. 

O « a 

Hence K = 674.07 - 5.55 = 668.52. 

.-. jy ^z^'' 34'; = iU = XT 51'; ^ = e** 25^'; 

^ = 257', and ?^ = 3" 12f'. 
o 4 

It is useless, as already explained, to compute a corrected offset 
t\ since it would not increase D' but little over 2", nor decrease 
AO by a unit of the fourth decimal place. 

Now AO = 150 cos 3' 12f' = 149.76. 

Problem 5. — Given the degree of the main curve and the length 
of the part Af replaced, to find the offset AK^ the tangent dis- 
tance AO, etc. 

Example,—ljG% AE = B = 599.62, .-. D = 9*^ 33i'. Let 4f = 
100. 

Then 

= 7) ; f = 6^ 22'e; ~ = 191', and ^ = 2' 23'i. 
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By (38), 



^ ^ R vers f 599.62 X .0061746 « „^. 



I + vers \0 



1.8395 



Hence 



and 
Now 



EK=R = 599.63 - 2.764 = 596.87, 
ly = 9' 36'. 

f-= JSrd = 100^ = 99.54. 



Table XVI gives for D' = 9''86' and 8 = 200, 

^-^O = .09; 

.-. ^0 = 99.45. 

Use four chords each ' = 49.77 feet long. 

2 

The deflection angle for the first station is ^^ = ^2', nearly, 
and others are 48', 107V, and l^l'- 

Problem 6. — To replace each half of a simple curve AfA', 
Fig, 131, of radius R and degree i) by a transition curve. 




Example.— l^t i?= 716.2, .. 2> = S\ AEV" j^V = = 19% 
etc. 
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Eq. (38) gives 

,^_ 716.20 X .084838 _,, ,, 

"^^ TasTT ^^•^- 

Hence 

^ = 716.30 - nM = 703.38, and i>' = 8' 8f' = 8M46. 

8 19 

Table XVI gives AO = 238.44. 

238 24 
Using eight chords each — ^ — = 58.3 feet long, the deflection 

o 

angles are 

6*20' 

-er = «'«^- 

4 X 5'.94 = 24'; 

9 X 5'.94 = 53i'; 

16 X 5.94 = 1" 35', etc. 

This problem is the same in principle as the preceding. 
Tbe next problem is preferable to it in most cases. 
Problem 7.— To connect the tangents ^ Fand ^' F(Fig. 131) by 
two transition curves each of a given length Od = 8. 

Example.— Let Od = 8 = 600, and AEV= = 25° 36/. 
Now Kd = f--f^O, 

100 
Degree of Kd = Z>' = ^0 = ^0 = 8" 32' = 5ia\* 

.\ K r= 671.43. 
Eq. (10) or Table XVI ^^Ives 

^0 = SOO «os r 24' = 298.13 

Also, ^ F = 72 tan =5: 332.31 
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This gives the tangent point 0, Using ten chords each equal to 
60 feet, the deflection angle for the first station is f JJ = 5M2, 
and the successive deflection angles are found as usual, ^l^may 
be computed as usual, and then AE = li = AK + 22'; but they 
are not needed. 

Problem 8. — To connect the tangents A Fand ^' F(Fig. 131) by 
two equal transition curves having a common vertex distance 
dV = e, 

Exiimple.^het e = 60, AEV= = 20% -„- = 18° 30', ^ = 400'. 

From (18\ ^ =d F--,-^ = 244.48. 

From (6), 

OV- 02'+ TV= 8 cos ii^O + dVsin O = 503.55. 

This gives the tangent point 0. 

244 48 
Using ten chords each — ^ = 48.9 feet long, the deflection 

400' 
angle for the first station from is —r-zi = 4', and the following 

are found as usual. 

This problem serves to connect two tangents by two equal 
transition curves having a vertex distance equal, for example, to 
that of any simple curve. 

Problems 7 and 8 show that the transition curve may take the 
place of a simple or compound curve without interfering in the 
least with its use at the same time as a transition curve. It iy 
therefore more general in its use than those curves. 

It may be impracticable to lay out the whole curve from 0. 
Suppose the part Oc = 8 
(Fig. 132) to be laid out ^ 
from 0, and the transit 
moved to c. Let e repre- 
sent any station, and ce 
= Si. Let Oa = ly and 
= the angle turned be- 
tween and a. Prolong 
Oe to any point I. Draw Fio. 132. 

tangents At <J and «f Let c ftnd Ci represent the chords Oc and ce. 
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Then, see eqs. (45), (46), (47), 

ee0=z8(28+8,)l\ 

o 

and ecl = {8-\- 8iY2a +i9i)|. 

Now tlie transit being at c, sight to 0, reverse on I, and turn off 
successive angles found by putting St = 1, iSi = 2, etc., in the last 
equation. These angles are 

{8 -h 1 ){28 + 1)^. {8 + 2)(2^ + 2)|-, etc. 

Then measure ed, de, etc., as usual. 
The curve may be easily retraced from e toward 0. 

We have td = OcK' = 2A0c = 28^~. 

.-. ect = ecl-'icl=[{8-^80{28+8x)--28^]~ = 8,{Z8Jt8i'^. (50) 
Again, 

eet = Oet — Oec = 2A0e — ceO 

= 2i8-\-8^yt-8(28+8,f^ = 8^m+28^)~, . (51) 

Let 8' = 8-{- 8,. Then, in (51), 

for the first station from" e put 8 = S'-— 1, and Si = 1; 
for the second station from e put 8 = 8* — 2, and 8i = 2, etc., 

giving the angles (8" - i)0, (8 - f )2G, etc. 

Turn off these angles in succession from the tangent ei, and 
locate dy c, etc.; otherwise as usual. 

Problem 9. — To substitute a transition curve for an end portion 
of a main curve without moving the rest of the curve. 
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Let Aide (Fig. 133) be a part of the main curve tangent to OT 
at^i. Suppose the curve 

deir,\irithdE'=Ii'<dS ' ^i-i^ ^ '^ 

— i?, to be run from 
some point(Z of the curve 
AidCy through an angle 
KE'd=AxEd=Ox, and 
draw dHHi parallel to 
OT. 

Suppose a transition 
curve emO, having a 
central angle KE^e = Of 
to connect this curve 
with the tangent OT at Fia. 133. 

0. The point d must be taken far enough from Ai to give room 
for the transition curve between d and the tangent AO; and Bf 
cannot be < f JS, for, if so, KH would be < ^Aff, or AK would 
be > ^AHt and no transition curve could connect Ked and the 
tangent AO, 

Draw en parallel to OT. Then 




Kn = filw. 



In general we have 



AH - Aiffi = B vers Oi, HK = H' vers 0,. 

KH IT 



AH " R 



(52) 



If i2' = \R, KH = }^-ff and the transition curve begins at d. 
U Bf > \r, KH > iAHy or AK < iAH, and the transition 
curve begins at some point between K and d. 
We have, from the above, 

AK= AH- KH= {R - B") vers 0,. 



Also, 



nK = SAK = 3(i2 - B') vers Oi. 



Bf 



HK 



nJS 3{B - U')' 
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HK B' vers Oi vers 0, 



But 



nK R vers vers ' 

versOi ___ jfif 

versO "" 3(22 - iT)' 



^^^' ^^ = 3(ig^ m ^^™ ^ = 3(F?:^) ^"^ ^- (^^ 



Since £<i and Aid subtend tlie same angle, 

Kd _^ _D_ 
Axd" R ~~ W 

We have seen that if from any point d of a curve Aide of radius 
B a curve deK be described with radius R = }i2, then a transi- 
tion curve connecting Aide with the tangent AOi will begin at d. 

When, however, Axdc is a sharp curve, the change from radius 
B to radius |i2 would be rather too sudden, and therefore it is 
best to take Bf > ^B and commence the curve at a corresponding 
point e given by eq, (53). 

B' = iB, or B' = Ji?, or B' = j%B 

are practical values for 72'. 

The ratio — =r = 57-5 ^. shows that the larger 22' is the 

7iJi. o\M — M ) 

UK 
larger — == is, and therefore the longer the connecting branch d^. 

It is not necessary to run the curve deK much beyond e\ but if 
run to Ky we thus determine A^ which is opposite to K. In this 
case the position of T is not needed. 

A short solution of this problem sufficiently accurate, unless 
Is tery large, is the following : 

We have approximately 



Kd' HK _ j^/H^^ 
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This formula gives only slightly too small a value for Kd. 

Example i.— Let R = 954.9 (D — 6°), and Ome = 200. 

Let E' = -ff^Ry then If = ^D = 6" 40'. To find d, e, and 0, 
and to locate the curves. 

We have KE'e = = 2/ ^ = i/ = 6* 40'; 

vers Oi = 57= =7r vers = 3 vers = .02028; 

o(xfc — 2* ) 

.-. Oi = 11' 56'. 
Hence Aid = IQO^^ = 192.7; 

JTd = ^Aid = JJy^xd = 173.4; 



de=:Kd- Ke = 73.4. 

Or, by (54), Kd = 100 |/8 = 173.2; 

de=:Kd- Ke = 73.2; 
^i(i = V X 173.2 = 192.4, etc. 



Now -40 = I cos ^ = 100 cos V 40^ = 99.96, 

2 4 



or TO = a cos jO = 200 cos 8* 18' = 199.70. 

Also, ?^ = 133'. 

o 



For foar equal chords the first deflection angle is 

^^' - 8' 3 
— -8.3. 

Other deflection angles are found as heretofore. 
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Measure off AO = 99.96 feet or TO = 199.70 feet ; set tUe tran- 
sit at 0. and locate the transition curve Ome as usual. 

Then observing that Oe^ — f 0, giving the position of the tan- 
gent at «, locate the branch de. 

Example -^.— Given JR = 716.2 (2> = 8°), B! - ffi, .*. 2>' = 
f Z> = 9*", and 8 = 300 feet, to find the tangent points d, e and 0, 
and to locate the curves. 

Since JTe = s- = 150 feet, 

KE'e = iiy = 18* 30* = 0. 

vers Ox = o7i5 ST vers = | vers = .07368. 

... Ox = 22° 08' = 22M3. 



22.13 
Then Kd = 100 —^ = 245.9, 



and de = Kd- Ke=i 95.9 ft. ; Aid = |^d = 276.6. 

Or, first find Aid, then Kd and t?6 as in the preceding example. 



A^ ^ 300 cos 3° 22' ^.^^. 
Now ^0 = ^ cos — = ^ = 149.74. 



Also, — = 270'. 

270' 
For six equal chords the first deflection angle = -—- = 7'.5. 

36 

Locate the transition curve Ome, and then the branch de as shown 
above. 

If KE'e = is given instead of 8, we have 

,-^ S ^ ^^ 
Ke = ^ = 100^. 

which gives 8, Then find Oi as before, etc. 
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1 f it is desired to make a given offset i, we may find 8 by Table 
XV, corresponding to ^and D', and then proceed as before. 

Comparison between the True Transition Curve and the 
Compound Curve commonly used for a Transition Curve. 

This compound curve is one of any number of branches, the 
curve being ** compounded at the end of each chord." 

The degree of the first branch is made the common difference of 
the degrees of the curve of the succeeding arcs. 

Thus suppose the chords each 100 feet long, and the degree of 
the first branch 10'. Then the degrees of the succeeding arcs are 
20', 30', etc. 

Such a curve inclines to the tangent, at all points, too much, 
the inclination at the middle of any chord being precisely what it 
should be at the end of the chord. 

This has the effect of making the tangent distance somewhat 
too short and the offset much too long. 

Thus at the end of the tenth chord the approximate results are : 
tangent distance = 997.32 and offset = 55.89. Whereas the true 
tangent distance = 998.82 and offset = 48.40. 

The errors increase with the sharpness of the curve and with 
its length. 

It is to be noted that the true transition curve is continuous ; 
whereas the approximate transition curves, used as such, are dis- 
continuous. Any point on the former can be determined at once 
and without reference to other points ; whereas, in the latter, 
points on the curve must be found consecutively. To find a point 
at the extremity of a chord, for example, points at the extremities 
of all preceding chords must be found. 

Thus the laying out of such a curve is, for this among other 
reasons referred to, necessarily laborious. 

Mr. E. W. Crellin, C.E., now of Des Moines, Iowa, explained 
the nature and to some extent the properties of the true transition 
curve in an article in the Transit, published April, 1890, by the 
State University of Iowa. 

The author is not aware, however, that any general discussion 
of the curve has heretofore been made ; that its general proper- 
ties have been found ; that practical formulas for it have been 
deduced ; and that its applicability has been shown. 

A writer on transition curves says that "the theoretic curve 
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wLicb should be adopted is a form of the elastic curve, which, on 
account of the trouble in locating it, has been supplanted by 
various approximations, such as the curve of sines, parabolas, 
etc.; these being easier to locate in the field/' 

The true transition curve, as we have seen, is, on the contrary, 
much more easily located than any of the approximate curves 
used. 



CHAPTER X. 

CALCULATION OF EARTHWORK. 

This chapter, for obvious reasons, does not constitute a com- 
plete treatise on earthwork. 

The object here sought is to treat in the most simple manner, 
and by means of the shortest formulas, the usual cases that arise 
in practice. 

To compute the contents of an excavation it is, in general. 




Fio. 134. 

necessary to divide it into a number of prismoids by cross-sections 
at the stations and at other suitable points. 

A prismoid is a volume the ends or bases of which are parallel 
planes, and the lateral surfaces are either planes or warped sur- 
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faces, sucli as may be generated by a right line moving along two 
lateral edges as directrices, these edges being right lines joining 
corresponding angles or corners in the bases. 

Thus let Fig. 134 represent a prisnioidal excavation between 
the cross-sections at G and C\ 

HabKG represents one end, and the same letters accented repre- 
sent the other end. aba'h' represents the roadbed, aa'HH' and 
hh'KK' represent the side slopes. CCHH' represents the surface 
of the ground on the left of the center line (7C", and CC'KK' the 
same on the right. 

Formulas for Sectional Areas. 

Let 6 = the width of roadbed ; 
S = slope of sides ; 
c = depth at center stake ; 
7i and k = depth at side stakes ; 
d and e =. distances from center to side stakes. 

A. For ground level laterally the section abHK (see Fig. 135) 
is a trapezoid, having an average width of 



Aa -\ cib = cS -\- hy and area = a = c{cS + h). 



(1) 




B. When the ground slopes are not the same on opposite sides 
of the center line as shown in Fig. 136, we find as follows : 

Prolong the side slopes Ha and Kb to intersect in E, 



Now 
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Then area GHEK = \GE X AB = ~(c + A)(<^ + <^)'» 



area of obE = aD X DE = 



45' 




Then area GHabk 



= ^ = K'+i>^ + ^>- '^ 



45' 



ft 6^ 

We observe that -^-^ and -— - are constant for the same slope 

3o 4o 

and width of roadbed. Represent the former by i and the latter 

by a' and we have 

area dbHK = a = l(c +*i)((Z+ e) - a\ . . (2) 



For another section 



ax = i(<j| + %Ux + «,) ~ a'. ... (3) 



Let CE = <J + t = C, and AB = d -\- e = B, and we have 



area of GHdbK — a — \GD — o'. 
Similarly for another section 



(4) 



«! = J(7,A - a'. 



(5) 



These are the simplest formulas possible for this case, since 
each requires but a single multiplication, while any other formula 



^oG 



ftELD-MAKUAL FOR EKGINEERS. 



requires two maltiplications. These formulas have been used by 
the author for more than thirtj years. See correspondence in 
the Engineering News, vol. 32, page 73. 

When the surface of the ground is irregular between the center 
and side stakes it is best to divide the cross-section into trapezoids 

by dropping perpendiculars 
to the roadbed at those 
stakes, and at each break in 
the surface between them, 
thus forming a number of 
trapezoids as shown in Fig. 
p >^ |. Q 137. Then the area of the 

Fio. 187. section is equal to the area 

!^ of the trapezoids less the area of the triangle bBK. 




Formulas for Regulab Excavations and Embankments. 

A. The volume of a prismoid may be exactly calculated by the 
prismoidal formula,* which is 



^ - g-(« + 4w» + ai), 



(6) 



in which V= volume, I = length \ a, ax = the areas at the ends, 
aud m = the area of the middle section. 

To find the volume in cubic yards, divide the above by 27. 

Siuce the linear dimensions of the middle section are arith- 
metical means of the corresponding dimensions of the end 
sections, we have 



m 



= K^) (^^) - «' = *<^+ ^'>(^ + ^'^ - < <') 



in which a' = the area of the triangle under the roadbed. 

 The late Prof. W. M. Gillespie proved, many years ago, that the pris- 
moidal formula is applicable to a prismoid having one warped surface ; 
and the late Prof. De Volson Wood afterwards proved that the same 
formula is applicable to a prismoid having two warped surfaces. 

The author proved (in 1869) that the formula in question applies directly 
to a prismoid having any number of lateral surfaces, any number or all of 
which are warped. 

Mr. A. M. Bannister, C.B., of Lansing, Mich., Mr. Cornelius Donovan, C.E., 
of Port Eads, La., and others are acquainted with the facts. An elegant 
proof was since given by Prof. George Bruce Halsted of Austin, Texas* 
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B, Substituting the values of a, flti , and m in (6), we find 

vol = i^^ + ^)- -^(C - C^KD - A); . (8) 

vol = ;w +^((7- C7,)(J9- A) (9) 

We observe that C — Ci = c — Ci. 

— — I — — -] is called the *'end area volume," and tin the 

middle area volume. The above equations show that the former 
differs from the true volume twice as much as the latter and in 
the opposite sense. This may be shown symbolically as follows : 

—{a + 4w - a.) -- 2 (» + «i) = j(^^n - a - a,); 

—(a 4" 4w + ai) — Im = ~{a + ai — 8m). 
6 o 

The last of these equations is one half of tlie first with a contrary 
sign. 
In case the prismoid is level laterally we have, from Fig, 135, 

D ^ AB=:db + 2Aa = 6 + 2cS. 

Similarly A = & + 2€i8. 

.-. D - Di = 28{c - c). 

Hence vol = M "g + 3 ) - -(j-(^ - <^0*» • • • (I'O 

IS 
or vol = 1171+ --{c — <j,)' (11) 

To generalize equation (8): 

Let a, ai , at . . . an represent areas of sections ; 
Cj Ci f c-i . . . Cn represent center heights ; 
and d, dif di . . » ^n represent tl e extreme width of sections, 

as ABy Fig. 13^, 
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Then expressing volames of saccessive prismoids, and adding, 
we get 

vol = l{ia + «i 4- fla 4- . . . -f ia„) 

- ^ [(C - Cx){d -d,)... (Cn-l - Cn)idn^l - dn)l (12) 

The areas of one half of the end sections appear, and the whole 
areas of other sections. 

The correction for each prismoid must be taken separately. 

Let Fig. 138 represent a longitudinal section of a **cut" 
through the center line. Drop the perpendiculars CD, C\Di , etc., 
and at the middle points of DDi, DiD%y etc., erect perpendiculars 
MEii M^Fy etc., to meet horizontal lines through (7, (7,, etc. 



• Eg Ca G 




D M Di Ml Djj M2 D3 M4 D* O' 
Fio. 138. 



Then the first part of formula (12) gives the volume represented 
by GDME + E.MM^F -\- EiMxM^G + etc., and the second part 
furnishes the required corrections. 

Example.—ljQi 6 = 20 and « = 1. Then (see Fig. 136) DE = 
10 and area ahE = 100. Commencing at C, let the center heights 
be 3.0, 6.0, 7.0, 5.0, and 2.5, and distances out be 
26.0, 33.2, 34.8, 31.6, and 26.0. 



Now, by (2) or (4), 






ia - i X 13 X 26 - 


50 


= 34.5 


ai - i X 16 X 33.2 • 


- 100 


= 165.6 


a. - i X 17 X 34.8 


- 100 


= 195.8 


as - i X 15 X 31.6 - 


- 100 


- 137.0 


^^4 = ir X 12.5 X 26  


- 50 


= 31.25 



i.eu 



564.15 X 100 = 56415. 
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Also, (c - c,)(d - d.) = 3.0 X 7.2 =: 21.6 
(Ci - c^){di - di) == 1.0 X 1.6 = 1.6 
(ca - Ci){di - dz) = 2.0 X 3.2 = 6.4 
(cs - C4){di - (^4) = 2.5 X 5.6 = 14.0 



43.6 X W = 363. 
Therefore volume = 56052 cu. feet. 

These quantities may be taken at once from suitable tables, 
thus requiring only a few additions to give volumes of about as 
many prismoids. 

The prismoids ending at and 0' are best computed separately. 

To compute GDO, 

Let BO = V = 15. The distance out at = & = 20. 

Then ^al' = 34.5 X 75 = 2587.5 

and ii(c - 0){d - 6) = 6.25 X 3 X 6 = 112.5 

.', volume = 2475.0 

If the ground is not level laterally in the region of (or (/), we 
must take cross-sections where the center line or either edge of 
the roadbed comes to grade and compute the volumes between 
the cross-sections separately. 

Generalizing eq. (10), we have 

vol = l{ia + ai + . . . + a»-i + Jan) 

- ^[(C - «x)' + id - C,y + . . . (Cn-i - Cnn (13) 

The areas may be computed by eq. (4), and the quantities within 
the brackets by a table of squares ; or all may be found by suit- 
able earthwork tables. 

SPKCIAIi FOKMULAS AND CASES. 

Let GDK, . . C", Fig. 139, represent a triangular prismoid. 

Let CD = (5, CD' = ciy KB = K, K'B' = Ki, DB - d, and 
D'B' = di. 

Let a and ai represent the areas of GKD and C'K'D'\ m — the 
area of the middle section; I = the length. 
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We readily find 
vol. = ^^[icd + icxd, + i(c -i- c^)(d + (f,)] = \{a + «« + 4w). (14) 



^wi -f gj(c - ci)(d - di), 



(cd -f c,di) — ro(c — ci)(d — di) 



12 



] 




(140 



= ^(l"^t)'"i^^''"'''^^'^"^*^ (^^"^ 



Fig. 139. 



These equations will evidently give the volames on both sides 
of the center line by letting d and d, represent the sum of the 
distances out at the respective ends of the prismoid. 

The above equations also give the volume of KBD , . . ^' by 
substituting K and K^ in place of c and c'. 

Hence 



vol KBD .,,K' = i[iKd + iK^d^ + i(^+ KKd 4- d^)] 

I 



= ^(« + ai + 4w), 



(15) 
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= Im -\- -^^{K - K,){d ^ d,l . . . (15') 

= ~(dK+d,K,) - Ud ■- d,){K - A'O 
4 i-i 

= l('l. + "j>l-ll,d-d,XK-K,). (15") 

Application of Group (15). 

it d = dx and K = Ki, the prisraoid becomes a prism and any 
equation of the group gives 

vol = I—- — ta. 

, , , IKd la 
If di = Kx = 0, the figure is a pyramid and vol = —-=—. 

d K 

If _.. = — or dKy — dxK, the prismoid becomes a frustum of a 

di Kx 
j>--amid and 

vol = UdK-{- d,K, ^d,K\ 


or -^ol = \:{dK + d,Kx + dK^). 

o 

The formula given in the books for the volume of a frustum of 
a pyramid is 

I , — 

vol = --{a + \(Mix + ai). 
o 



The formula above is much more simple. 

Formula for the Volume of any Frustum of a Pyramid. 

Let d and ^represent any two sides of one base, and i^i and K^ 
corresponding sides of the other base, 
Let a — ndK, then 

a, = 7idiK\ , and «a» = ii^dKdiKi ; 
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or putting diK = dJBTi, we have 

aai = n^d*Ki^f and ^/aai = ndKu 

Hence -(<i -f f/aVi + «i) = -x-(rfif + diKi + d^i). 

In this substitute n = -tt? or 71 = -,— ^>- . 

In the above 11 ~ J, and ,*. vol = -{dK -j- diKi -{- diK\ . 

o 

Adding (14") and (15"), we have 

vol =^[rf(c + ^) + c?,(c, + ^0]- ^{d'-d^)(c^c,-\-K-K,\'^^ 
or j. (16) 

vol = ^(1 + |i) . ^(d ^ dr)(c ^C+K^ Kr\ 

since d{c -\- K) = 2a, and di{ci + ^1) = 2ai. 

This applies to a prismoid having vertical sides and a trape- 
zoidal base. 

If d = di, the base is a rectangle, and we have, from the above, 

vol = ^(c + K+e,+K,)=l( J + ''A . . (17) 

For n prismbids of common length I and width d we have 



vol = ^[(c+jr)+2(C,+^.)+. . ' + 2{Cn-i-{-Kn-i)+(Cn+Kn)l 



K18) 



vol =: M — 4- «i 4- ^3 + . . . + «n-l + ianj. 

If di = 0, the edges at C and K' coincide, Ci = JK'i, and we 
have^ from (16), 

. Id c -{- K -\- ci 
vol :^ ^. 3 • •  • • • • • (19) 



CALCULATION OF EAKTHWOUK. 



263 



Id 
The figure is a wedge, — being the area of the base BDD , and 



3 



the average heiglit of tlie edges. 



It c = JC, and Ci = Ki, in Fig. lo9, (16) becomes 



vol = ^^{rd -} c^d,) - ^^r - c,){d - ^0. . . (30) 



We observe with reference to all prismoids tliat the bases may 
occupy any relative position in the parallel planes without in the 
least affecting their volumes. 



Loaded Flat Caks, Piles of Stone, etc. 

Eq. (20) gives the volume of a flat car loaded with earth, gravel, 
etc., or a pile of stone, etc., c and d being the dimension of either 
base, and C| and dt those of the other base. 

Usually the side slopes in such cases are nearly uniform, but 
the formula applies, as we have seen, if each slope i.s uniform, 
whether they are equal or not, and also when the side slopes are 
warped surfaces. 

The volume of a borrow-pit divided into prisms having equal or 
equivalent bases, of area = A, is readily found by a single calcu- 
lation. 

Let Fig. 140 represent the base of such an excavation, the heights 



a 



a 



6i 
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at the corners being denoted 

by the letters there placed. 

The total volume is equal to 

{A multiplied by the sum total 

of the sum of the corner 

heights of the several prisms. 

Into this total sum the corner 

heights a, aj, 6, 63, d, d^ will 

enter but once, being found in 

but one prism; e, c^, cfi, and d^ 

will enter twice, being common 

to two prisms; 61 and b^ will 

enter three times, ])eing com- Fig. 140. 

mon to three prisms. Finally, Ci and Ca will enter four times, 

being common to four prisms. 



Ci 



d, 



Cz 



do 



C3 



d, 
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Representing these sums in order by 8i, S^, 89, and S^, "we have, 
for all the prisms, 

vol = iA(Si ^ S., + S, -{- S,) (21) 

Ends of Embankments or *' Dumps." 

Let Fig. 141 represent an embankment. 

Let r and Ci represent the center heights and d and di the hori- 
zontal widths of HK and UxKi. 




Fio. 141. 
Draw aHx and hK^. Then, by (8), 

vol abHCK, . . IIxGxKx = l^ - ^c(d - dx\ . (.>2) 

since Ci = 0, and ax — 0. 

Ud-^ dx, 

vol of dump = l-^ (23) 

Ground Irregular liATERALLY. 

Let Fig. 142 represent the part of a prisraoid on the right of ♦he 
center line CC for the case supposed, whicli requires the later- 
mediate heights at i), E, D', and E', The totni voliiireis ftjual to 
the volume of the prismoids whose l>as(^s are mFHu, FOLII, and 
QBWLf less the volume pf the sub ?lope prismoid bBK, . . b'B^K', 



CALCULATION 05* EARTH VVOKK. 



2G5 



In general tlie volumes of the former are found by (16). When, 
however, tLe widths at the two ends of the prismold are equal, 
(17) applies. 

When more heights are taken at one end than at the other, the 
widtli of one or more prismoids at one end is and (19) applies. 




The volume of the sub-slope prismold is found by any equation 
of group (15). 

Mixed Work, Excavation and Embankment. 

Suppose, for example, there is excavation on both sides and em- 
bankment on one side only. 
Let Fig. 143 represent the cross-section at one end of the pris- 




FiQ. 143. 
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moid. ODbK shows tlie cut on the right, CDM that on the left 
and aHM the fill on the left. Db is the half- width of road- 
way in the cut, and aD the half-width in the fill and cut. HCK 
shows the surface of the ground, and ajB'and 5^ the side slopes. 

The volume of the cut on the right is found at once by (8), ob- 
serving that in this case a and a^ represent the areas on one side 
only of the center line, and 7) and Di the distances out on one side 
only. 

The volume of the cut on tbe left is found by (14), by substitut- 
ing the values of CD and DM for c and.ei, and making similar 
substitutions for Ci and di at the other end of the prismoid. 

The volume of the embankment is found by means of the same 
equations by substituting the values of aif and AH in place of c 
and dj etc. 

In case a fill is on both sides of the center line and a cut oh one 
side only, the same formulas of course apply. 

A cross-section must be taken at the point where the surface of 
the ground intersects the center of the roadbed. At this point 
the triangle CDM vanishes, GDhK becomes DbK, and HaM be- 
comes HaD. 

Then the volume of the cut, of which CDbK shows one end and 
DbK may represent the other, is given by (8), in which Ci = 0. 

The volume of the fill, of which aHM shows one end and aHD 
may represent the other, is found by (14), as before. 

The volume of the pyramid, of which CDM shows one end and 
the point D represents the apex, is given by an equation follow- 
ing group (15), and is 

, IKd 
vol = — , 

in which K = CD, and d = DM. 

The prisraoids adjacent to the cross-section where the change 
considered occurs, but on the opposite side of it to those just con- 
sidered, are, it is evident, computed in the same way and by 
means of the same formulas. 

A cross-section must be taken, also, where the surface of the 
ground intersects the side of the roadbed. In this case the same 
formulas apply to the prismoids on either side of the section in 
question, and adjacent to it, in precisely the same way as in the 
case just considered. 
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Correction of Earthwork for Curvature. 

Suppose the center line of the prismoid (Fig. 139) is an arc of a 
circle of radius R. 

Let e = the length, measured on the line CG\ of a very short 
prismoid, at GBK or C'jyK', or at th-e middle section. 

Then the lengths measured through the centers of gravity of 
these prismoids are as follows : 

The length at CDKis ^ i^ + i^ . 

The length at C'lTK' is e ^ '^J^' , 



and that at the middle section is e 



R 



It is evident, however, that we may consider the lengths 
through the centers of gravity of the elementary prismoids to be 
the same as their lengths along CO' if we, at the same time, 
increase the areas of the middle and of the end sections accord- 
ingly. 

We must write, therefore, ~-~- A in place of A, 

R-hidi 

— Ai in place of Ai, 

, R^ldm . ^ 

and m m place of 7n. 

li 

Hence 

true vol . I (?+^A + ^^M^' A + .'^/^m), . 



(35) 



and 



the excess of vol = L(~^A + ^A. 4- 4^"^-^"^ 



(26) 



I 

(dA -\- diAi -i- 4dm X m). (27) 



18/iJ 
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Overhaul. 

No allowance is made for moving excavated material when tlie 
haul does uot exceed a certain specified distance called tlie 
"limit of free haul." But when the material is carried bfiyond 
this limit the extra labor involved is paid for at a 8tif>ulated 
price per cubic yard, per each 100 feet in excess of the free-haul 
limit. 




Fig. 144. 



Let us suppose the material in the cut eO, Fig. 144, just 
sufficient to make the fill Od. 

First find on the profile two points a and b such that the cut aO 
will just make the fill Ob, and that the distance ab is equal to the 
limit of free haul. 

These points a and b are found by means of the cross-sections 
an 1 calculated quantities ; though since a, as well as 5, usually 
falls between regular stations, it is generally necessary to find the 
point a by one or more trials, so that ab is. equal to the required 
limit. 

Having found ab, it is to be remembered that the contracto.' is 
entitled to pay for moving every cubic yard of material from the 
cut ca to the fill bd for the whole distance it is moved, less the 
distance db. 

This is equivalent to moving the whole cut a distance ^r^' — ab 
= ga -{- bg' ; g and g' being respectively the centers of gravity of 
the cut ca and of the fill bd made from it. 

But the volume of ac multiplied by the distance ag is equal to 
the sum of the products obtained by multiplying the volume of 
each prismoid in ac by the distance of its own center of gravity 
from a. 

It is usually sufficiently accurate to consider the center of grav- 
ity of a prismoid as being at its raid-section; but if greater accu- 
racy is required, we have for the distance from the mid-section 



I A — Ar 
x-~^. j^j^^ very nearly. 



(28) 
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This is, of course, to be added to or subtracted from the dis- 
tance of tlie iiiid^section from the point a accordingly as the 
larger end area A is the farthest from or nearest to the point a. 

In tlie same manner we find the sum of the products obtained 
by multiplying the volume of each prismoid in bd by the distance 
of its center of gravity from b. 

Summing the products for both cut and fill, the distances be. 
ing expressed in chains of 100 feet, and multiplying tlie result by 
the stipulated allowance, we have the amount to be paid for haul. 

Parts of a cut may be carried in opposite directions, in which 
case each part must be figured separately. 

It is evident that no allowance is made on material wasted. 

Monthly Estimates. 

Monthly estimates are usually made by the resident engineer 
near the end of each month, though it is sometimes necessary to 
make them at other times. For this purpose calculated quanti- 
ties in the field-books are used, supi)lemented by such measure- 
ments as may be necessary. 

The monthly estimate is only approximate, and sliould not be 
above the real amount of work done; but it should be as definite 
and complete as the nature of the case will permit, and should 
include a detailed statement of all the work done and material 
delivered. 

A special field-book is devoted to monthly estimates. Cross- 
sections must be taken for the purpose of computing the amount 
of excavation completed; and notes of everything done must be 
made. 

Where work is completed, the corresponding quantities may be 
taken from the field-books or other books containing them. 

An allowance somewhat below the actual value should be made 
for all material delivered but not yet used, as well as for all labor 
performed and expenditures made in properly forwarding the 
work. 

Estimate sheets should be used, the sheet for each month show- 
ing, for different parts of the work and for each kind of material, 
the total of the previous estimates, the present estimate, and the 
total including the present estimate. 

The total estimate for any month becomes the total "previous 
estimate" for the succeeding month. 
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The division engineer, or the chief engineer in case there is 
no division engineer, reviews tliese reports, copies them on other 
sheets ; attaches the prices to the items ; computes and sums up 
the amounts. 

The railway company pays the contractor, each month, about 
Si)^ of the estimate for that month, and retains the rest till the 
completion of the contract. 

Final Estimate. 

The final estimate is a complete statement in detail of all the 
work done and of all the material furnished by the contractor, 
and furnishes the basis of final settlement between the company 
and the contractor. 

This statement is completed, in detail, as the work progresses. 
As soon as the data of any part or subdivision of the work, or of 
any structure, are supplied, a complete statement in regard to it 
should be written out in detail in a book for that purpose. The 
number of cubic yards in each prismoid, extra for cutting sur- 
face ditches, overhaul, etc., should be given. A complete state- 
ment in regard to each bridge or other structure should be care- 
fully written out. The notes should be made especially full, 
while the work is in progress, in regard to all parts of it which 
are inaccessible after completion, such as foundation-pits and 
foundations of all kinds, and all works under water. 

COMPUTATIOK OF PRISMOIDS — LeVEL LATERALLY. 

Let ahmn (Fig. 145) represent one end of an embankment, 100 
feet in length, level laterally. 




m 




Fig. 115. 



Let cd, ef, etc., represent horizontal planes which divide the 
bankment into layers 0.1 of a foot in height. 
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Ijct the base ab = b, and the side slope — = s. TLen 

aD 

ab = b\ 

cd z=b -{- 0.2«; 

ef = b -\- OAs, etc. 

.- ab 4- cd ,,^^ ed -\- ef ,.^« 

Also, — ^ — = ^ 4- 0.1«, -~-^ = 5 + 0.35, etc. 

Hence 

the vol. in yards, of abed = --^ ^^V + 0.1«) = —^"^ * 



27 



27 



and 



vol of cdef = i^{b + 0.3«) = — ^-^, etc. 



It is plain tLat the volumes of tlie successive layers are in arith- 

2.'» 
metical progression, Laving a common difference of ^y-. Hence to 

find the total volumes corresponding to different heights of the 
embankment, differing by 0.1, it is only necessary to write down 

for the volume of abed\ add — „^ to it for the volume 



27 



07 



1 05  I 5j? 
of ahef, then — r to the last result for the volume of abgh, 

etc., omitting, for convenience, the denominator 27. 
£!xample 1. — Let b = 18, and « = 1. Then 

lOJ -\-8 106 + 3« 

= 6 + il, Z =6 + 11, etc. 



27 - " ' ^' 
Hence we have as follows : 



27 



Heights. 
0.1 


Volumes. 


Heights. 
0.4 


Volumes. 


6 19 

6 21 


27 7 
7 


0.2 


13 13 
6 23 


0.5 


34 7 
7 2 


0.3 


20 9 
6 25 


0.6 


41 9 
etc., etc. 
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This may easily be carried 20 or 30 feet in an hour, or less. 
Example ?. — Let b = 14, and s = J. Then 

^Ob}-s ^ , ,, U)b-\ 3« ^ , ,, ' . 
- 27 "^ *''• 27 "" ^ '*' 

Then as follows : 



Heights. Volumes. j Heights Vohiiues 



0.1 



0.2 



0.3 



0.4 



5 
5 


13 
19 


10 
5 


32 
25 


16 
5 


3 
31 



21 
5 




34 
37 



0.8 



45 2 

etc., etc. 



These results can be copied to the nearest yard very quickly. 

The author hopes to show the best pnxiesses of couipiiting all 
earthwork and other tables, and of making all numerical com- 
putations, in the near future. 



CHAPTER XI. 
APPROXIMATE AND ABRIDGED COMPUTATIONS. 

This chapter will treat of the subject of approximate nnd 
abridged computations to a very limited extent only, dealing 
mainly, too, with the practical side of the question. 

Approximate computations are those that lead to results not 
strictly accurate. 

Abridged computations are those that reach certain results with 
less labor than the ordinary computations involve. Abridged 
computations may be either accurate or approximate, but are 
usually the latter. The absolute error of a result is the difference 
between that result and the true result for which it stands. 

The relative error of a result is the absolute error divided by 
the true result, and it is therefore equal to the absolute error of 
each unit of the result. 

Thus if a true result is 84 and the approximate value 77 is 

taken for it, the absolute error is 84 — 77 = 7, and the absolute 

7* 1 

error of each unit of the result, or the relative error, is-^rr = —r;^ . 

84 12 

It is important to notice that the relative error of a result is 

not changed by multiplying that result by any number ; since 

tbe error in the product or quotient will be increased or decreased 

in the same ratio as the result is increased or decreased. 

Thus if n be the true and n -\- e the approximate result, then 

p 

r = - is the relative error. Multiplying by w, we have the 
n 

approximate product m(n + e) = mn -\- me, whereas the true 

product is mn. Hence the absolute error of the product is me, 

and tbe relative error is = — as before. 

mn n 

If an approximate quantity is given, the absolute error of 

which is a given number of units of a given order counting fron; 

373 
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the higliest, it follows from the preceding tUat the relative error 
is independent of the decimal point. Tims suppose the absolute 
error of each of the numbers 1.073, .07073, and 707.3 to be two units 
of t)ie fourth order. Tbe left-hand significant figure expresses 
units of the first order, and therefore the f<;urth order is expressed 
in the above by the figure 3. The relative errors of the numbers 

.002 .00003 , .2 , r 1 . , . , 2 

^^" 1:01^^ :07073 ' ""^ l^f '''''' "^ "^^^^^ '^ "^"^^ '" 7073- 
Hence if a number is given whose absolute error does not 
exceed a given number of units of any order (the //th, say), an 
approximate and convenient limit of the relative error is readily 
found by dropping all the figures at the right of the wth figure, 
replacing with zeros all the others, except one or two at the left, 
and dividing the given number of units by the result, regarded as 
a whole number. Thus we know that 7t = 3.1415 to within less 
than a unit of the fifth order or fourth decimal place, and hence the 

relative error cannot exceed ^ , . , ^ = .,, ., ^ , or ^^^^- , or 



3.1415 31415' 30000' 31000' 
etc. 

The first n highest figures of an approximate number express 
the value of that number to 71 places. The same figures, in- 
creasing the last by unity, when the following figure is 5 or more, 
express the ejcact value to n places of the same number. Thus 
3.141592 being an approximate value of 7t, 3.1415 is called the 
value of 7f to five places, and 3.1416 is called the exact value of 7t 
to five places. 

Addition. 

To find the relative error of the sum of any number of approx- 
imate quantities. 

Let III, Wa . . . Um represent the true values of the quantities, 
and ei, e^ . . . e„i represent their absolute errors. Let 8 represent 
the sum of the quantities, and ^the sum of the absolute errors. 

Then 

F = Ci -{- Ci -{-... em, S = ill -{- Ui -\- . . . Hni, 

and the relative error is 

EJ Ci -\- e^ -\- . . . Cm 
~ 8 ~ «i h ''a -f . • . Wm • 
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Supposing the errors to be on tbe same same side, then, in case 
they are equal, the relative error of the sum of the quantities is 
equal to the relative error of each of the quantities ; but vvhon 
they are unequal, this error of the sum is greater than the 
smallest relative error of the quantities, and smaller than the 
irroatest of such errors. If the errors are on opposite sides of the 
trutL, the relative error of the sum must be less than the greatest 
relative error, and may be equal to zero. 

It is sufficient, therefore, in practice to take each numlicr to be 
added as accurate as it is desired that the result shall be. 

Example. — Find the sum of the square roots of the numbers 
2, 3, 5, 6, 7, 8, 10, 11, 12, i...J 13 true to about the fifth place. 
Taking the square roots exact to five places, we have the follow- 
ing result : 

1.4142 4- 

1.7321 - 

2.2361 - 

2.4495 - 

2.6458 - 

2.8284 + 

3.1623 - 

3.3166 + 

3.4641 + 

3.6056 - 



26.8547 



Without examination we know from the preceding that the 

1 1 

relative error of this result must be less than tt r. = -7^-7. — . 

14142 282b 1 

which is less than r-rrr-,. Hence the absolute error of the result 

2oo54 

must be less than a unit of the fifth place, or less than .001. Since, 

however, there are only ten numbers added, the error in the 

right-hand or sixth figure of the result cannot exceed J X 10 = 5, 

and the error in the fifth figure cannot exceed 5 h- 10 = i. 

Furthermore, there are only six errors in the same direction, and 

hence the error in the fifth place cannot exceed |^ X 6 -i- 10 = -^^^ 

of a unit. 



^76 FIELD-MAN I AL FOR ENGINEERS. 



Subtraction. 

Let Til and n^ represent two quantities, 7^.1 being greater than 
n^ ; and let rii -\- ei and n^ -\- e^ represent approximate values 
of the same. The true difference is iix — n%\ the difference be- 
tween the approximate values is 

Wi + €1 — (n, ± ^a) = {ill — rii) -\- ei T e^. 

Hence e\ ± e-i is the absolute error of the difference due to errors 
In the numbers. 

The relative error of the difference is 



"^*' . (a) 



Ui — w. 



• • • 



The minuend and subtrahend are usually taken true to ^ of a 
unit of the last place, in which case the absolute error of the dif- 
ference ca'.mot exceed a unit of the same place or order of units. 

The rehitive error of two numbers, nearly equal, may be quite 
large, as sliown in the following example; 



Compute 4/^i^ — V^^ correct to five places and find the relative 
error of the result. 

{/83 = 4.3621 to within \ a unit of the fifth place. 

VI8 = 4.2426 to within J a unit of the fifth place. 
Difference = 0.1195 to within 1 unit of the fourth place. 

The relative error of either of the numbers cannot exceed 

.rJ^.r^a — ^TTzn^, while the relative error of the difference may be 
42426 84852 "^ 

nearly i.-^-;, which is 71 times as large as the former. 

Any degree of accuracy may be secured in the result or differ- 
'^nce, however, by taking the numbers sufficiently accurate. 
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Multiplication and Division. 

To find the error in a product due to errors in one or both 
factors. 

Let Wi and n^ represent any numbers,, tii -\- Ci and Wa -\- ej ap- 
proximate values of the same as above. 

Let N = »iWa, J^i = (rii ~\- «i)(w3 + ^a), and let iJ' = iVj — JV = 
the absolute error of the product. 

Now ^1 — JV^ = »i«a + »3«i -f- ^i«8 = 'ii^a + Wa^i, very nearly, 
and therefore 






or,genep»Uy, f = J±^ <*) 

The two results given by eq. (4) occur equally often. Hence 
the relative error of the product of two numbers can never exceed 
the sum of the relative errors of the numbers, and it is as often 
equal to the difference of such errors as to their sum. 

If €2 = 0, 

N Ui 

Hence if only one factor is in error, the relative error of the 
product is equal to the relative error of the factor in error. 

If ei and e% are in opposite directions, and — = — , then 

'^ = '±-'± = 0. (6) 

N Til Tli ^ ' 



Hence two numbers may be changed in opposite directions and 
in proportion to their magnitudes without sensibly affecting theij 
product. Thus 41 X 83 = 3362, and 40 X 84 = 8360, 
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Comparing multiplication with division, we know tbat the 
product in the former corresponds to the dividend in the latter, 
and the factors in the former to the divisor and the quotient in 

E 

the latter. Hence — may represent the relative error of the 

dividend, and — and — such errors in the divisor and the quo- 
tient. Transposing eq. (4), therefore, and we have 

n\-N^n, ^'^ 

This shows that the relative error of the quotient (or divisor) is 
equal to the difference, or to the sura, of the relative errors of the 
dividend and divisor (or quotient). 

It follows that when the divisor is correct the relative error of 
the quotient is equal to that of the dividend, and when the divi- 
dend is correct the relative error of the quotient is equal to that 
of the divisor, but with a contrary sign. 

Furthermore, the divisor and the dividend may be both in- 
creased or both decreased, in proportion to their magnitudes, 
without affecting the quotient. 

If nit Wj . . . rim represent factors, and iV their product, etc., then 

^ - ^» 4- ^^ 4. ^~ (9\ 

iV n, ni w„» 

tfi, «s, etc., may be either positive or negative, and hence the rela- 
tive error of the product is equal to the algebraic sum of the rela- 
tive errors of the factors. 

Without here discussing the average value of the relative error 
of the product, it is sufficient to state that il rarely much exceeds 
the greatest relative error in the factors ; and hence the factors 
only need be taken to about that degree of accuracy desired in 
the product. Similarly, the divisor and the dividend should be 
taken to about that degree of accuracy desired in the quotient. 

Example.— Y'mdi the product 89.0245 X .0194525 true to about 
four places. 

89.02 X .01945 = 1.731439, true to less than J a unit of the 
fourth place, 
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Suppose we have, for example, iV= abc -\- def-}- gJi, and sup- 
pose the relative errors in the factors are each equal to e. 

Then it may be shown that the relative error of the product 

cannot exceed the relative error of that term, which contains as 

many factors as any. In the expression above, the relative error 

of iV^coald not exceed the relative error of the term abc or def, or 

three times the common relative error of the factors, or Se. 

.M ^ ^^^ '\~ de .^. . . . „ ^ 

Suppose Q — -T-.— r . Then the relative error of Q cannot 

fCt ~\~ Tih 

exceed the greatest relative error of any term in the numerator, 
plus the greatest relative error of any term in the denominator : 
or the relative error of a term equal to the product of such terms. 
These terms in the above are abc and kl, and hence the relative 
error in Q cannot exceed that of abckl, or 5«. 

Since the errors of the factors are usually quite unequal and on 
opposite sides of the truth, the relative error of the product or of 
the quotient rarely much exceeds the greatest relative error o\ the 
factors; and hence in all cases it is practically suflScient to take 
the factors to about that degree of accuracy desired in the result. 



Abridged Multiplication. 

To find the product of two factors true to a unit of the nth 
order. 

Rule. — Write the multiplier in the inverse order, placing the 
highest order under the ?ith order of the multiplicand. Multiply 
by each figure of the multiplier, beginning with the figure in the 
niultiplicand above it, rejecting the part of tbe multiplicand to 
the right of it, except to carry from, and place the riglit-liand 
figures of the partial products under each other. Annex at the 
right of the partial product a number of zeros, equal to the num- 
ber of figures in the multiplier and multiplicand less n -\- \y and 
point off from the right for decimal factors as usual. 

With respect to products containing decimals, the decimal point 
is easily determined by inspection, and in this case the zeros need 
not be added. 

Examples,— Ymdi 615694 X 59019, 367847 X 278437, and 

3.141592 X 1.4142, probably true to a V 
of the n%\\ or fourth order. 
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ArraogiDg the factors and muUiplyiug as directed, we find 

615694 367847 3.141593 

91095 734872 24 141 



30785 


7357 


3 142 


5541 


2575 


1 257 


6 


294 


31 


6 


15 


12 




1 


1 



36338000000 1 02420000000 4 . 443 

With respect to the above, we observe that, usually, as in the 
first and second examples, the right-hand figures of the partial 
product are of the n -\- 1 (fifth in this case) order, and that the 
error in each of these figures, if the carrying has been attended to, 
cannot exceed J of a unit, or 2^ units in all, or 2J h- 10 = ^ of a 
unit of the fourth order. For reasons already given, the error 
will rarely exceed 1 unit of the 7i -f- 1 order. 

When the highest figures of the factors are sufficiently small, 
as in the third exan^ple, so that there are only n figures in any of 
the partial products, and also in their sum, the right-hand figures 
of the partial products will be of the ?tth order, and it is possible 
for the result to be in error more than a unit of the nth order, 
though such an error is quite improbable. 

In this case we observe, also, that the left-hand figures of the 
products are always larger than those of either factor, so that a 
possible error of over a unit in the 7ith place of the result is not 
of much practical consequence. To make sure of avoiding this 
possible error, the right-hand figure of the inverted multiplier 
must, in this case, be placed under the ti -f- 1 figure of the multi- 
plicand. 

To find the product of any number of factors true to about a 
unit of the 7ith place, proceed with each product by the above 
rule. 

Example. — Find the product, true to about a unit of the fourth 
place, of 762.8314 X 6,82X426 X 4827.31 X ,027265. 
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762.88 


5203.6 


25119000 


4128 6 


37284 


56272 


4577 


20814 


50238 


610 2 


4163 


17583 


15 3 


104 


502 


8 


36 


151 


8 


2 


18 


5203.6 


25119000 


684870 



The rigbt-hand figures of the multipliers are placed under the 
nth (fourth) figure of the multiplicand, except in finding the last 
product, where it is placed under the ?i -{- 1 (fifth), so that there 
will be n -|- 1 figures in each product. The number of integral 
figures in each product is easily found by inspection. 



DlVISTOK. 

A divisor and a dividend being given to any required degree of 
exactness, to find the quotient true to about a unit of the nth 
order. 

Rule. — Take the divisor to n significant figures and enough exact 
figures in the dividend (ti or n -f- 1) to contain this divisor. Mul- 
tiply the divisor by the first quotient figure, and subtract the 
product from the assumed dividend; and instead of annexing any 
figure to the remainder, reject the right-hand figure of the 
divisor to determine the second quotient figure. Continue the 
process of division by rejecting successively the right-hand figures 
of tlie divisor until the quotient contains n figures. 

In multiplying by the first quotient figure carry from the part 
of the divisor at the right of the nth figure, and in each multipli- 
cation carry from the part of the divisor at the right of the part 
multiplied, so as to make each partial product true, if possible, to 
within \ a unit of the lowest order. 

Example— Tmd the quotient of 1497.82746 divided by 16.72374 
to within about a unit of the fifth order. Place the divisor on the 
i-ight of the dividend, and the quotient under the divisor, and 
cross out, when used, the successive right-hand figures of the 
divisor. Thus we have 
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1st remainder 

2d 

3d 

-l)tU " 
nth. '' 


149783)lJ(5]rj3;574 
133790 89563 




15993 
15051 




942 
836 




106 
100 


in 


6 
5 




1 



The last partial product (5 in tlie example) and the last re- 
mainder (1 in the example) need not in practice be written. 

To determine the possible error in the quotient, we will find the 
possible error in the last remainder used in finding the quotient. 

Now the error in the dividend cannot exceed J- a unit of the 
lowest order, and the error in each partial product cannot exceed 
J a unit of its lowest order, which is the same as that of the 
dividend, 'i'he error in the (ti — l)th remainder (6 in the ex- 
ample) cannot exceed the sum of these errors, or 



i + i X (» - 1) = |. 



The nth or last quotient figure (3 in the example) is found 
by dividing the (n — l)th or next to the last remainder (6 in 
the example) bj the fir.-^t figure in the divisor (having regard 
to carrying from the other figures), and cannot exceed that 
remainder. But there is no error in the divisor, and hence the 
relative error of the last quotient figure (and hence of the quotient) 
caniot exceed the relative error of next to the last remainder; and 
since the last quotient figure cannot exceed the next to the lowest 
remainder, the absolute error of the quotient cannot exceed the 

absolute error of that remainder, or - . 

It is plain that the error in question is usually less than unity. 
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194169 
Example 1. — Find the quotient ^.^^,, with an absolute error 
^ 763054 

in the quotient less than a unit of the sixth place. 

1941690) 763054 
1526108 354463 



415582 
881527 

34055 
30522 

3583 
3052 

481 
458 



23 

n 
Example S. — Compute the expression —= with a relative error 

of less tban .0001. 

We easily see that the quotient will be greater than 2, and hence 
we may make an absolute error of .0002. It will be more tban 
sufficient, then, to find tbe quotient true to a unit of the fourth 
decimal place. 

Thus we find 

3. 1415) 1. 4i42 
28284 2.2214 

3131 

2828 

303 

283 

20 
14 

6 



CHAPTER XII. 
CONSTRUCTION. 

Clearing and Grubbing. 

The first operation in constructing a railway is to clear off all 
timber upon the riglit of way. TLe engineer should provide in 
his specifications for the cutting into proper lengths, and storing, 
all valuable timber near the borders of the right of way. The 
refuse should be burned. 

Where a deep cut is to be made, the trees are felled and the 
stumps removed as the earth is excavated, and the stumps are 
covered up in deep fills. In very shallow cuts and fills it is best 
to pull over, and out, the trees by their roots, rather than to fell 
them and afterwards to grub out the stumps, though this is often 
done. 

Since in fills the tops of stumps should be at least 1| feet below 
grade, it is easy to tell the trees that can best be cut down, and 
those that must be grubbed out. 

The amount of grubbing required being usually difiicult to 
estimate accurately, it is decidedly the best way to make no sep- 
arate account of it, but to include it in the earthwork. 

Grade Line. 

Having a profile of the line, a grade line is established thereon, 
first tentatively by the eye, and then definitely determined by 
computation, so as to make the cost of the earthwork a minimum, 
due regard being had to total cost and controlling conditions, such 
as the height of bridges, road-crossings, etc., and especially drain- 
age. 

The natural waterways must be crossed high enough to afford 

"*cient openings for the fiow of the water. 
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In order to form a correct idea as to the size of openings and 
culverts needed, the engineer must observe the water-marks on 
trees, etc., note the width and slope of valleys, and, if need be, 
measure, approximately, the area of watersheds adjacent to the 
line. It is perhaps needless to note what every engineer of ex- 
perience knows, that much property, and some lives, are often 
lost by neglecting these precautions. It is well to observe, too, 
that the concentration of water in drainage ditches very much in- 
creases the flow; since when it is widely spread out over marshes, 
meadows, etc., much of it, or all of it, may soak into the soil or 
evaj)orate. 

The concentration of small streams by means of side ditches, 
thus avoiding unnecessary culverts, is often economical. 

Ample side ditches should be constructed to keep the water off 
the roadway. 

Surface ditches should also be made along the line, a few feet 
fro;n the upper edge of cuts, to prevent the surface-water from 
pouring into these after rains. Neglect of this causes much un- 
necessary labor, and sometimes leads to accidents. 

It is very desirable to substitute light fills, in place of cuts, so 
far as practicable, since in cuts it is difficult to maintain a good 
track. 

Having established the grade line, the difference between its 
height and that of the surface of the ground at different points 
gives the cuts or fills at these points, along the center line. These 
should be plainly marked on the center stakes in feet and tenths. 
Moreover, the heights of the ground at or near all points between 
stations, where it changes much, should be found, and the corre- 
sponding cut or fill marked on stakes sot for the purpose. It is 
well to observe that cross-sections may be chosen between such 
points, thus diminishing their number, but giving and taking so 
as to determine the true volume as accurately as though all the 
points were used. 

A cross-section should be taken not only where the irregulari- 
ties of the center line require it, but also where the irregularities 
on either side may require it, the object being to delineate the 
outline of the earthwork, and also to furnish the data for an accu- 
rate computation of the same. A *' berm " 5 or 6 feet wide should 
be left between the edges of all side ditches and the foot of the 
adjacent fill. 
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Staking out Earthwork. 

A. When the ground is level laterally, as shown in Fig. 146, 
the operation is very simple. 

P' c h' 




y/m/MW/-'/M' 



Fig. 146. 




Let 26 = the width of the roadbed ab^ and c = CG\, the center 
height. Tlie side heights l^in' and IVn' are also equal to <•. Let 
B = the slope cf the side Pa or R'h. Then 

b7i' = H'ti' X S = cS, and OH' = d = b -}- cS. 

This shows the distance out from C to JT\ where the excavatii n 
must begin, in order that the foot of the slope at b may be at the 
proper distance Cib = b from the center d. 

If in cross-sectioning, whetlier level laterally or not, the lieiglus 
of additional points between stations are required, they must be 
found. 

It is also necessary to find the point where the grade line 
intersects the surface of the ground ; since at that point there is 
neither cut nor fill. 

A stake is set there and marked 0.0. ; and the corresponding 
side stakes are set and marked. Also the points where the edges 
of the proposed roadbed intersect the surface of the ground are 
found, and 0.0. is marked on the stakes set at those points. 
Cross -sect ions are taken at these points also. 

Let Fig. 147 represent the case in which the ground is not level 
laterally. Instead of the cross-section abP'H'y as in the former 
case, we now have the cross-section abPGAy PGA being the sur- 
face of the ground. 

We will first show how to find the position of the side stakes 
by computation, where the slope of the ground is uniform from 
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the center stakes to tlie side stakes ; not for the ])urpose of act- 
ually locating the stakes in this way, for the ground rarely slopes 



P'diL 




wf ra 



'WM//mm////////i 

Fia. 147. 



uniformly in any direction, (and therefore this could not be done 
with much accuracy). 

It will, however, aid in showing the effect of the slope of the 
ground in cross-sectioning, as we shall see. 

Let CH' = d, n'K=d\ CK=d + d'= D;S = the side slope, 
and 8' = the slope of the ground. Also, iP' = di, GL = E. 



Then 



8 = 



d/_ 
AK* 



and 



8 



, _d'\-d' 
~ AK ' 



Dividing gives 



5 ' _ d' + d 
8 ''' d' * 



from which 



^ - ^ ^ - W~^rs - 8'-8 ' 



. (1) 



Adding CH' = d to the preceding gives 



CK= D = 777 



dS 



yr 



8' -8 



S'ijb 4- c8) 
8' - 8 ' 



. (2) 
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Dividing (1) by GB' = d gives 

d* M K S 



d ~ Cir S'-3' 
Dividing (1) by (2) gives 

d' n'K 8 



(3) 



D CK S' 



<4) 



These equations enable one to judge quite accurately tbe addi- 
tional distance beyond //' necessary to go out on the upper side 
of a cut in consequence of tbe slope of tbe ground. 



Thus if 8= ^, d' = %\ if 8 = %, d' = ^, etc. 

4 o o 4 



Eq. (3) shows that the additional distance H'K is to tbe distance 
GH', for a level section, as /S is to /S' — /S, and (4) shows tbat H'K 
is to GKb:^S\s{oS'. 

It is evident that these forniulas apply directly to tbe lower 
side of an embankment, which Fig. 147 will represent by turning 
it over. 

Example, — Tjet the roadbed be 20 feet wide, center cut 10 feet, 
slope of tbe ground 4 to 1, or 8' = 4, and side slope 1 to 1, or 
8 -— 1. Find the distance out to H. 



We Lave CiT = ^^f +:|^> = 36}. 



Also. n'K='^^^=^. 



GW = 10 -f 10 = 20. 
On tbe lower side of tbe cut we have 



^ P^h d\ , f^, GL 
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Dividing, we Lave 

8^ _CL _ d-d, 
'8 ~ T," dx ' 

or d\ = LP' = w,- L~^- ....... (5) 



Subtracting this from CP* = d^ we have 
CL=CP'-LF'^a-a.=B=^^=.B^p. (6) 



Dividing (5) by (6), we have 

■^ - ^- (7) 

Dividing (5) by CP' = d, we have 



XP' 



cp' 8' -{-s: 



(8) 



These equations show that the subtractive distance LP' is to 
the distance CP', for a level section, as 8 is to 8''-\- 8j and LP' 
is to CL as /S is to 8'. 

It is evident that these formulas apply at once to the upper side 
of a fill. 

Example. — Let h = 20j c = 10, S' = 4, and 8=1. 

To find CLf the distance of P from tlie center C. 



We have CL =  . , ^ — = 16. 

4 + 1 



Also, LP' = ^-^^ = 4. 



Let Fig. 148 represent a side-hill section. 
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I. To find by trial the position of H. Let c = 10.4 and 6 = 1. 
It will be convenient to consider the height of the roadbed equal 
to 0. 

Distance out for level section = d = CW = CP" = 10+10.4 = 20.4. 

Suppose we judge the ground near H^ to be 5 feet higlier than, 
at 0, or 15.4 feet* The distance out corresponding to that height 
would then be 5 feet beyond H', or 

10 + i5.4 = 25.4 feet. 

But the ground 5 feet beyond H' is still higher than at H\ re- 
quiring a still further distance out. Let us test it at e, 26.5 feet 
out. Suppose we find the ground 6.6 feet higher than at C. This 




mrm 



Fio. 148. 



Twquires a distance out of 20.4 + 6.6 = 27 feet, or 0.5 of a foot be- 
yond e. But, as before, at 27 feet the ground is a little higher 
than at 26.5 feet, so we will try it at 77, 27.2 feet out, for example. 

Suppose we find this point 0.2 feet above e, or 6.8 above C. 
This requires a distance out of 27.0 -|- 0.2 = 27.2. Hence the 
height and distance out correspond and are therefore correct. 

On the lower side of a fill we would, for reasons already given, 
proceed in precisely the same way. 

II. To find the position of P. 

Let us suppose the ground near P' to be 6 feet lower than at C, 
This would require a distance out of 20.4 — 6 = 14.4 feet. 

But G feet inside of P' the ground is higher t'jan at P, and, 
according to the supposition, less than 6 feet below (7, and re- 
quires, therefore, a distance out greater than 14.4. 

Suppose we find the ground at e', 17.4 feet ovit, 4.8 feet below C, 
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or 5.6 feet. This requires a distance out of 20.4 — 4.8 = 15.6 
feet, or 10 -}- 5.6 = 15.6 feet. 

But at 15.6 feet out tlie ground is higher than at e' , and there- 
fore the distance out must be greater than 15.6 feet. 

Suppose we now find the elevation at P, 16 feet out, to be 0.4 
alK)ve ^, or 6.0 feet. This height and the distance out now corre- 
spond and are correct. 

We are now prepared to state two important principles which 
will greatly facilitate the process of cross-sectioning : 

I. 1 f, on the upper side of a cut or lower side of a fill, any height 
found calls for a given change, f , in the distance out, either inward 
or outward, the real change required is always greater than e, and 
the excess increases with the lateral steepness of the ground. 

Thus, referring to Fig. 149 and tbe preceding notation, ob- 
serving that Wc! is the additional distance out (beyond II') cor- 
responding to the additional height H"II' above G, we have 

the real addi- ) njr cf 

tional dis- [ = irX = H"c = 11" c' )^-, = H"e-^^^ (9) 
tanceout ) ^^^ ^ '^ 

II. If, on the lower side of a cut or upper side of a fill, the height 
found calls for a given change, <?, in the distance out, either 
in\vard or outward, the real change required is always less 
than e, and the deficiency increases with the lateral steepness of 
tbe ground. 

We have as above, observing that P"d^ is the distance to come 
in corresponding to the fall P'P" below C, 

tlie real ) CK' 8' 

distance U P'iT' = P"rf = P"d' X ^ =P"rf -^ (10) 

to come in ) "■ 

Tlie author has used these principles for thirty years, but has 
not seen them stated. 

Example. — Let ab = 24, c = 10.5, /S = f , to find the position 
of //. (Fig. 149.) Gir = 12 + 1(10.5) = 27.8. 

Suppose we judge the ground near 11' i&t II") to be 6 feet higher 
than at G. Then we know that the distance out is greater than 
27.8 -h 9 = 36.8. The additional distance corresponding to I1"I1' 
is -ff'V, and c"c* = 36.8. Suppose we try it at e, 39.0 feet out 
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aud find e 8.6 feet liigber than C, or 19.1 feet, calling for a dis- 
tance of 27.8 + 12.9 = 40.7 feet, or 1.7 feet beyond e. 

We will therefore try it at /7, 41.7 feet out, and suppose we 
find tlie ground 0.7 feet higher thau at e. This would call for an 



v. \d ^^ I ! 



Fia. U9. 



additional foot beyond 40.7, or 41.7 as we ha^e it. The cut is 
therefore 19.1 + 0.7 = 19.8, and distance out 41.7 ft. 

To find the position of P. 

We liave CP' = 27.8. Suppose we judge the ground near F* 
(at P") to be 6 feet lower than at C \ then we know that P is 
inward from P" le%% than 9 feet, or P"d', and the distance out is 
therefore greater than 27.8 — 9.0 = 18.8 feet = d'd". 

Suppose we try it at e'^ 22.0 feet out, and find e' 5.2 feet lower 
than (7, or 5.3 feet, calling for a distance out of 27.8 — 8.0 = 19.8 
feet, or 2.2 inside of e' . Suppose we come in 1.2 feet or 20.8 feet 
out to P, and find it 0.6 feet higher than at e' and requiring- a dis- 
tance out of 19.8 + 0-9 = 20.7. As this is but 0.1 inside of the 
point of observation, we can probably set Pat 20,7 feet out with 
sufficient accuracy. 

It will be seen that the first point of observation is chosen with 
reference to the known distance CW for a level section, and that 
subsequent points are chosen with reference to the figures ob- 
tained at the last point observed. 

A table which can be computed in a few minutes, giving dis- 
tances out for the given side slope corresponding to different 
heights, will greatly facilitate the work and likewise conduce to 
accuracy. 

If the ground is irregular laterally, the heights must be found 
at all points along the cross-section where the slope changes, and 
these heights, as well as their distances out, must be carefully 
recorded. 

When the surface of the ground intersects the roadbed a3 
vn in Fig. 150, we have what is called side-hill work. 
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Let POOR represent tbe surface of the ground. R is found 
IS already explained, and is found by simply finding a point on 




Fio. 150. 

JIC prolonged, whose height is equal to the height of the roadbed 

or zero. To find P we have ~ = /S, and we must find a point 

mP 

Pon CO prolonged that will sat'sfy this equation. To do this it is 

only necessary to observe that ma increases faster than mP; uiid 



li«'nce to increase 



ma 
mP 



we must move outward, and to decrease 



tlie same we must move inward. 

When two materials are found in the same section, as rock 
(tverlaid with earlb, it is neces<=^ary to give each material its 
proper slope. 

Since the upper layer is usually of varying thickness, it will be 
necessary to excavate a trench along the cross-section PCR in 




M 



Fig. 151. 



I 

JL. 

''1 



N 



order to expose the rock, so as to set the stakes Pi and JB'i, 
Tlien /*and Hcan be located as usual. 
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Tt i.-} easily shown, however, that when the layer of earth is 
uniform, 

ciZ' + ^.ir=-^f±|^-f^, . . (11) 



and CL + P.O = — — -p-^ -f gr^Ts: ' ' ^ ^ 



In these equations S = side slope of the rock. Si = that of 
the earth, and /S' = the slope of the ground ; also b = width of 
the roadbed, c = center depth of rock, and d = that of the earth. 

HoRROW-PiTS When the cuts are insufficient to make the 

fills, or are too far away, material taken from borrow-pits is 
U8ed. These should be carefully staked out by the engineer 
so that their contents can be calculated when completed. 

It is usual to lay out the area to be used in squares or 
rectangles, extending one or both sets of lines, so that wlien 
the excavation is completed the lines can be readily reproduced 
in the bottom of the borrow-pit, and heights taken there under 
the original heights taken upon the surface, thus giving the 
depths of the excavation. 

If the sides of the rectangles in one direction are 10 feet 
or some multiple of 10 feet, and in the other direction 27 feet 
or some multiple of 27 feet, the computation is very much 
facilitated. 

Borrow-pits should be regularly excavated so that they can 
be easily computed and will not present an unsightly appear- 
ance when abandoned. 

Material, when suitable, may be obtained by widening the 
cuts, provided the fills are accessible and not too far away. 

Any surplus material in the cuts should be used in widening 
the adjacent fills if possible, otherwise it should be deposited 
where the engineer directs, and is said to be wasted. It should 
in no case be deposited on the upper side of a cut, unless well 
removed from the edge, for otherwise it would greatly interfere 
with the surface ditches, which should always extend alon^ 
the upper side of a cut, a few feet from the edge, to prevent 
the surface water from pouring inUy them. 

Siikinkaup:.— In estimating tlie volumes of cuts and fills to 
be made from them we have to bear in mind that earths are 



It 
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more compact in fills than in cuts, but rock is less so. The 
shrinkage in the bank is about as follows for different materials: 

Gravel and gravelly earth 8 per cent. 

Gravel and sand 9 " 

Clay and clayey earth 10 

Loam and light sandy soils 12 

Loose vegetable soils 15 

Puddled clay 25 

Much, however, depends upon the condition of the material 
when handled, and the mechanical appliances used. 

Embankments made with wheelbarrows are very loose and 
will shrink 15 per cent or more if of a clayey or gravelly 
nature, and perhaps 20 or even 25 per cent if loamy or of loose 
vegetable soil. 

Embankments formed with wagons do not shrink so much, 
and those put up by means of drag-scrapers or wheel-scrapers 
shrink least of all. 

In view of shrinkage engineers should have embankments 
built higher than they are desired to be after settling, and 
should have the stakes set accordingly. 

Thus if it is desired to have an embankment 10 feet high 
after settling, it should be cross-sectioned and built 11 feet high, 
say. 

Some engineers have the stakes marked 10 feet, say, and 
direct the contractor to put in an extra foot of earth, but since 
the volumes of embankments increase more rapidly than their 
heights this is not advisable. 

Retracing the Line — As the grading is nearing completion 
j>oints are established on the roadbed from the reference-points, 
and the line is retraced, setting substantial stakes of conven- 
ient heights 100 or 200 feet apart on tangents, and about 50 

feet, more or less, on curves. 

The chain used should correspond in length with the one 
used in measuring the line, otherwise the result would be as 
shown in Chapter VI. 

The earthwork must be checked as to widths, depths, etc., 
and any additional work to be done should be plainly indicated 
on stakes set for the purpose. 

The engineer must see that the grade is properly " dressed," 
tlie side ditches fully opened, so as to secure "continuous" 
drainage, the surface ditches dug and unobstructed, etc. 
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Tile drains should be laid in the bottom of the ditches in 
all cuts except those especially dry. These tiles have a decided 
effect in keeping the earth on both sides of the ditches dry, 
thus protecting the roadbed, preventing the earth from the fa^je 
of the cut from sliding into the ditches, and decreasing the 
expense of maintenance. 

Track-laying. — Before the track is laid the center line is 
retraced and short stakes are set, each of which is centered. 
These stakes may be spaced at 200 feet on tangents, 50 feet on 
ordinary curves, and 25 feet on very sharp curves. 

The ties are then spaced, so many per rail length, leaving, 
however, the transit points uncovered. 

The ties are aligned on one side of the road, and it they are 
of uniform lengths both ends will be aligned. The rails are 
then spiked to gauge, the first spikes being driven near a center 
stake, the center mark of the gauge-bar being kept over the 
center on the stake. 

Upon curves the rails, as a rule, must be bent to conform to 
the curve before being laid, but this is not necessary for very 
flat curves, and, moreover, a frack of light rails, say 50 pounds 
per yard or less, can be easily sprung into any desired curve. 

All the ties to be used should be laid before the rails are 
placed upon them, otherwise the rails are likely to be bent 
before the track is surfaced. 

Owing to expansion of the rails by heat a space must be 
left at the rail-joints. The highest temperature of a rail in tlie 
sun is about 130° Falir. 

The expansion of iron or steel per 100° is .0007 per foot. 
Therefore when 30-foot rails are laid at a temperature near the 
freezing-point (32°), or 100° below the maximum, the space 
allowed must be at least .0007 X 30 = .021 foot, or .252 inch, 
or fully one quarter of an inch. 

At 80° Fahr., or 50° below the maximum, it need be only 
half as much. 

The space required is, of course, proportional to the length 
of the rail. 

The engineer should provide, or see that the contractor pro- 
vides, wedges suitable to different temperatures in which the 
rails are laid, and also see that they are used, for too small a 
'^])aco would result in the rails being forced up by expansion, 
I a space too large would result in a rough track. 
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Where sidings are required the necessary frogs and switch- 
ties should be provided in advance, so that they may be put 
in place as the main, track is laid. 

Heavy plank for road-crossings should be laid as soon as the 
rails are spiked so that the highway travel may not be inter- 
rupted. 

CxjL, VERTS For small openings piping answers an excellent 

purpose. The ground must be brought to grade and well 
tamped so as to form a firm and homogeneous bed for the pipe. 
If the natural soil is unsuitable to form a firm bed, a quantity 
of clay should be provided for it and tamped as above. The 
upper surface of the pipe should be at least 2 feet below grade. 

It is generally bad practice to use stone in any way about 
these culverts, since it destroys the honiogeneity of the struc- 
ture and thus invites scouring and destruction of the cul- 
vert. 

The author has constructed many pipe culverts without the 
use of a stone, and without, so far as known to him, the loss 
of a single culvert. 

Open wooden culverts are well ad^^ted for somewhat larger 
openings in low embankments. Any defects in them are easily 
seen, and they are easily renewed or replaced if desired. Cov- 
ered culverts are sometimes used in higher embankments, the 
covers being square timbers 12 or more inches in thickness. 

The walls of the culvert should extend 1^2 or 2 feet below 
the surface of the ground, and should be well tied into the bank 
by timbers embedded for that purpose. 

The bed of the culvert should be left undisturhed, the open- 
ings should be as nearly of a uniform cross-section as possible, 
having a .moderate uniform slope, and their approaches should 
be as straight and uniform in slope as practicable. 

Where these essentials are fully observed and the culverts 
are properly constructed there is no danger of their washing 
out. Culverts are often destroyed in consequence of being 
so small aa to partly block up the stream, and thus disturb its 
easy and natural flow, causing whirls, eddies, washing of banks, 
etc., and finally undermining and perhaps washing out the 
culvert. 

It is not enough that a culvert is able to discharge all the 
water that approaches it; for safety it must do so without too 
much disturbing the natural and normal flow of the water, 
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Culverts of less than 8 or 10 feet opening should not be con- 
structed in any case. 

For the foundation of large culverts piles can often be used 
to advantage, ^uch a foundation is comparatively inexpensive; 
it will last indefinitely and cannot be washed out. Moreover, 
the structure itself can be so fastened together and to the 
piles as to be immovable. 

Where good stone is plentiful, arched masonry culverts, 
though costly, are in some respects the best of all, since if 
properly built they are very durable and therefore not likely 
to fail and cause disaster. 

The location of a culvert depends somewhat upon the eon- 
formation of the ground, it being necessary sometimes (but 
should be avoided when practicable) to set the culvert on a 
" skew," in order to avoid too much excavation or to fit, to the 
best advantage, the thread of the stream. 

A stake is set at each corner of the area to be occupied by 
the culvert, and the cut to be made is marked upon it. The 
general principles of locating points and lines under various 
conditions having' been fully explained in preceding chapters, 
including Chapter IV, it is only necessary to apply them to 
any and every case that may arise. 

The location of bridge piers on a curve requires, however, 
something of a compromise; and what thut is, and a handy 
way of doing it, will therefore be explained in this connection. 
Let CD, Fig. 152, represent the curve betw^een two adjacent 

piers. Draw the chord CD. 
The middle ordinate 
B MN==CE vers CEM. 

^ Take CA^DB = y2MN. A and 
B are the centers of the piers. 

We observe that AB is on a line 
half-w^ay between the chord CD and 
tangent to the curve at M. 

Proceed in the same way for other 
piers. 

Tunnels. — Tunnels, when possible, 
should be on a tangent throughout, 
so as to be easily laid out, and to 
freely admit the light. 




E 
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'^he location of Tunnels, like that of Bridges and other struc- 
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tures sliould of course be such as to render the total cost a 

minimum for a given service rendered. 

The material to be encountered may in some cases be deter- 
mined with tolerable accuracy by a study of the geology of the 

adjacent region, but for more accurate information it is neces- 
sary to resort to borings. 

The alignment of a tunnel is more or less elaborate according 
to its length and surroundings, and great care should be be- 
stowed upon it. Indeed in all cases where errors would be 
more or less costly every effort should be made to avoid them 
by using the best tapes and rods and instruments, in perfect 
adustment, and by repeating, several times, all observations 
with transit, level, etc., and all computations. It is of the 
greatest importance to have the transit revolve in a vertical 
plane, and to secure this a sensitive bubble-tube should be 
attached to the horizontal axis of the telescope. 

It will usually be necessary to find the distance through the 
tunnel by triangulation. 

By triangulation also, and by direct surveying, the highest 
point and other high points on the line of the tunnel are found, 
as well as other points on the prolongation of the line in both 
directions. These points determine the line, and stations are 
established at them by means of which any desired point may 
be located and the work easily laid out. 

As the excavation of the tunnel proceeds successive points 
on the center line are determined, usually on the roof, from 
which plumb-lines are suspended, thus plainly and constantly 
defining the line. 

Whether tunnels are on tangents or curves the surveying 
operations connected with them are simple and have been fully 
explained. 

As already stated, great care, repetitions, and numerous and 
varied checks on the work are important. 

For detailed arid full information regarding tunnels the 
reader is referred to Sims' and Drinker's books on the subject, 
and to the current engineering journals. 



CHAPTER XIII. 
EXPLANATION OF TABLES- AND MISCELLANEOUS TOPICS. 

180 X 100 



Table I. The radius of a 1° curve = 
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1ftO V 100 V fiO 
The radius of a 1' curve = a iw a ou ^ 343774.677078. 



To find the radius of any curve divide the ladius of a 1' curve 
by the number of minutes in the degree of the given curve. 

Table II contains tangent offsets for all arcs up to 25 feet, 50 
feet, or 100 feet for curves of different degrees. 

Tables III, Ilia, and III6 contain tangential offsets, middle 01 • 
dinates, and chords for arcs of 100 feet, differingin degree by 10 . 

Tables IV and V contain the value of long chords and middle 
ordinates to long chords for curves from 0" to 20", differing by 10 . 
Tlipse tables are very useful for passing obstacles, for finding tho 
middle point of any arc, for laying out curves, etc., etc. 

Table VI contains the various elements of frogs and turnout 
curves. 

Table VII contains the true values of the tangents and erterna « 
of a r curve. To find these functions for any other curve divid<' 
the tabular numbers corresponding to the given intersection anglu 
by the number of minutes in the degree of the curve. 

Thus for a 2* 14' curve and V = 28* we have 

tangent = 85712.7 h- 134 = 689.7, 

and external = 10524.2 -i- 134 = 78.5. 

Thus the true result is given by a single operation, whereas ILm 
usual tables require three operations to find an approximate 
result. 

800 
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Tables VIII, IX, and X are supposed to be in the most conven- 
ient form for use. 

Table XI contains the correction 6, in feet, corresponding to any 
distance, i>, due to curvature and refraction. 

Tables XII, XIII, and XIV need no explanation. 

Tables XV and XVI contain, respectively, the offsets and tan- 
gent distances of transition curves, in terms of the degree of the 
offset curve, and the length of the offset or transition curve. 

Thus for an offset curve of 6" and transition curve 200 feet long 
the offset by Table XV is 1.74. Also, by Table XVI, 

^ - A0= .03, or ^0 = 100 - .03 = 99.97. 

Table XVII contains deflection angles for transition curves, for 
one to five chords, in terms of the angle for the first chord. Thus 
if the deflection angle for the first chord is 2'.3, then the angles for 
the second, third, fourth, and fifth chords are 9'.2, 20'. 7, 86'. 8, 
and 57'. 5, respectively. 

Table XVIII contains the volumes ol earth, etc., for different 
slopes and bases. 

'liable XIX applies to all bases having slopes of 1 to 1 or 1^ to 1. 

Kxample. — Let base ah (Fig. 135) = 20, slopes i to 1. 

Let CD = c = 6.4. Then DE - 10, and QE =:-- 6.4 + 10 = 16.4. 

Now for 16.4 the table gives, volume for HKE = 996 
and for 10 the table gives, volume for dbE — 370 



Therefore the desired volume for ahllK = 626 

The subgrade volume cmE being constant for any given base 
and slope can be taken from the table once for all. 

A table designed specially for any base can be used as above 
:or any other base having tho same slopes. 

The remaining tables perhaps require no explanation. 

Miscellaneous. 

To Gauge a Stream Approximately » — Take some body, a partly 
filled bottle, for example, that will float nearly submerged, and 
allow it to do so down a uniform and open stretch of the stresnii 
100 feet in length, and note the time 7 in seconds. 
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Measure the cross-section A in square feet, then the cable feet 
of water that passes per minute is 

50004 

This assumes that the average velocitj is f of the observed 
velocity, (See Bowser's Hydromechanics, p. 217.) 

Horse-power of falling water = .00189Qi7, in which Q = cubic 
feet per minute falling H feet. 

Trajisverse Strength of Rectangular Beanu. — Let L = length 
in feet, b = the breadth, and d = depth in inches ; ic = load at 
* center in pounds, and i? = modulus of rapture. Then 

1 BbcP 

w = 



l^L 



H is taken from 1000 to 15,000 pounds for wood, and from 10,000 
to 15,000 pounds for wrought iron. 

If the load is distributed, it will carry twice the above amount. 
This is useful during construction in deciding whether or not 
working trains can safely pass over unfinished bridges, culverts, 
etc. 

Safe Bearing -power of Piles. — Let w = weight in pounds of the 
hammer used in driving a pile, h = the fall in feet, 8 = the 
penetration in inches, and It = the bearing-power sought. Then, 
assuming a factor of safety of 6, 

2w7i 

This is the formula of the late Mr. A. M. Wellington, formerly 
editor of the Engineering News. It has the merit of being as 
trustworthy as any, combined with great simplicity. 
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S04 TABLE I -RADII, CHORDS, OFFSETS, AND ORDINaTES. 



Degree 


Radius 
R. 


Chord 

1 

Sta. 


Tang. 

Oflf. 

t. 


Mid. 

Ord. 

m. 


Desrree 
D. 


Radius 
R. 


Chord 
1 

Sta. 


Tang. 

Oflf. 

t. 


Mid. 
Ord. 

wt. 1 


0' 


No rad. 


100.00 




l* 0' 


5729.58 




.873 


.218 


1 


843775. 




.015 


.004 


I 


5635.6.") 




.887 


.222 


2 


171887. 




.029 


.007 


2 


5544. 7e 




.902 


.225 , 


3 


114592. 




.044 


.Oil 


3 


.5456.741 


.916 


.229 


4 


85943.7 




.058 


.015 


4 


5371.48 




.931 


.233 


5 


68754.9 


.073 


.018 


5 


5288.84 




.945 


.2.36 


G 


57295.8 


.087 


.022 


6 


5208.71 


99.998 


.900 


.240 


< 


49110.7 


.102 


.025 


7 


5130.97 




.974 


.244 


8 


42971.8 


.116 


.029 


8 


.^55.51 




.989 


.247 


9 


38197.2 


.131 


.033 


9 


4982.24 




1.004 


.251 


10 


34377.5 


.145 


.036 


10 


4911.07 




1.018 


.2.55 


11 


31252.2 


.160 


.040 


11 


4841.90 




1.033 


.258 


la 


28647.9 


.175 


.044 


12 


4774. U5 




1.047 


.262 


13 


26444.2 




.189 


.047 


13 


4709.24 




1.062 


.265 


14 


24555.3 




.204 


.051 


14 


4645.60 




1.076 


.269 


15 


22918.3 


.218 


.055 


15 


4583.66 




1.091 


.273 


16 


21485.9 


.■:ss 


.0.=i8 


16 


4523.35 




1.105 


.276 


17 


20i22.0 


.247 


.062 


17 


4464.61 




1.120 


.280 


18 


19098.6! 


.262 


.065 


18 


4407.87 




1.134 


.284 


19 


18093.4' 


.276 


.0(59 


19 


4351.58 




1.149 


.287 


20. 


17188.7 




.291 


.073 


20 


4297.18 




1.164 


.291 


21 


10370.2 




.305 


.070 


21 


4244.13 




1.178 


.295 


22 


15626.1 




.320 


.oso 


22 


419».37 




1.193 


.298 


23 


14946.7 




.33-. 


.(SI 


23 


4141. 8r, 




1.207 


.:302 


2* 


14323.9 




.849 


(87 


24 


4092.56 




1.22i' 


.305 


25 


13751.0 




.:^64 


.091 


25 


4044.41 


99.997 


1.236 


.:309 


•J«. 


13222.1 




.378 


0P5 


26 


3997.38 




1.251 


.313 


'■i^ 


12732.4 




.393 


OJS 


27 


3951.43 




1.265 


.816 


28 


l-,>277.7 




.407 


.102 


28 


3906.53 




1.280 


.820 


29 


11854.3 




.422 


.105 


29 


8862.64 




1.29 J 


.:324 


3U 


11459.2 




.436 


.109 


30 


3819.72 




1.809 


.327 


31 


11089.5 


.451 


.113 


31 


3777.74 




1.323 


.331 


32 


10743.0 


.465 


.116 


32 


37:36.68 




1.338 


.335 


33 


11)417.4 


; .480 


.120 


33 


3696.50 




1.853 


.3:38 


34 


10111.0 


' .495 


.124 


34 


8657.18 




1.367 


.:342 


35 


9822.13 1 .509 


.127 


i 35 


3618.68 




1.382 


.345 


36 


9:)49.30 




.524 


.131 


36 


3580.99 




1.396 


.349 


37 


9291.21 




.538 


.135 


37 


3544.07 




1.411 


.353 ; 


38 


9046 71 


99.999 


.553 


.138 


38 


3507.90 




1.425 


.3«5 I 


39 


8S14.74 




.067 


.142 


39 


3472.47 




1.440 


..360 


40 


a594.37 




.582 


.145 


40 


3437.75 


99.996 


1.454 


.864 


41 


8384.75 




.596 


.149 


41 


3408 .71 




1.469 


.367 


42 


8185.11 




.611 


.153 


42 


3370.34 




1.483 


.871 


43 


7994.76 




.625 


.156 


43 


a337.62 




1.498 


.375 


44 


7813.06 




.640 


.160 


44 


8:305.58 




1.513 


.878 


4t 


7639.44 




.654 


.164 


45 


:3274.04 




1.527 


.882 


4G 


7473.36 




.669 


.167 


46 


3248.16 




1.542 


.8a5 


47 


7314.35 




.684 


.171 


47 


3212.85 


1 


1.556 


.889 : 


4H 


7161.97 




.698 


.175 


48 


3ia3.10 


1.5711 .393 


49 


7015.81 




.713 


.178 


49 


3153.90 




1.585 


.396 


50 


6875.49 




.727 


.182 


50 


3125.22 




1.600 


.400 


51 


6740.68 




.742 


.ia5 


51 


3097.07 




1.614 


.404 


52 


6611.05 




.756 


.189 


52 


3069.42 




1.629 


.407 


53 


6486.31 




.771 


.193 


53 


:3042.25 99.995 


1.643 


.411 


54 


6366.20 




.785 


.196 


54 


3015.57 




1.658 


.415 


55 


6250.45 




.800 


.•^00 


55 


2989.35 




1.672 


.418 


56 


6138.83 




.814 


.204 


56 


2963.57 




1.687 


.422 


57 


60:31.13 




.829 


.207 


57 


29:38.25 




1.702 


.425 


58 


5927.15 




.844 


.211 


58 


2913.34 




1 716 


.429 


59 


5826.69, 


.858 


.815 


59 


2888.86 1 


1.781 


.438 


60 


5729.58 .873 


.218 


60 


2864.79 1.745 


.486 1 
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Degree 


Radius 


Chord 

1 
Sta. 


Tang. 

Off. 

t. 


Mid. 

Ord. 

m. 


Degree 
D. 


Radius 
R. 


Chord 

1 
Sta. 


Tang 
Off. 
t. 


Mid. 
Old. 

Vi. 


2« 00/ 


2884.79 




1.745 


.436 


3*» 00' 


1909.86 




2.617 


.654 


1 


2841.11 




1.760 


.440 


1 


1899.31 


99.988 


2.632 


.658 


2 


2817.83 




1.774 


.444 


2 


1888.87 




2.646 


.662 


3 


2794.92 




1.789 


.447 


3 


1878.55 




2.661 


.665 


4 


2772 38 




1.803 


.451 


4 


1868 34 




2.670 


.669 


5 


2750.20 


99.994 


1.81S 


.454 


5 


1858.24 




2.690 


.673 


6 


'2728.37 




1.83J 


.457 


6 


1848.25 




2.705 


.676 


7 


2706.89 




1.847 


.462 


7 


1838.87 




2.719 


.680 


8 


26a5.74 




1.861 


.465 


8 


1828.59 




2.734 


.684 


9 


2664.92 




1.876 


.468 


9 


1818.91 


99.987 


2.748 


.687 


10 


2044.42 




1.891 


.473 


10 


1809.34 




2.763 .691 


11 


26'24.23 




1.905 


.476 


11 


1799.87 




2.777 


.694 


u 


2604.85 




1.920 


.480 


12 


1790.49 




2.792 


.698 


13 


2584.77 




1.934 


.484 


13 


1781.22 




2.806 


.702 


14 


2565.48 




1.949 


.487 


14 


1772.03 




2.821 


.705 


16 


2546.48 




1.963 


.491 


15 


1762.95 




2 835 


.709 


16 


2527.75 


99.993 


1.978 


.494 


16 


1753.95 


99.980 


2.850 


.713 


1 IT 


2509.30 




1.992 


.498 


17 


1745.05 




2.864 


.716 


18 


2491.12 




2.007 


.502 


18 


1736.24 




2.879 


.720 


19 


2473.20 




2.021 


.505 


19 


1727.51 




2.894 


.724 


! '20 


2455.53 




2.036 


.509 


20 


1718.87 




2.908 


.';27 


1 21 


2438.12 




2.050 


.513 


21 


1710.32 




2.923 


.731 


22 


2420.95 




2.065 


.516 


22 


1701.85 




2.937 


.734 


28 


2404. 0-.> 




2.080 


.520 


23 


1693.47 


99.986 


2.952 


.738 


24 


2387.32 




2.094 


.524 


24 


1685.17 




2.96H 


.742 


25 


2870.86 




2.109 


.527 


25 


1676 95 




2.981 


.745 


26 


2354.62 


99.992 


2.123 


.531 


26 


1668 81 




2 995 


.749 


27 


2338.60 




2.138 


.534 


27 


1660.75 




3.010 


.753 


28 


2322.80 




2.152 


.538 


28 


1652.76 




3.024 


.756 


! 29 


2307.21 




2.167 


.542 


29 


1644.85 




3.039 


.760 


30 


2*291.88 




2.181 


.545 


30 


1637.02 


99.984 


3.053 


.764 


31 


2276.65 




2.190 


.549 


31 


1629.26 




3.068 


.167 


32 


2261.68 




2.210 


.553 


32 


1621.58 




3.082 


.771 


33 


2246.89 




2.225 


.5.56 


33 


1613.97 




3.097 .774 


34 


2232.30 




2 239 


.560 


34 


1606.42 




3.112 


.778 


35 


2217 90 




2.254 


.56-4 


35 


1598.95 




3.126 


.:si 


36 


22a3.68 


99.991 


2.269 


.567 


36 


1591.55 




3.141 


.7.«5 


37 


2189.65 




2.283 


.571 


37 


1584.22 


99.983 


3.155 


.789 


38 


2175.79 




2.298 


.574 


38 


1576.95 




3.170 


.793 


39 


2162.10 




2.312 


.578 


39 


1569.75 




3.184 


.796 


40 


2148.59 




2.327 


.582 


40 


1562.61 


! 3.199 


.800 


41 


2135.25 




2.311 


.585 


41 


1555.54 


i 3.213 


.804 


42 


2122.07 




2.356 


.589 


42 


1548.53 




3.2:i8 


.807 


43 


2109.05 




2.370 


.593 


43 


1541.. 59 


99.982 


3.242 


.811 


44 


2096.19 




2.385 


.596 


44 


1534.71 




3.257 


.814 


45 


2083.48 


99.990 


2.399 


.600 


45 


1527.89 




3.271 


.818 


46 


2070.93 




2.414 


.604 


46 


1521.13 




3.28(5 


.822 


47 


2058.53 




2.428 


.607 


47 


1514.43 




3.300 


.825 


48 


2046.28 




2.443 


.611 


48 


1507.78 




3.315 


.8.9 


49% 


2034.17 




2.458 


.614 


49 


1501.20 




3.329 


.P33 


50 


2022.20 




2.472 


.618 


50 


1494.67 


99.981 


3.U4 


.836 


51 


2010.38 




2.487 


.622 


51 


1488.20 




3 3.58 


.840 


52 


1998.69 




2.501 


.625 


52 


1481.79 




3.373 


.843 


53 


1987.14 


99.989 


2.516 


.6'29 


53 


1475.43 




3.388 


.847 


54 


1975.72 




2.530 


.633 


54 


1469.12 




3.402 


.851 


55 


1964.43 




2.545 


.636 


55 


1462.87 




3.417 


.854 


56 


1953.27 




2..')59 


.640 


56 


1456.67 


99.980 


3.431 


.858 


57 


1942.23 




2.574 


.644 


57 


1450.53 




3.446 


.8r.2 


58 


1931.32 




2.588 


.<i47 i 


58 


1444.43 




3.460 


.865 


59 


1920.. 53 




2.603 


.651 


59 


1438.39 


3.47.-): .869 1 


60 


1909.86 




2.617 


.654 


60 


1432.39 




3.489 


.0/ 
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Degree 
n 


Radius 
R 


Chord 
1 


Off. 


Mid. 
Ord. 


Degree 
D. 


Radius 
R. 


Chord 

1 


Taiig. 
Off. 


Mid. 
Ord. 


4° 0' 


.Ik • 


Sta. 


t. 


in. 


Sta. 


t. 


»i. 


1 J32.39 


3.489 


.873 


50 0' 


1145.92 




4.361 


1.091 


1 


1426.45 




3 504 


.876 


1 


1142 11 




4.375 


1.094 


2 


1430.56 


99.979 


3.518 


.880 


3 


1138.33 




4.890 


1.098 


3 


1414 71 




3.533 


.883 


3 


1134.57 




4.404 


1.102 


4 


1406.91 




3.547 


.887 


4 


1130.84 


99.967 


4.419 


1.105 


5 


H03.16 




3.562 


.891 


5 


1127.13 




4.433 


1.109 


6 


1397.46 


3.576 


.894 


6 


1123.45 




4.448 


1.112 


7 


1391.80 99.978 


3.591 


.898 


7 


1119.79 




4.462 


l.llC 


8 


1386.19 




3.605 


.902 


8 


1116.15 




4.477 


1.120 


9 


13H0.62 




3.620 


.905 


9 


1112.54 


99.966 


4.491 


1.123 


10 


1875.10 




3.635 


.909 


10 


1108.95 




4.506 


1.127 


11 


1339.62 




3.649 


.913 


11 


1105.38 




4.520 


1.131 


V2 


1364.19 




3.664 


.916 


12 


1101.84 




4.536 


1.134 


13 


13-8.79 


99.977 


3.678 


.930 


18 


1098.32 


99.965 


4.549 


1.138 


14 


1353.44 




3.693 


.923 


14 


1094.82 




4.564 


1.142 


15 


1348.14 




3 707 


.927 


15 


1091. :» 




4.578 


1.145 


IG 


l:i42.87 




3.722 


.931! 


16 


1087.89 




4.593 


1.149 


17 


1337.64 




3.736 


.934 


17 


1084.46 




4.607 


1.152 


18 


1332.46 




3.751 


.938 


18 


1081.05 


09.964 


4.622 


1.1.56, 


VJ 


1327.32 


99.976 


3.765 


.942 


19 


1077.66 




4.636 


1.160 


:iO 


1322.21 




3.780 


.945 


20 


1074.30 




4.651 


1.1C3 


21 


1317.14' 


3.794 


.949 


21 


1070.95 




4.665 


I.I67' 


'»2 


1312.12' 


3.809 


.953' 


S2 


1067.62 


99.963 


4.680 


1.171 


ii3 


1307.13 


3.823 


.9561 


23 


1064.32 




4.694 


1.174 


'^4 


1302.18, 99.975 


3.838 


.960 


24 


1061.03 




4.709 


1.178' 


525 


1297.26 


3.852 


.963 


25 


1057.77 




4.723 


1.182 


ye 


1292.39' 


3.867 


.967 


26 


1054.53 




4.7:« 


1.185 


27 


1287.55: 


3.881 


.971 


27 


1051.30 


99.962 


4.752 


l.l89i 


28 


1282.741 


3.896 


.974 


y8 


1048.09 




4.767 


1.192, 


29 


1277.97, 99.97i 


3.910 


.978 


29 


1044.91 




4.781 


1.196 


30 


1273.24 


3.925 


.982' 


30 


1041.74 




4.796 


1.200 


31 


1268.54 


3.939 


.985 


31 


1038.59 


99.961 


4.810 


1.203 


32 


1263.88! 


•3.954 


.989! 


33 


1035.47 




4.825 


1.207 


33 


1259.25! 


3.969 


.993| 


33 


1032.36 




4.810 


I.21I1 


34 


1254.65 


3.983 


.996 


34 


1029.27 




4.854 


1.214 


35 


1250.09! 99.973 


3.998 


1.000 


35 


1036.19 


99.960 


4.869 


1.218 


36 


1245.56' 


4.012 


1.003 


36 


1028 14 




4.883 


1.221 


37 


1241.06; 


4.027 


1.007 


37 


1020.10 




4.898 


1.225 


38 


1236.60' 


4.041 


1.011 


38 


1017.08 




4.912 


1.229 


39 


123^.17] 


4.056 


1.014 


39 


1014.08 


99.959 


4.927 


1.232' 


40 


1227.77 99.972 


4.070 


1.018 


40 


1011.10 




4.941 


1.236' 


41 


1223.40, 


4.085 


1.022 


41 


1008.14 




4.956 


1.240, 


42 


1219.06 


4.099 


1.025 


42 


1005.19 




4.970 


1.243 


43 


1214.75' 


4.114 


1.029 


43 


1008.36 




4.985 


1.247 


44 


1210.47 


4.128 


1.033 


44 


999.845 


99.958 


4.999 


1.351 


45 


1206.23 99.971 


4.143 


1.036 


45 


996.448 




5.014 


1.254 


46 


1202.01 


4.157 


1.040 


46 


993.569 




5.028 


1.358 


47 


liy7.8<J 


4.172 


1.043 


47 


930.705 




5.043 


1.261 


48 


1193.66 


4 186 


1.047 


48 


987.858 


99.957 


5.057 


1.265 


49 


1189.53 


4.201 


1.051 


49 


985.028 




5.072 


' 1.269 


50 


1185.43 99.970 


4.215 


1.054 


50 


982.213 




5.086 


1.272 


51 


1181.36 


4.230 


1.058 


51 


979.415 




5.101 


1.376 


52 


1177.31 


4.244 


1.062 


52 


<u76.633 


99.956 


5.115 


1.280 


53 


1173.29 


4.259 


1.065 


58 


973.866 




5.130 


1.283 


54 


1169.30 


4.273 


1.069 


54 


971.115 




5.144 


1.287 


55 


1165.34' 99.969 


4.288 


1.07'2 


55 


968.379 




5.159 


1.291 


56 


1161.40 




4 31)2 


1.076 


56 


965.659 


99.955 


5.173 


1.294 


57 


1157.49 




4.317 


1.080 


57 


962.954 




5.188 


1.298 


58 


1153.61! 


4.33.» 


1.083 


58 


9(>0.264 




5.202 


1.301 


:')9 


1149.75 


99.9G8 


4.346 


1.087| 


59 


957.590 




5.217 


1.305 


60 


1145.92 




4.361 


1.091 


60 


954.930 


99.954 


5.231 


1.309 
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Degrree 
D. 


Radius 


Chord 

1 

Sta. 


Tang. 

Off. 

t. 


Mid. 

Ord. 

m. 


Degree 

7«> 00' 


Radius 
B. 

818.511 


Chord 

1 

Sta. 


Tang. 
Off. 


Mid. 
Ord. 

TO. 


6» 00' 


954.930 




5.2:^1 


1.809 




6.101 


1.527 


1 


952.284 




5.246 


1.312 


1 


816.567 




6.116 


1.530 


2 


945^.654 




5.260 


1.816 


2 


814.632 


99.937 


6.130 


1.534 


3 


947.038 




5.275 


1.320 


3 


812.706 




6.145 


1.538 


4 


944.436 


99.953 


5.289 


1.323 


4 


810.789 




6.159 


1.541 


5 


941.848 


. 


5.304 


1.327 


5 


808.882 


99.936 


6.174 


1..545 


6 


939.275 




5.318 


1.330 


6 


806.983 




6.188 


1.548 


7 


936.716 




5.333 


1.334 


7 


805.093 




6.202 


1.552 


8 


934.170 


99.952 


5.347 


1.338 


8 


803.212 


99.935 


6.217 


1.556 


9 


931.6;^9 




5.362 


1.341 


9 


801 .840 




6.231 


1.559 


10 


9:i9.121 




5.376 


1.345 


10 


793.476 




6.246 


1.563 


11 


926.616 


99.951 


5.391 


1.349 


11 


797.621 




6.260 


1.567 


12 


924.125 




5.405 


1.352 


12 


795.775 


99.934 


0.275 


1.570 


13 


921.648 




5.420 


1.356 


13 


793.937 




6.289 


1 .574 


14 


919.184 




5.434 


1.360 


14 


792.108 




6.304 


1.578 


15 


916.732 


99.950 


5.449 


1.383 


15 


790.287 


99.933 


6.318 


1.581 


16 


914.294 




5.463 


1.367 


16 


788.474 




6 333 


1.585 


17 


911.869 




5.478 


1.370 


17 


786.670 




6.347 


1..588 


18 


909.457 




5.492 


1 .374 


18 


784.874 


99.932 


6.362 


1.592 


19 


907.0.'^7 


99.949 


5.507 


1.378 


19 


783.058 




6.376 


1..596 


20 


904.070 




5.521 


1.381 


20 


781.306 




6.391 


1.599 


21 


902.296 




5.536 


1.3851 


21 


779.534 


99.931 


6.405 


1:603 


22 


899.934 




5.550 


1.389 


22 


777.771 




6.420 


1.607 


23 


897.584 


99.948 


5.565 


1.392 


23 


776.015 




6.434 


1.610 


24 


895.247 




5.579 


1.396! 


24 


774.267 




6.449 


1 614 


25 


892.921 




5.594 


i.4oo; 


25 


772.527 


99.930 


6.403 


1.618 


26 


890.608 


99.947 


5.608 


1.403' 


26 


770.795 




6.478 


1 .621 


27 


888.307 




5.623 


1.407; 


27 


769.071 




6.492 


1.625 


28 


886.017 




5.637 


1.410 


28 


767.354 


99.9:.'9 


6 5or 


1.628 


29 


883.740 




5.652 


1.414 


29 


765.645 




6.521 


1 .632 


30 


881 .474 


99.946 


5.666 


1.418 


30 


•;63.944 




6.530 


1.036 


31 


879.219 




5.681 


1.421 


31 


762.250 


99.928 


6.550 


1.639 


32 


876.976 




5.695 


1.4251 


32 


760. 56-^ 




6.565 


1.643 


M3 


874.745 




5.710 


1.429 


33 


758.885 




6.579 


1.647 


34 


872.525 


99.945 


5.724 


1 .432 


34 


757.213 


99.927 


6.594 


1.651 


35 


870.316 




5.739 


1.436 


35 


755.549 




6.608 


1.054 


m 


868.118 




5.753 


1.439 


36 


753.892 




6.623 


1.657 


37 


865.931 


99.944 


5.768 


1.443 


37 


752.242 


99.926 


6.637 


1.661 


38 


868.755 




5.782 


1.447 


38 


750.600 




6.651 


1.665 


39 


861.591 




5.797 


1.451 


39 


748.964 




0.06(5 


1.668 


40 


859.437 




5.811 


1.454 


40 


747.386 


99.925 


6.680 


1.67:.' 


41 


857.293 


99.943 


6.826 


1.458 


41 


745.715 




6.695 


1.676 


42 


855.161 




5.840 


1.461 


42 


744.101 




6. 709 


1.6':9 


43 


853.039 




5.855 


1.465 


43 


742.494 


99.924 


6.724 


1.683 


44 


850.927 


99.942 


5.869 


1.469 


44 


740.894 




6.738 


1.087 


45 


848.826 




5.884 


1.472 


45 


739.300 




6.753 


1.090 


46 


846.736 




5.898 


1.476 


46 


737.714 


99.923 


0.707 


1.094 


47 


844.655 




5.913 


1.479 


47 


736.134 




6.782 


1.09: 


48 


842.585 


99.941 


5.927 


1.483 


48 


734.561 




0.796 


1.70! 


49 


840.525 




5.942 


1.48T 


49 


782.997 


99.922 


0.811 


1.705 


50 


838.475 




5.956 


1.490 


50 


731.435 




0.825 


1.708 


51 


836.485 


99.940 


5.971 


1.494 


51 


729.883 




6.840 


1.712 


52 


834.405 




5.985 


1.498 


52 


728.336 


99.921 


6.851 


1.716 


53 


832.384 




6.000 


1.501 


53 


726.796 




0.809 


1.719 


54 


830.374 




6.014 


1.505, 


54 


725.263 




6.883 


1.723 


55 


828.373 


99.989 


6.029 


1.509 


55 


7J3 730 


99.920 


6.898 


1.726 


56 


826.381 




0.043 


1.512 


.56 


722.216 




6.912 


1.730 


57 


824.400 




6 0.58 


1.516 


57 


720.702 




0.927 


1 734 


58 


822.427 


99.938 


6.072 


1.519 


.58 


719.194 


99.919 


0.941 


1.737 


, 59 


820.465 




6.087 


1.528 


59 


717.692 




6.9.*)6 


1.741 


GO 


818.511 




6.101 


1.527 


60 


710.197 




6.970 


1.745 
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1 

D^i-ee 
D, 

1 


Ra.lius 


Ciiord 

1 
Sta. 


Tang. 

Off. 

t. 


Mid. 

Ord. 

m. 


Degree 


Radius 
R. 


Chord 

1 
Sta. 


Tang. 

Off. 

t. 


Mid. 

Ord. 

m. 


8«» 00' 


716 197 




6.970 


1.745; 


9« OO' 


636.6201 


7.838 


1.963 


1 


714.708 


99.918 


6.984 


1.748 


1 


635.443 




7.852 


1.966 


2 


713. 2^25 




6.999 


1 .752 


2 


634.271 


99.896 


7.867 


1.970 


'6 


711.749 




7.013 


1.756 


3 


6^38.103 




7.881 


1 973 


A 


710.278 


99.917 


7.0J8 


1.759, 


4 


631.939 




7.890 


1 977 


5 


708.814 




7.042 


1.763 


5 


630.779 99.895 


7.910 


1.981' 


6 


707.355 




7.057 


1.7661 


6 


6-29.624 




7.92h 


1.984 


7 


705.903 


99.916 


7.071 


1.770 


7 


628.473 




7.989 


1.988 


8 


704.456 




7.086 


1.774 


8 


627.326 


99.694 


7.953 


1.992 


9 


70.i.016 




7.100 


1.777 


9 


626.188 




7.968 


1.995 


10 


701.581 


99.916 


7.115 


1.781 


10 


625.045 


99.898 


7.982 


1.999 


11 


700.152 




7.129 


1.785 


11 


623.910 




7.997 


2.002 


Vi 


098.739 




7.144 


1.788 


12 


622.780 




8.011 


2.006 


13 


697.312 


99.914 


7.158 


1.792 


13 


621.654 


99.892 


8.026 


2.010 


14 


695.900 




7.173 


1.795i 


14 


620.532 




8.040 


2.018 


15 


694.494 




7.187 


1.799' 


15 


619.414 


99.891 


8.055 


2.017 


16 


693.094 


99.913 


7.202 


1.803 


16 


618.300 




8.069 


2.f21 


17 


691.700 




7.21U 


1.8061 


17 


617.190 




8.084 


2.024 


18 


690.311 




7.230 


1.810! 


18 


616.084 


99.890 


8.098 


2.028 


19 


G88.927 


99.912 


7.245 


1.814 


19 


614.982 




8.112 


2.031 1 


20 


687.549 




7.259 


1.817 


20 


613.883 


99.889 


8.127 


2.035 


21 


686.177 




7.274 


1.820| 


21 


612.789 




8.141 


2.039 


22 


684.810 


99.911 


7.2as 


1.825' 


22 


611.699 




8.156 


2.042 


23 


683.449 




7.308 


1.8:8, 


23 


610.612 


99.888 


8.170 


2.046 


24 


682.093 


99.910 


7.317 


1 .832, 


24 


609.530 




8.ia5 


2.050 


25 


680.742 


• 


7.3 ii 


1.885 


25 


608.451 


99.887 


8.199 


2.058 


20 


679.397 




7.346 


1.839 


2o 


607.376 




8.214 


2.057 


27 


678.057 


99.909 


7.301 


1.843 


27 


606.805 




8.228 


2.001 


28 


676.722 




7.375 


1.846 


28 


605.287 


99.886 


8.242 


2.064 


29 


675.39;» 




7.390 


1 .850, 


29 


604.173 




8.257 


2.068 


30 


674.008 93.908 


7.404 


1.854 


30 


603.113 


99.886 


8.271 


2.0711 


31 


672.749 


7.419 


1.857 


31 


602.057 




8.286 


2.075 


:JJ 


071 435 


7.438 


1.861 


32 


001.005 




H.300 


2.079 


83 


670 120 


99.907 


7.447 


1.864| 


38 


599.956 


99.884 


8.315 


2 082 


3( 


6()S.H22 




7.462 


1.868, 


34 


598.911 




8.829 


2.086 


m 


667.524 




7.476 


1.872' 


35 


597.809 


99.883 


8.344 


2. OIK) 


30 


660.*J30 


99.906 


7.491 


1.875 


36 


596 881 




8.8.58 


2.093 


;]7 


«(;4.941 




7.50.T 


1.879 


37 


595.797 




8.372 


2.097 


8S 


(>r>3.6rKS 


99.905 


7.5-.'0 


1.883 


38 


594.760 


99.882 


8.387 


2.HX) 


39 


002. 379 




7.584 


1.8801 


39 


598 739 




8.401 


2.104 


40 


661.105 




7.549 


1.890 


40 


59-,'.715 




8.416 


2.108 


41 


659.836 


99.904 


7.563 


1.894 


41 


591.695 


99.881 


8.4-80 


2.111 


4^ 


6:)8.572 




7.518 


1.897 


42 


590.678 




8.445 


2.115 


43 


657.313 




7.592 


1.901 


43 


589.665 


99.880 


8.459 


2.119 


44 


056.059 


99.903 


7.607 


1.904 


44 


588.655 




8.474 


2.122; 


45 


6.54.809 




7.021 


1.908 


45 


587.649 


99.879 


8.488 


1 

2.126 


46 


058.564 


99.902 


7.6M5 


1.912 


46 


586.610 




8.502 


2.121» 


47 


05i.324 




7.650 


1.915 


47 


585.647 




8.517 


2.188 


48 


651 .089 




7.664 


1.919 


48 


584.651 


99.878 


8.531 


2.137 


49 


619.858 


99.901 


7.679 


1.923 


49 


583.658 




8.5-16 


1 

2.140 


50 


648.631 




7.693 


1.926 


50 


582.669 


99.877 


8.660 


2.144 


51 


647.410 




7.708 


1.930 


51 


581.683 




8.575 


2.148 


52 


646.193 


99.900 


7.722 


1.933 


52 


580.700 




8.589 


2.151 


53 


644.980 




7.737 


1.937 


53 


679.721 


99.876 


8.608 


2.155 


54 


643.773 


99.899 


7.751 


1.941 


54 


578.745 




8.618 


2.159 


55 


642.569 




7.766 


1.944 


65 


577.773 


99.875 


8.632 


2.162 


56 


641.371 




7.780 


1 948 


56 


578.803 




8.647 


2.166 


57 


640.176 


99.898 


7.794 


1.952 


57 


575.887 


99.874 


8.601 


2.169 


58 


63S.986 




7.800 


1.955 


58 


574.874 




8.676 


2.173 


59 


687.801 




7.S28 


1.0.*.!) 


r>9 


578. 9il 




8.690 


2.177 


GO 


636.620 


99.897 


7.838 


1.903 

I 


00 


572. 95S 


99.873 


8.705 


2.180 
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1 

Decree 
D. 


Radius 
R. 


Chord 

1 

Sta. 


Tang. 

Off. 

t. 

8.705 


Mid. 

Ord. 

m. 


Degree 
D. 


Radius 


Chord 

1 
Sta. 


Off. 
t. 

17.277 


Mid. 

Ord. 

m. 

4.352 


10" 


0.)' 


fi?2.958 


99.873 


2.180 


20» 00' 


286.479 


99.498 




10 


56S.5(>5 


99.869 


8.849 


2.217 


10 


284.111 


99 48:» 


17.418 


4.388 




20 


554.475 


99.864 


8.993 


2.253 


20 


281.783 


99.476 


17.5.MJ 4.424 




30 


545.674 


99.860 


9.137 


2.289 


30 


279.492 


90.467 


17.7<.X)| 4.4<K) 




40 


537.148 


99.856 


9.28.' 


2.325 


40 


277.238 


99.4.VJ 


17.840 4.407 




m 


6-^8.884 


99.851 


9.426 


2.362 


50 


275.020 


99.4r>0 


17.981 4.. 533 


11 


00 


520.871 


99.847 


9.570 


2.398 


21 00 


272.837 


99.441 


18.122 4 500 




10 


513.0!)7 


99.842 


9.714 


2.434 


10 


270.689 


99.432 


18.262' 4.605 




20 


505.551 


99.837 


9.858 


2.471 


20 


268.574 


99.428 


18.403 4.641 




30 


498.224 


99.832 


10.002 


2..''>07 


30 


266.492 


99.414 


18. .543: 4 677 




40 


491.107 


99.827 


10.146 


2.543 


40 


264.442 


99.405 


18.68) 4.718 




50 


484.190 


99.822 


10.290 


2.579 


50 


262.423 


99.306 


18.824 4.749 


IJ 


00 


477.465 


99.817 


10.434 


2.616 


22 00 


260.435 


09.3^7 


18.964 


4.785 




10 


470.924 


99.812 


10.578 


2.652 


10 


258.477 


99.378 


19.104 


4.821 




20 


464.560 


99.807 


10.721 


2.688' 


20 


256.548 


99.36S 


19.244 


4.857 




30 


458.306 


99.802 


10.865 


2.724! 


30 


254.648 


99.350 


10.384 


4.S 3 




40 


452.335 


99.797 


11.009 


2.7611 


40 


252.775 


00.349 


19.. 524 


4.929 




rO 


446.461 


99.791 


11.152 


2.797i 


50 


250.930 


99 340 


19.664 


4.965 


13 


00 


440.737 


99.786 


11.296 


2.a33 


23 00 


249.112 


09..S:iO 


19.803 5.001 




10 


435.158 


99.780 


11.440 


2.869 


10 


247.320 


90.3.0 


19.943i 5.a37 




20 


429.718 


99.775 


11.583 


2.906 


20 


245.553 


99.310 


20.082 


5.073 




30 


4'»4.413 


99.769 


11.727 


2.942 


80 


243.812 


90.301 


20.222 


5.100 




40 


419.237 


99.7(>3 


11.870 


2.978 


40 


242.095 


99.291 


20.361 5. 145 




.50 


414.186 


99.757 


12.013 


3.014 


50 


240.402 


99.281 


20.500, 5.181 


14 


00 


409 256 


99.751 


12.157 


3.051 


24 00 


238.732 


99.271 


20.639 5.217 




10 


41M.441 


!>9.745 


12.. 300 


8.087 


10 


237.086 


9y.260 


20.779; 5.253 




20 


31/9.738 


99.739 


12.443 


3.123 


20 


235.462 


99.250 


20.918 


5.889 




30 


395.143 


99.733 


12.580 


3.159 


30 


233.860 


99.240 


21.056 


5.;i25 




40 


390.653 


99.727 


12.729 


3.195 


40 


232.280 


99.230 


21.195' 5.. 361 




60 


386.264 


99.7:21 


12.872 


3.232, 


50 


2:10.721 


99.219 


21.334, 5.397 


15 


00 


381.972 


99.715 


13.015 


3.268 


25 00 


229. 1(3 


99.208 


21.473 


5.433 




10 




90.708 


13.158 


3.801 


10 


227.665 


99.198 


21.611 


5.468 




20 


373.668 


99.702 


13.301 


3.340 


20 


226.168 


99.187 


21.750 


5.504 




80 


369.650 


99.695 


13.444 


3.376 


30 


224.689 


99.177 


21.888 


5.540 




40 


365.718 


99.689 


13.587 


3.4131 


40 


223.230 


09 1C6 


22.026 


5.576 




50 


361.868 


99.682 


13.729 


3.440 


50 


221.790 


99.155 


22 164 


5.612 


16 


00 


358.099 


99.675 


13.872 


3.485 


26 00 


220.368 


99.144 


22.303 


5.648 




10 


354.407 


90.669 


14.015 


3. .521 


10 


218.965 


99.133 


22.441 


5.634 




20 


3.50.790 


99.662 


14.157 


3.557 


20 


217.579 


99.122 


22.578 


5.780 




30 


347.247 


99.055 


14.300 


3.504 


30 


816.210 


99.111 


22.716 


5.756 




40 


343.775 


99.ff48 


14.442 


3.630 


40 


214.859 


99.100 


22.854 


5.792 




50 


340.371 


99.641 


14.584 


3.667 


50 


213.525 


99.089 


22.992 


6.827 


17 


00 


337.0:^4 


99.634 


14.727 


3.702' 


27 00 


212.207 


99.077 


23.129 


5.663 




10 


33:3.762 


99.626 


14.869 


3.738 


10 


210.905 


09.066 


23.267 


5.890 


• 


20 


330.553 


99.819 


15.011 


3.774 


20 


209.619 


99.054 


23.404 


5.9:35 




30 


327.404 


99.612 


15.153 


3.810 


30 


208.848 


99.043 


23.541 


5.971 




40 


324.316 


99.604 


15.295 


3.847 


40 


207.093 


99.031 


23.678 


6.007 




50 


321.285 


99.597 


15.437 


3.883 


50 


205.853 


99.020 


23.815 


8.042 


18 


00 


318.310 


99.589 


15.579 


3.919 


28 00 


204.628 


99.008 


23.952 


6.078 




10 


315.390 


99.582 


15.721 


3.955 


10 


203.417 


98.996 


24.089 


6.114 




20 


312.522 


99.574 


15.863 


8.991 


20 


202.220 


98.984 


24.226 


6.150 




30 


809.707 


99.566 


16.005 


4.027 


30 


201.038 


98.972 


24.362 


6.186 




40 


306.942 


99.558 


16.146 


4.063 


40 


199.869 


98.060 


24.499 


6.222 




50 


304.225 


99.550 


16.288 


4.100 


50 


198.714 


98.948 


24.635 


6.257 


19 


00 


801.557 


99.542 


16.429 


4.136 


29 00 


197.572 


98.936 


24.772 


6.293 




10 


298.9:^5 


99.534 


16.571 


4.172 


10 


196.443 


98.924 


24.908 


6.:«9 




20 


296.357 


99.626 


16.712 


4.208 


20 


195 327 


98.911 


25.044 


6.365 




80 


293.825 


99.518 


16.853 


4.244 


30 


194.228 


98 899 


25.180 


6.400 




40 


291.334 


99.510 


16.995 


4.280 


40 


193.132 


98.887 


25.316 


6.436 




50 


288.886 


99.. 501 


17.136 


4.316 


50 


192.053 


98.874 


25.452 


6.472 


20 


00 


286.479 


99.493 


17.277 


4.352 


30 00 


190.986 


98.862 


25.587 


6.508 



310 



TABLE U.— TANGENT OFFSETS. 





• 

g 

1 


Curve. 


• 

< 


Curve. 




!• 


2» 


.. 1 


1 

4« 


5«» 


1- 


1 










1 




51 


.227 


.454 .681 .908 1.135 




2 


, 


.001 


.001 


.001 


.002 


.^2 


.2:W 


.472 .708 .944 LIS"* 




3 


.001 


.002 


.00> 


.oas 


.001| 


53 


.245 


.490 .735 .9801 1 .22o 




4 


.001 


.003 


.004 


.005 


.0071 


54 


.254 


.509 .763 1.018 1.272 




5 


.002 


.004 


.007 


.009 


.on' 


55 


.264 


.528 .792 1.058 

, 1 


1.320 




6 


.oas 1 


.006 


.009 


.013 


.010 


56 


.274 


.547 .821 1.095 


1.368 




7 


.004 ' 


.009 


.013 


.017 


.021 


57 


.284 


.567 .&M 1.134 


1.417 




8 


.006 


.011 


.017 


.022 


.028 


58 


.294 


..587 .881 1.174; 1.468 




9 


.007 


.014 


.021 


.028 


.035 


59 


.m-i 


.6O81 .911! I.215I 1.519 




10 


.009 


.017 


.026 


.035 


.044 


00 : 


.?14 


.628 .942 1.256 


1.570 




11 


.011 


.021 


.032 


.042 


.053 


61 


.325 


.649 .974 1.299 


1.623 




12 


.013 


.025 


.038 


.050 


.063 


62 


.38') 


.671 1 006 1.342 1.677 




13 


.015 


.029 


.044 


.0.59 


.074 


63 


.346 


.693 1.039 1 386, 1.731 




14 


.017 


.034 


.051 


.008 


.086 


64 


.3.57 


.715 1.072 1.4'^, 1.71*: 




15 


.020 


.039 


.059 


.079 


.098 


65 


.309 


.737 1.106 1.475 1.843 




1« 


.022 


.045 


.067 


.089 


.112 


66 


.380 


.760 1.140 1.520 1.900 




17 


.025 


.050 


.076 


.101 


.126 


67 


.392 


.:^i 1.175 1.567 


1.95S 




18 


.028 


.057 


.085 


.113 


.141 


68 


.404 


.807 1.210, 1.614 


2.017 




19 


.032 , 


.063 


.095 


.126 


.158 


69 


.415 


.831 1.246 1.662 


2.076 




20 


.035 


.070 


.105 


.140 


.175 


70 


.428 


.855 1.283, 1.710 


2.137 




21 


.038 i 


.077 


.115 


.154 


.192 


71 


.440 


.8S0| 1.320 1.759 


2.199i 




22 


.042 


.084 


.127 


.160 


.211 


72 


.452 


.905 1.3571 1.809 


2.201 




23 


.046 


.00 > 


.i:i8 


.185 


.231 


1 73 


.465 


.930; 1.895 1.860 


2.324 




24 


.050 


.101 


.151 


.201 


.251 


74 


.478 


.9561 1.433 1.911 


2.38S, 




2-) 


.055 


.109 


.164 


.218 


.273 


75 

1 


.491 


.982 1.472 1.963 


2.453' 




26 


.059 


.110 


.177 


.230 


.295 


76 


.504 


1.008 


1.512 2.016 


2.619 




27 


.064 


.127 


.191 


.'i")4 


.318 


• 77 


.517 


1.0;i5| 1.552 2.069 


2.: 86 




28 


.0(58 


.137 


.•.'05 


.274 


.U2 


, 78 


.631 


1.062, 1.593 2.123 


2.654, 




29 


.073 


.14? 


.220 


.2'.)4 


.307 


79 


.515 


1.089 1.6841 2.178 


2.722 




80 


.079 


.157 


.236 


.311 


.393 


80 


.559 


1.117 


1.075 2.233 


2.791 




31 


.084 


.168 


.252 


.335 


.419 


81 


..573 


1.145 


1.717, 2.290 


2.862 




32 


.089 


.179 


.268 


.857 


.447 


82 


.587 


1.174 1.760 2.347 


2.033 




33 


.095 


.190 


.285 


.3S0 


1 .475 


83 


.(501 


1.202 


l.mi 2.404 


3.005 




34 


.102 


.202 


.303 


.401 


j .504 


84 


.616 


1.231 


1.817 2.462 


3 077 




35 


.107 


.214 


.821 


.428 


.534 


85 


.630 


1.261 


1.801 2.521 


3.151 




36 


.113 


.226 


.339 


.452 


.565 


86 


.645 


1.291 


1.036 2 581 


8.226 




87 


.119 


.239 


.3:)8 


.47S 


.597 


87 


.661 


1.321 


1.981 2.641 


3.301 




38 


.126 


.252 


.378 


.504 


.630 


88 


.676 


1.852 


2.0271 2.702 


3.377 




39 


.133 


.265 


.398 


.531 


.664 


89 


.091 


1.382 


2.073 2.764 


3.-^54, 




40 


.140 


.279 


.419 


.558 


.698 


90 

1 


.707 


1.414 


2.120 2.827 


^ 1 

8.53:i. 




41 


.147 


.293 


.440 


.587 


.73-i 


91 


.723 


1.445 


2.167 


2. '90 


3.611 




42 


.154 


.308 


.462 


.016 


.769 


92 


.739 


1.477 


2.215 


2.954 


8.691 




43 


.161 


.323 


.484 


.645 


.80; 


93 


.755 


1.509 


2.26:3 3.018 


3.77;.'' 




44 


.169 


.338 


.507 


.075 


.845 


94 


.771 


1.542 


2.313 3.083 


3.S5:^ 




45 


.177 


.353 


.530 


.707 


.883 


95 

1 


.788 


1.575 


2.862 


3.149 


3.9 56 




46 


.185 


.369 


.554 


.739 


.923 


1 96 


.804 


1.608 


2.412 


3.216 


4.019 




47 


.193 


.386 


.578 


.771 


.964 


1 97 


.8J1 


1 642 


2.403 


3.283 


4.ia"J 




48 


.201 


.402 


.603 


.604 


1.005 


98 


.^3; 


1.676 


2.514 


8.351 


4.188 




49 


.210 


.419 


.629 


.888 


1.047 


99 


.855 


1.710 


2.565 


8.420 


4 274 




50 


.218 


.486 


.654 


.873 


1.090 


100 

1 


.873 


1.745 


2.617 


3.489 


4.3611 



























TABLE II. -TANGENT OFFSETS. 



311 



Curve. 



Arc. 



1 
2 

3 

4 
5 

6 

7 

8 

9 

10 

11 
12 
13 

14 
15 

16 
17 
18 
19 
20 

21 
22 
23 
24 
26 

26 
27 
28 
29 
30 

31 
32 
33 
34 
35 

36 
37 
38 
39 
40 

41 
42 
43 
44 

45 

46 
47 
48 
49 
50 



.001 
.00-2 
.005 
.008 
.013 

.019 
.OvIO 
.034 
.04:i 
.05-^ 

.063 
.075 
.088 
.103 
.118 

.134 
.151 
.170 
.189 
.209 

.231 
.253 
.277 
.302 
.327 

Mi 
.382 
.410 
.440 
.471 

.508 
.536 
.,570 
.605 
.641 

.679 
.717 
.756 
.796 

.838 

.880 

.923 

.968 

1.014 

i.oeo 

1.108 
1.150 
1.206 
1.257 
1.309 



70 


8« 


.001 


.00! 


.002 


.002 


.005 


.006 


.009 


.011 


.015 


.017 


.022 


.025 


.030 


.084 


.03:» 


.045 


.049 


.057 


.061 


.070 



.074 
.088 
.103 
.120 
.137 

.156 
.177 
.198 
.221 
.244 

.269 
.296 
.323 
.852 
M-2 

.418 
.445 
.479 
.514 
.550 

.587 
.025 
.665 
.706 
.748 

.792 

.836 
.882 
.929 
.977 

1.027 
1.077 
1.129 
1.183 
1.237 

1.292 
1.349 
1.407 
1 .466 
1.627 



9« 



10= 



.084 
.101 
.118 
.137 
.157 

.179 
.202 
.226 
.252 
.279 

.308 
.338 
.369 
.402 
.436 

.472 
.£09 
.547 

.587 
.628 

.671 
.715 
.760 
.807 
.855 

.904 

.955 

1.008 

1.061 

1.117 

1.173 
1.231 
1.290 
1.351 
1.418 

1.477 
1.541 
1.608 
1.675 
1.745 



.001 
.003 
.007 
.013 
.020 

.028 
.038 
.050 
.064 
.079 

.095 
.118 
.133 
.154 
.177 

.901 
.2:>7 
.254 
.284 
.814 

.346 

.380 
.415 
.452 
.491 

.531 
.572 
.016 
.660 
.707 

.755 
.804 
.855 
.908 
.962 

1.018 
1.075 
1.134 
1.194 
1.256 

1.320 
1.385 
1.452 
1.520 
1.590 

1.661 
1.734 
1.809 
1.885 
1 .962 



.001 
.003 
.008 
.014 
.022 

.031 
.043 
.056 
.071 
.087 

.106 
.126 
.147 
.171 
.196 

.223 
.252 
.2a3 
.315 
.349 

.385 
.422 
.462 
.503 
.545 

.590 
.636 
.684 
.734 

.785 

.838 

.893 

.950 

1.009 

1.069 

1.131 
1.194 
1.260 
1 .327 
1.896 

1.466 
1.539 
1.613 
1.680 
1.766 



11° 


120 


sm 


.001 


.004 


.004 


.009 


.008 


.015 


.017 


.024 


.026 


.0:^5 


.038 


.047 


.051 


.061 


.067 



.078 
.096 

.116 
.138i 
.162, 
.188 1 
.216 

.246 
.277 
.311 
.846 
.384 

.423 
.465 
.508 
.553 
.600 

.649; 

.700. 

.752 

.807 

.864 

.92-J 

.983 

1.045 

1.1G9 

1.174 

1.244 
1.314 
1.386 
1.459 
1.535 

1.613 
1.692 
1.774 
1.857 
1.943 



1.810 2.030 
2.119 
2.210 
2.303 
2.398 



1.9. '7, 
2.0(i<t, 
2 094' 
2.180 



18' 



.085 
.105 

.127 
.151 
.177 
.205 
.236 

.268 
.303 
.339 
.378 
.419 

.462 
.507 
.554 
.003 
.654 

.708 

.763! 

.821 

.880 

.942 

1.006 
1.072 I 
1.1401 
1.210 
1.282 

1.357 
1.433 
1.511 
1.592 
1.675 

1.759 
1.846 
1.935 
2.026 
2.119 

2.214 
2.811 
2.411 
2.5Vi 
2.616 



.001 
.005 
.010 
.018 
.028 

.041 
.056 
.073 
.092 
.113 

.137 
.163 
.192 
.222 
.255 

.290 
.328 
.368 
.409 
.454 

.500 
.549 
.600 
.653 
.709 

.767 
.827 
.889 
.954 
1.021 

1.090 
1.161 
1.235 
1.311 
1.389 

1.469 
1.552 
1.637 
1.724 
1.814 

1.906 
2.000 
2.096 
2.194 
2.295 

2.898 
2.504 
2.611 
2.721 
2.883 



14' 



.001 
.005 
.011 
.019 
.031 

.044 

.oeo 

.078 
.099 
.122 

.148 
.176 
.i:06 
.239 
.27 



^>r5 



.313 
.353 
.396 
.441 
.489 

.539 
.591 
.646 
.704 
.763 

.826 

.890 

.957 

1.027 

1.099 

1.174 
1 2r)0 
1.830 
1.412 
1.496 

1.582 
1.671 
1.763 
1.857 
1.953 

2.052 

2.153 

2.25 

2.363 

2.472 

2.582 
2.696 
2.812 
2.930 
8.051 



16' 



.001 
.005 
.011 
.020 
.032 

.047 
.064 
.084 
.106 
.131 

.158 
.188 
.221 
.257 
.294 

.335 
.878 
.424 
.472 
.528 

.577 
.633 
.692 
.754 
.818 

.885 

.954 

1.026 

l.lOO 

1.177 

1.257 
1 340 
1 .424 
1.512 
1.602 

1.695 
1.790 
1.889 
1.989 
2.092 

2.198 
2.307 
2.417 
2.581 
2.647 



766 



2 

2.888 

3.012 

8.188 

8.268 
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TABLE II.— TANGENT OFFSETS. 



Arc. 


Curve. 
























16«» 


170 


IS" 


ir 


20- 


21° 


22* 


23** 


24« 


25" 


1 


.001 


.001 


.002 


.002 


.002 


.002 


.002 


.002 


.002 


.002 


2 


.006 


.006 


.006 


.0C7 


.007 


.007 


.008 


.008 


.008 


.009 


3 


.013 


.013 


.014 


.015 


.016 


.016 


.017 


.018 


.019 


.020 


4 


.022 


.024 


.025 


.0>7 


.028 


.029 


.031 


.032 


.031 


.0.35 


5 


.035 


.037 


.039 


.041 


.044 


.046 


.048 


.050 


.052 


.055 


6 


.050 


.053 


.057 


.060 


.063 


.066 


.069 


.072 


.075 


.078 1 


7 


.068 


.0:3 


.077 


.081 


.086 


.090 


.094 


.098 


.103 


.107 


6 


.089 


.095 


.101 


.106 


.112 


.117 


.123 


.128 


.134 


.140 


9 


.118 


.120 


.127 


.134 


.141 


.148 


.155 


.16;^ 


.170 


.177 ' 


10 


.140 


.148 


.157 


.16'J 


.175 


.183 


.192 


.201 


.309 


.218 / 


11 


.109 


.179 


.190 


.201 


.211 


.222 


• .232 


.243 


.253 


.264 


12 


.201 


.211 


.226 


.239 


.251 


.264 


.276 


.289 


.302 


.314 


13 


.236 


.251 


.265 


.280 


.294 


.310 


.324 


.339 


.354 


.869 


14 


.274 


.991 


.308 


.325 


.342 


.360 


.876 


.393 


.410 


.427 


15 


.314 


.334 


.353 


.373 


.398 


.412 


.432 


.451 


.471 


.491 


16 


.357 


.379 


.402 


.421 


.447 


.469 


.491 


.514 


.536 


.558 ' 


17 


.4a3 


.429 


.454 


.479 


.504 


..530 


.555 


.580 


.605 


.&30 * 


18 


.452 


.480 


.509 


.537 


.565 


.594 


.622 


.650 


.678 


.706 


19 


.50( 


.535 


.567 


.598 


.630 


.661 


.693 


.724 


.756 


.787 


20 


.558 


.59:^ 


.028 


.663 


.698 


.733 


.768 


.802 


.a37 


.872 


21 


.616 


.654 


.692 


.731 


.769 


.808 


.846 


.885 


.9\!3 


.961 


22 


.676 


.718 


.760 


.802 


.844 


.886 


.929 


.9:1 


1.013 


1.055 


23 


.738 


.784 


.831 


.877 


.923 


.969 


1.015 


1.061 


1.107 


1.153 


24 


.804 


.854 


.904 


.955 


1.005 


1.055 


1.105 


1.155 


1.205 


1 .2.55 


25 


.872 


.927 


.981 


1.036 


1.090 


1.145 


1.199 


1.253 


1.307 


1.362 



TABLE III.- 


-TANGENT OFFSETS ARC 100 FEET. 




Degree 
of Curve. 


0' 


10' 


20' 


80' 


40' 


1 

50' 


0« 


.000 


.145 


.291 


.436 


.582 


.727 


1 


.873 


1.018 


1.164 


1.309 


1.454 


1.600 


2 


1.745 


1.891 


2.036 


2.181 


2.327 


2.472 


3 


2.617 


2.763 


2.908 


3.053 


3.199 


3.. 344 


4 


8.489 


3.635 


3.780 


8.925 


4.070 


4.215 


5 


4.361 


4.506 


4.651 


4.796 


4.941 


5.066 


6 


5.231 


5.376 


5.521 


5.666 


5.811 


5.956 


7 


6.101 


6.846 


6.391 


6.536 


6.680 


6.8*i5 


8 


6.970 


7.115 


7.259 


7.404 


7.549 


7.693 


9 


7.838 


7.982 


8.127 


8.271 


8.416 


8.560 


10 


8.705 


8.849 


8.993 


9.137 


9.282 


9.426  


11 


9.570 


9.714 


9.858 


10.01 


10.15 


10.29 


12 


10.43 


10.58 


10.72 


10.86 


11.01 


11.15 


13 


11.30 


11.44 


11.58 


11.73 


11.87 


12.01 


14 


12.16 


12.30 


12.44 


12.59 


12.73 


12.87 


15 


13.01 


13.16 


13.30 


13.44 


13.59 


13.73 


16 


13.87 


14.01 


14.16 


14.80 


14.44 


14.68 


17 


14.73 


14.87 


15.01 


15.15 


15.30 


15.44 


18 


15.58 


15.72 


15.86 


16.00 


16.15 


16.29 


19 


16.48 


16.57 


16.71 


16.85 


17.00 


17.14 


20 


17.28 


17.42 


17.56 


17.70 


17.84 


17.98 


21 


18.12 


18.26 


18.40 


18.54 


18.68 


18.82 1 


22 


18.96 


19.10 


19.24 


19.38 


19.52 


19.66 


28 


19.80 


19.94 


20.08 


20.22 


20..36 


20.50 


24 


20.64 


20.78 


20.92 


21.06 


21.20 


21.83 


25 


21.47 


21.61 


21. IS 


21.89 


22.03 


22.16 


26 


22.30 


22.44 


2^68 


22.72 


22.85 


22.99 


27 


23.13 


23.27 


23.40 


23.54 


23.68 


23.8-2 


28 


23.95 


24.09 


24.23 


24.36 


24.50 


24.64 


29 


24.77 


24.91 


25.04 


25 J8 


25.32 


25.45 



TABLE IIIa.— MIDDLE OEDINATES AKC 100 FEET. 
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Degree 
of Curve. 


0' 


10' 


20' 


80' 


40' 


60' 


QO 


.000 


.036 


.073 


.109 


.145 


.182 


1 


.218 


.!i65 


.291 


.327 


.364 


.400 


2 


.436 


.473 


.509 


.545 


.582 


.018 


3 


.654 


.691 


.727 


.764 


.800 


.830 


4 


.873 


.909 


.945 


.982 


1.018 


1.054 


5 


1.091 


1.127 


1.163 


1.200 


1.236 


1.272 


6 


1.309 


1.345 


1.381 


1.418 


1.454 


1.'I90 


1 


1.527 


1.563 


1.599 


1.036 


1.672 


1.108 


8 


1.745 


1.781 


1.817 


1.854 


1.890 


1.5.2(3 


9 


1.963 


1.999 


2.035 


2.071 


2.108 


2.144 


to 


2.180 


2.217 


2.253 


2.289 


2. 825 


2.362 


11 


2.398 


2.484 


2.471 


2.507 


2.543 


2.579 


12 


2.616 


2.G5-.' 


2.688 


2.724 


2.761 


2.797 


13 


2.833 


2.869 


2.906 


2.942 


2.978 


3.014 


14 


3.051 


3.087 


3.1?8 


8.169 


8.195 


3.S32 


15 


3.268 


3.304 


3.310 


3.376 


3.413 


3.449 


16 


3.485 


3.5-21 


3 557 


3.594 


3.680 


3.U67 


17 


3.702 


3.7;« 


3.774 


3.810 


3.847 


8.883 


18 


8.919 


3.955 


3.991 


4.027 


4.063 


4.100 


19 


4.136 


4.172 


4.908 


4.244 


4.280 


4.316 


20 


4.:m 


4.388 


4.421 


4.460 


4.497 


4.531 


21 


4.569 


4.605 


4:641 


4.677 


4.713 


4.749 


22 


4.785 


4.8il 


4.857 


4.893 


4.929 


4.965 


23 


5.001 


5.037 


5.073 


5.109 


5.145 


5.181 


24 


5.217 


5.253 


6.289 


5.3\>5 


5.361 


5.897 


25 


6.433 


5.468 


5.504 


6.540 


6.576 


5.612 


26 


5.648 


5.684 


5.720 


5.756 


6.793 


5.827 


27 


5.863 


5.899 


5.935 


5.971 


6.007 


6.04J 


28 


6.078 


6.114 


6.150 


6.186 


6.222 


6.257 


1 29 


6.29:1 


r..3-.>9 


6.365 


6.400 


6 436 


6.472 



TABLE IIlB.-CHORDS FOR 


ARCS 100 


FEET. 




1 Degree 
of Curve. 


0' 


10' 


20' 


30' 


40 


50' 


1 0** 


100.000 


100.000 


100.000 


1(0.000 


99.999 


99.999 


1 


99.999 


99.998 


99.998 


99.997 


99.996 


99.996 


2 


99.995 


99.994 


99.993 


99.992 


99.991 


99.990 


8 


99.989 


99.987 


99.986 


99 984 


•'9.983 


99.981 


4 


99.980 


99.978 


99.976 


99.974 


99.972 


99 970 


5 


99.968 


99.966 


99.964 


99.962 


n9.9.")9 


99.9r)7 


6 


99.954 


99.952 


99.949 


99.946 


99 944 


99.941 


1 


99.988 


99.935 


99.932 


99.9J9 


99.025 


99.922 


8 


99.919 


99.915 


99.912 


99.908 


i;9.S)0.-) 


99.901 


1 9 


99.897 


99.893 


99.889 


99.885 


99.882 


99.877 


( 10 


99.873 


99.869 


99.864 


99.860 


99.856 


99.851 


1 11 


99.847 


99.842 


99.836 


99.832 


99.827 


99.822 


12 


99.817 


99.812 


99.807 


99.802 


99.797 


99.791 


18 


99.786 


99.780 


99.775 


99.760 


99.763 


99.757 


14 


99.761 


99.745 


99.739 


99.783 


99.727 


99.721 


15 


99.715 


99.708 


99.702 


99.695 


99.689 


99.682 


16 


99.675 


99.669 


99.66i 


99.655 


99.648 


99.641 


17 


99.634 


99.6.>6 


99.619 


99.612 


99.604 


99.597 


18 


99.689 


99.582 


99.674 


99 566 


99.558 


99.550 


19 


99.542 


99.534 


99.626 


99.518 


09.510 


99.601 


20 


99.493 


99.485 


99.476 


99.467 


99.459 


99.450 


21 


99.441 


99.432 


99.423 


99.414 


99.405 


99.396 


22 


99.387 


99.878 


99.368 


99.869 


99.349 


99 340 


23 . 


99.330 


99.320 


99.310 


99.301 


99.291 


99.281 


24 


99.271 


99.260 


99.250 


99.240 


99.230 


99.219 


25 


99.208 


99.198 


99.187 


99.177 


99.166 


99.155 


26 


99.144 


99.133 


99.122 


99.111 


99.100 


99.088 


27 


99.077 


99.066 


99.054 


99 04:] 


99.031 


99.020 


28 


99.008 


98.996 


98.084 


98.9:2 


98.960 


98.948 


29 


98 936 


98.924 


98.911 


98.898 


98.887 


98.874 
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TABLE IV.-LONG CHORDS. 



I De3:ree 
ofCurve. 



0° 10' 

20 
30 
40 
50 

1 00 
10 
20 
30 
40 

. 60 

2 00 

JO 
20 
30 
40 
50 

8 00 

10 
20 
30 
40 
50 

4 00 
10 
20 
30 
40 
50 

5 00 
10 
20 
30 
40 
50 

G 00 
10 
20 
30 
40 
50 

7 00 

10 
20 
30 
40 
50 

8 00 
10 
20 
30 
40 
50 

9 00 
10 
20 
30 
40 
50 

00 



2 

Sta. 



200.00 
200.00 
200.00 
200.00 
199.99 

99,99 
99.99 
99.98 
99.98 
99.97 
99.97 

99.96 
99 95 
99.94 
99.94 
99.93 
99.92 

99.91 
99.90 
99.89 
99.88 
99.86 
99.85 

99.84 
99. 8i 
99.81 
99.79 
99.78 
99.76 

99.75 
99.73 
99.71 
99.69 
99.67 
99.65 

99.63 
99.61 
99.59 
99.57 
99.55 
99.53 

99.50 
99.48 
99.45 
99.48 
99.40 
99.38 

99.35 
99.32 
99.30 
90.27 
99.24 
99.21 

99.18 
99.15 
99.12 
99.08 
99.05 
99.02 

198.99 



3 

Sta. 



300.00 
300.00 
299.99 
299.98 
299.98 

299.97' 
299. 1'5 
299.94, 
299.92 
299 90 
299.88 

299.86 

299.84 

299.811 

299.79 

299.76 

299.72 

299.69 
299.66 
299.62 
299.58 
299.54 
299.50, 

299.45 

299.41 

299.36 

299.31 

299.25; 

299.20 

299.14 
299.09 
299.03 
298.96; 
298.90 
298.84 

298. 77| 
298.70 
298. 63 1 
298.551 
298.48 
298.40 

298.32 
298.24 
298.16 
298.08 
297.99 
297. 9 J 

297.81 
297.72 
:;:97.63 
297.53 
297.43 
297.33 

297.23 
297.13 
297.02 
296.92 
296.81 
296.70 

296.58 



4 
Sta. 



400.00 
899.99 



5 
Sta. 



' 6 
; Sla. 



499.99! 
499.98 



399.98' 499.90 
399.96 499.93 



to 



399.94 

899.92 

399.89 

399.86 

399.82 

399, 

399. 

399.68 
399.62 
399.56 
399.49 
399.42 
399.35 

399.27 
399.19 
399.10 
399.01 
398.91 
398.81 

398.70 
398.59! 
398.48; 
398.36 
398.23 
398.11 

897.97 
397.84 
397.69 
397.55 
397.40 
397.24 

397.08 
396. 9;i 
396.75 
396.58 
396.40 
396.22 

396.03 
395.84 
395.66 
395.45 
395.24 
395.03 

:i94.82 
394.60 
394.38 
394.16 
393.93 
893.69 

393.45 
393.21 
392.96 
39v\7l 
39J.45 
392.19 



499.891 

499. 8-f 
499.78 
499.72 
499.64 
499.56 
499.47 

499.37 
499.26 
499.14 
499.01 
498.87 
498.73 

498.57 
498.41 
498.24 
498.06 
497.87 
497.67 

497.47 
497.25 
497.03 
496.79 
496.55 
496.30 

496.04 
496.78 
495.50 
495.21 
494.92 
494.62 

494.31 
493.99 
493.66 
493.32 
492.98 
492.62 

492.26 
491.89 
491.51 
491 1-4 
490.73 
490. 32| 

489.91 
489.49 
489.05 
488.62 
4^8.17 
4S7.71 



599.99 
599.97 
599.93 
599.88 
599.81 

599.73 
599.63 
599.51 
599.38 
599.21 
599.08 

598.90 
598.71 
598.51 
598.29 
598.05 
597.80 

597.54 
597.25 
596.96 
596.65 
596.32 
595.98 

.585.62 
595.25 
594.87 
594.46 
594.05 
593.62 

593.17 
592.71 
592.23 
591.74 
591.24 
590. 



487.25 
486.77 
486.29 
485.80 
485.31 
484.80 

391.93' 484.28 



Sia. 



8 
Sta. 



72 



590.18 
589.63 
589.06 

588.48 
587.89 
587.28 

586.66 
586.02 
585.36 
584.70 
584.02 
588.32 

582.61 
581.88 
581.14 
580.39 
579.62 
578.84 

578.04 
677.23 
576.40 
575.56 

574.71 
573.84 

572.96 



C9i>.99 
699.95 
699.89 
699.81 
699.70 

699.56 
699.41 
699.23 
699.02 
608 79 
698.54 

698.26 
697.96 
697.63 
697.28 
696.91 
696.61 

696.09 
695.64 
695.17 
691.68 
694.16 
693.62 

693.06 
692.47 
691.85 
691.22 
690.56 
689.87 

089.17 
688.44 
687.68 
686.90 
6^6.10 
685.28 

684.43 
683.56 
682.67 
681 .75 
680.81 
679.85 

678.86 
677.85 
676.82 
675.77 
674.69 
673.59 

672.47 
671.32 
670.16 
668.97 
667.76 
666.52 

665.27 
663.99 
66i.69 
661.37 
660.02 
658.66 

657.27 



799.98 
799.93 
799.84 
799.71 
799.55 

799.35 
799.12 
798.85 
798.54 
798 20 
797.82 

797.40 
796.96 
796.47 
795.94 
795.39 
794.78 

794.16 
793.50 
79i.80 
792.06 
791.29 
790.48 

789.64 
788.77 
787.85 
786.91 
785.92 
784.90 

783.85 
782.77 
781.64 
780.49 

77! 



9 
Sta. 



10 
Sta. 



J 



''79.30 

77c 



.o-; 



776.81 
775.52 
774.19 
772. 8H 
771.43 
770.00 



768.54 
767. a4 
765.51 
763.94 
762.35 
760.72 

759.05 
757.36 
755.63 
758 87 
752.07 
750.23 

748.39 
746.50 
744.. 5h 
742.63 
740.64 
738.63 

736.58 



899.97 999.96 

899.90 999.86 

899.77, 999.68 

899.59 999.44 

899.36 999. 1-i 



899.08 
898.74 
898.36 
897.93 
897.43 
896.89 

896.30 
895.66 
894.97 
894.23 
893.43 
892.59 

891.70 
890.76 
889.75 
888.71 
887.61 
886.47 

885.27 
884.02 
882.73 
881 .38 
879.98 
878.54 

877.05 
875.50 
873.91 
8?2.27 
870.58 
868.84 

867.06 
865.22 
863.34 
861.41 
859.44 
857.41 

855.34 
8*^.22 
861.06 
848.85 
846.59 
844.29 

841.94 
839.55 
837.11 
834.62 
832.09 
829.62 

826.90 
824.24 
821.64 
818.79 
816.00, 
813.16 



998.73 

998. 27i 

997.75; 

997.15, 

996.48; 

995.741 

994.93 
994.05 
993.10 
992.09 
991.00 
989.84 

988.62' 

987.32 

985.96 

984.52, 

983,02 

981.45 

979.82 
978.11 
976.34 
974.50 
972.59 
970.61 

968.57 
966.46 
964.29 
962.05 
959.74 
957.37 

954.93 
952.48 

949.86 
947.25 
944.54 
941.78 

938.96 
936.07 
933.13 
930.12 
927.05 
923.92 

920.73 
917.47 
914.16 
910.79 
907.36 
903.87 

900. :52 
896.71 
893.04 
889.32 
886.55 
881.71 



810.28' 877.82 







TABLE IV.— LONG CHORDS. 
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I)«'l2rree 


P 2 


3 4 


5 


6 


7 


8 


9 


10 


of Curve 


Sla. 


Sta. Si a. 


Sta. 


Sta. 


Sta. 


Sta. 


Sta. 


Sta. 


10° 10' 


198.95 


296.47 391.66 


488.76 


572.06 aw. 83' 734.50 


807.37 


873.88 


20 


198.92 


296.35 


391.38 


483.23 


571.15 


654.43 


732.39 


804.40 


869.8b 


1 30 


196.88 


296.24 


391.10 


482.69 


570.23 


652.981 780.25 


801.40 


865.62 


40 


196.85 


296.12 


890.82 


482.14 


569.29 


651.51. 728.08 


198.86 


861.72 


50 


198.81 


295.99 


390.53 


481 .59 


568.34 


650.011 725. fc8 


795.27 


857.50 


11 00 


198.77 


295.87 


390.24 


481.02'«567.37 


648.50 728.65 


792.15 


863.84 


> 10 


198.74 


295.75 


389.95 


480.45 


566.39 


646.96 721.89 


788.98 


849.08 


20 


198.70 


295.62 


389.65 


479.87 


565.40 


645.41 


719.10 


785.77 


844.70 


1 30 


198.66 


295.49 


889.34 


479.28 


564.39 


643.83 


716.78 


782.53 


840.40 


40 


198.62 


295.36 


389.04 


478.08 


563.37 


642.23 


714.44 


779.24 


835.98 


50 


198.58 


295.22 


388.72 


478.08 


562.34 


640.61 


712.06 


775.92 


831.51 


12 00 


198.54 


295.09 


888.40 


477.46 


561.29 


688. 92I 709.65 


772.55 


826.99 


10 


198.50 


294.95 


388.08 


476.84 


.560.23 


637.311 707. 2,i 


769.15 


822.43 


20 


198.46 


294.81 


387.76 


476.21 


559.16 


635.63; 704 75 


705.71 


817.81 


30 


198.4i 


294.67 


387.48 


475.58 


558.07 


633.93 


702.26 


762.24 


813.15 


40 


198.37 


294.58 


387.09 


474.98 


556.97 


682.21 


699.74 


758.72 


808.44 


50 


198.33 


294.39 


386.76 


474.28 


655.86 


630.47 


697.19 


755.17 


803.69 


13 00 


198.29 


294.24 


386.41 


478.62 


564.73 628.71 


694.61 


751.68 


798.89 


10 


198.24 


294.09 


386.07 


472.95 


553.59 626. 9;i 692.01 


747.95 


794.04 


20 


198.20 


293.94 


385.71 


472.27 


552.44 


625.13 689.37 


744.29 


789.15 


1 80 


198.15 


293.79 


385.36 


471.58 


551.27 


628.31 


686.71 


740.60 


784.21 


40 


198.11 


293.64 


3^5.00 


470.89 


550.09 


621.47 


684.03 


736.87 


779.23 


50 


198.06 


i93.49 384.64 

1 


470.19 


548.90 


619.62 


681.32 


733.10 


774.21 


, 14 00 


196.02 


293.33 384.27 


469.48 


647.69 


617.74 


678.58 


729.30 


769.16 


10 


197.97 


298.17 883.90 


468.76 


546.47 615.84 675.81 


725.46 


764.04 


20 


197.92 


293.01' 383.52 


468.04 


645.24 613.93 673.02 


721.60 


758.90 


1 30 


197.87 


292.85, 383.14 


467. :30 


544.00 


611.99 670.20 


717.69 


753.71 


' 40 


197.82 


292.08 382.75 


466.56 


542.74 


610.04 667.86 


718.76 


748.48 


50 

t 


197.77 


292.52 382.36 


465.82 


541.47 


608.07 664.49 


709.79 


743.22 


' 15 00 


197.72 


292.35 881.97 


466.06 


540.19 


606.08 661.69 


706. ':9 


737.91 


10 


197.67 


292.18 


381.57 


464.30 


638.90 


604.07 658.68 


701.76 


732.57 


20 


197.62 


292.01 


381.17 


463.52 


637.59 


602.04 655.73 


697.70 


727.19 


30 


197.57 


291.83 


380.77 


462.74 


536.27 


600.00 652.70 


693.61 


721.78 


40 


197.52 


291.60 


380.36 


461.96 


534.94 


597.93 649.77 


689.48 


716.32 


60 


197.46 


291.48 379.94 


401.16 


533.59 


595.85 646.75 


686.33 


710.84 


. 16 00 


197.41 


291.30, 879.53 


460.36 


532.24 


693.75 643.71 


681.14 


705.82 


' 10 


197.36 


291.12 379.10 


459.55 


630.87 


^91.64, 640.65 
589.50 637.66 


676.93 


699.70 


80 


197.30 


290.94 


378.68 


458.74 


629.49 


072.69 


694.17 


30 


197.25 


290.76 


378.25 


457.91 


628.10 


587.35 


634.45 


668.42 


688,55 


40 


197.19 


290.57 


377.81 


457.08 


526.69 


585.18 


631.82 


664.1-^ 


682.91 


50 


197.14 


290.38 


377.38 


456.24 


525.28 


583.00 


628.16 


659.80 


677.22 


 17 00 


197.08 


290.19 376.93 


455.39 


523.85 


580.80 


624.98 


655.44 


671.50 


10 


197.02 


290.00 376.49 


454.54 


522.41 


578.58 


621.78 


651 .06 


665.76 


20 


196.96 


289.81 


376.04 


453.68 


520.96 


576.34 


618.56 


646.66 


659.99 


30 


196.90 


289.61 


375.58 


452.81 


519.49 


573.99 


615.32 


642.23 


654.19 


40 


196.85 


289.43 


375.12 


451.93 


518.02 


571.82 


612.06 


637 . 1 7 


64S.S0 


50 


196.79 


289.22 


374.06 


451.05 


516.63 


569.53 


608.77 


63:3.29 


642.50 


18 00 


196. -iS 


289.02 


374.20 


450.16 


515.04 


567.23 


605.46 


628.78 


686.42 


10 


196.67 


288.82 


373.73 


449.26 


513.53 


564.91 


602.13 


624.25 




20 


196.60 


288.61 


373.25 


448.35 


512.01 


562.68 


598.18 


619.70 




30 


196.54 


288.41 


372.77 


447.44 


510.48 


560.28 


595.42 


615.12 




40 


196.48 


288.20 


872.29 


446.52 


508.93 


657.87 


592.03 


610.52 




; 50 


196.42 


287.99 371.80 


445.60 


507.88 


565.49 


588.62 


605.90 




 19 00 


196.36 


287.78 


371.33 


444.06 


505.83 


553.09 


585.22 


601.25 




10 


196.29 


287.57 


370.82 


443.72 


504.24 


550.68 


581.75 


596.59 




20 


196.23 


287.35 


370.32 


442.77 


502.65 


548.26 


678.29 


691.90 




30 


196.16 


287.14 


869.82 


441.82 


501.05 


545.81 


674.81 


587.20 




40 


196.10 


286.92 


809.81 


440.86, 


499 44 


643.36 


571.31 


582.47 




50 


196.03 


286.70 368.80 


439.89 


497.83 


540.89 


567.79 


577.72 




20 00 


195.96 


286.48 368.29 


438.91 


496.20 


638.40 


564.36' 


592.96 





316 



TABLE V.-MIDDLE ORDINATES. 



Deg 


.of 


2 


Curve. 


Sta. 


0° 


10' 


.145 




20 


.291 




30 


.436 




40 


.5P2 




50 


•727 


1 


00 


.873 




10 


1.018 




20 


1.164 




30 


1.309 




40 


1.454 




50 


1.600 


2 


00 


1.745 




10 


1.891 




20 


2.036 




30 


2.181 




40 


2.329 




50 


2.472 


8 


00 


2.617 




10 


2.763 




20 


2.908 




80 


3.053 




40 


3.199 




50 


3.344 


4 


00 


3.489 




10 


3.635 




20 


3.780 




30 


3.925 




40 


4.070 




50 


4.215 


6 


00 


4.391 




10 


4.506 




20 


4.651 




30 


4.796 




40 


4 941 




50 


5.086 


6 


00 


5.231 




10 


5.376 




20 


5.521 




30 


5.666 




40 


5.811 



3 
Sta. 



50 

7 00 
10 
20 
30 
40 
50 

8 00 
10 
20 
50 
40 
50 

9 00 
10 
20 
80 
40 
50 

"0 00 



5.956 

6.101 
6.246 
6.391 
6.536 
6 680 
6.825 

6.970 
7.115 
7.259 
7.404 
7.549 
7.693 

7.888 
7.982 
8.127 
8.271 
8.416 
8.560 

8.705 



.327 

.654 

.982 

1.309 

1.636 

1.963 
2.291 
2.618 
2.945 
3.272 
3599 

3.926 
4.253 
4.580 
4.907 
5.234 
5.561 

5.887 
6.214 
6.541 
6.868 
7.194 
7.520 

7.847 
8.173 
8 499 
8.826 
9.152 
9.47S 



9. 
10. 
10. 
10 
11. 
11. 



803 

13 

46 

78 

11 

43 



11.76 
12.08 
12.41 
12.73 
13.06 
13.38 

13.71 
14.03 
14.35 
14.68 
15 00 
15.33 

15 65 
15.97 
16.30 
16.62 
16.94 
17.27 

17.59 
17.91 
18.23 
18.56 
18.88 
19.20 

19. .52 



4 
Sta. 



.582 
1.164 
1.745 
2.327 
2.9U9 

3.490 
4.072 
4.653 
5.235 
5.816 
6.397 

6.978 
7.560 
8.140 
8.721 
9.302 
9.882 

10.46 
11.04 
11.62 
12.20 
12.78 
13.36 

13.94 
14.52 
15.10 
15.68 
16.25 
16.83 

17.41 
17.99 
18.56 
19.14 
19.72 
20 29 

20.87 
21.44 
22.02 
22.59 
23.17 
23.74 

24.31 
24.89 
25.46 
26.03 
26.60 
27.17 

27.74 
28.31 
28.88 
29.45 
30.02 
30.59 

31.16 
31.73 
32.29 
32.86 
33.42 
33.99 

34.55 



5 


6 


Sta. 


Sta. 


.909 


1.309 


1.81H 


2.618 


2.727 


3.927 


3.636 


5.235 


4.545 


6.544 


5.453 


7.852 


6.. 362 


9.160 


7.270 


10.47 


8.178 


11.77 


9.086 


13.08 


9.994 


14.39 


10.90 


15.69 


11.81 


17.00 


12.72 


18 30 


13.62 


19.61 


14.53 


20.91 


15.43 


22.21 


16.84 


23.51 


17.24 


24.81 


18.15 


26.11 


19.05 


27.41 


19.96 


28.71 


20.86 


30.01 


21.76 


31.80 


22.66 


32.60 


23.56 


33.89 


24.46 


35.18 


25.36 


36.47 


26.26 


37.76 


27.16 


89.05 


28.06 


40.33 


28.96 


41.62 


29.85 


42.90 


30.75 


44.18 


31.64 


45.46 


32.54 


46.74 


33.43 


48.01 


34.32 


49.29 


35.22 


50.56 


36.11 


51.83 


36.99 


53.10 


37.88 


54.37 


38.77 


.55.63 


39.60 


56.89 


40.54 


58.15 


41.43 


59 41 


42.31 


60.67 


43.19 


61.92 


44.07 


63.17 


44.95 


64.42 


45.83 


65.66 


46.71 


66.91 


47.58 


68.15 


48.46 


69.39 


49.33 


70.62 


50.21 


71.86 


51.08 


73 09 


51.95 


74.31 


52,81 


75.54 


53.68 


.76.76 



7 
SU. 



^82 



1.. 

3.563 

5.345 

7.126 

8.907 

10.69 
12.47 
14.25 
16.02 
17.80 
19.58 

21.35 
23.13 
24.90 
26.67 
28.44 
30.21 

31.98 
33.75 
35.51 
37.27 
39.06 
40.79 

42.55 
44.:^ 
46.05 
47.80 
49.55 
51.29 

53.04 
54.78 
56.51 
58.24 
59.97 
61.70 

63.43 

65.15 
66.86 
68.58 
70.29 
71.99 

78.70 
75.40 
77.09 

78.78 
80.47 
82.15 

83.83 
85.51 
87.18 
88.84 
90.50 
02.16 

93.81 
95.46 
97.10 
98.74 
100.37 
102.00 

103.62 



8 
Sta. 



2.327 
4.654 
6.981 
9.807 
11.63 

13.96 
16.28 
18.60 
20.92 
23.24 
25.56 

27.88 
30.19 
82.51 
34 82 
37.13 
39.43 

41.73 
44.04 
46.33 
48.63 
50.92 
53.20 

55.49 
57.77 
60.04 
62.32 
64. 58 
66.85 

69.11 
71.36 
78.61 
75.86 
78.10 
80.33 

82.56 
84.78 
87.00 
89.21 
91.42 
93.62 

95.81 
97.99 
100.18 
102.35 
104.. 52 
106.67 

108.83 
110.97 
113.11 
115.24 
117.36 
119.48 

121.58 
123.68 
125.77 
127.S5 
129.93 
131.99 

134.05 



I 



9 • 


10 


Sta 


Sta. 


2.945 


3.636 


5.885* 


7 272 


8.885 


10. Oi 


11. 7H 


14. .54 


11.72 


18.17 


17.66 


21.80 


20.60 


25.43 


2:3.54 


29.06 


26.48 


32.68 


29.41 


86.30 


32.34 


39 91 


35.27 


43.52 


38.20 


47.13 


41.12 


50.73 


44.04 


54.33 


46.95 


57.92 



49.86 
52.77 

58.57 
61.46 
64.35 
67.23 

70.11 

72.98 
75.84 
78.70 
81.55 
84.39 

87.28 
90.06 
92.88 
95.69 
98.50 
101.29 

104.08 
106.86 
109.63 
112.39 
115.14 
117.88 

120.62 
123.34 
126.05 
128.75 
131.44 
134.11 

136.78 
139.44 
142.08 
144.71 
147.33 
149.94 

152.53 
155.11 
1.57.68 
160.23 
162.77 
165.30 

167.82 



61.50 

65.08 

68.65 

72.21 I 

75.77 

79.31 

82.85 

86.38 ' 
89.91  
93 42 
96.92 
100.41 
103.89 

107.36 
110.82 I 
114.27 ' 
117.71 
181.13 
124.54 , 

127.94 
131.32 
134.69 ! 
138.05  
141.39 
144.71 ' 

148.03 1 
151.32 
154.60 

157.87 1 

161.11 " 

164.34 [ 

167..'>6 
170.75 
173.93 
177.09 
180.23 
183.36 

186.46 
189. .55 
192.61 
195.66 
198.68 
201.68 

204.67 



tABLE v.— MIDDLE ORDINATES. 



31'^ 



Deg. of 


2 


3 


4 


5 


6 


7 


8 


9 


10 


Curve. 


Sta. 


Sta. 


Sta. 


Sta. 


Sta. 


Sta. 


Sta. 


Sta. 


Sta. 


10*> iO' 


8.849 


19.84 


35.12 


54.55 


77.98 


105.23 


136.09 


170.31 


207.63 


20 


8.993 


20.17 


85.68 


55.41 


79.20 


106.85 


138.13 


172.80 


210.57 


80 


9.137 


20.49 


86.24 


56.27 


80.41 


108.45 


140.16 


175.i.": 


213.40 


40 


9.282 


20.81 


86.81 


57.14 


81.62 


110.05 


142.18 


177.731 216. 3J) 


50 


9.426 


21.13 


37.37 


57.99 


82.83 


111.64 


144.19 


180. 17| 219.26 


11 00 


9.570 


21.45 


37.93 


58.85 


84.03 


113 28 


146.19 


182.59 


222.11 


10 


9.714 


21.77 


38.49 


59.71 


85.23 


114.82 


148.18 


185. CO 


224.94 


20 


9.858 


22.09 


39.05 


60.56 


86.43 


116.89 


150.16 


187.40 


227.75 


30 


10.00 


22.41 


39.61 


61.42 


87.62 


117.96 


1.^2.13 


189.78 


230.53 


• 40 


10.15 


22. "IS 


40.16 


62.27 


88.82 


119.53 


154.09 


192.14 


233. 2£ 


60 


10.29 


23.05 


40 72 


68.12 


90.00 


121.09 


156.04 


194.49 


236.02 


12 00 


10.43 


23.37 


41.28 


63.97 


91.19 


122.64 


157.98 


196.82 


238.73 


10 


10.58 


23.69 


41.84 


64.81 


92.37 


124.19 


159.91 






20 


10. T2 


24.01 


42.89 


66.66 


93.65 


125.73 


161.83 






30 


10.86 


24.33 


42.95 


66.50 


94.72 


127.26 


163.73 






40 


11.01 


24.64 


43.50 


67.35 


95.89 


128.79 


165.63 






50 


11.15 


24.96 


44.05 


68.19 


97.06 


130.31 


167.62 






18 00 


11.80 


25.28 


44.61 


69.02 


98.22 


131.82 


169.39 






10 


11.44 


25.60 


45.16 


69.86 


99.38 


133.38 


171.26 






20 


11.68 


25.92 


45.71 


70.69 


100.54 


134.83 


173.11 






30 


11.73 


26.23 


46.26 


71.53 


101.69 


186.32 


174.95 






40 


11.87 


26.55 


46.81 


72.36 


102.88 


137.81 


176.78 






50 


12.01 


26.87 


47.36 


73.19 


103.98 


139.29 


178.60 






14 00 


12.16 


27.18 


47.90 


74.01 


105.12 


140.76 


180.40 






10 


12.30 


27.50 


48.45 


74.84 


106.26 


142.28 








20 


12.44 


27.81 


49.00 


75.66 


107.39 


143.68 








80 


12.59 


28.13 


49.54 


76.48 


108.. 52 


145.13 








40 


12.73 


28.45 


50.09 


77.30 


109.64 


146.58 








60 


12.87 


28.76 


50.63 


78.12 


110.76 


148.01 








16 00 


13.02 


29 08 


51.17 


78.93 


111.88 


149.44 








10 


13.16 


29.89 


51.72 


79.75 


112.99 


150.86 








20 


13.30 


•.'9.70 


52.26 


80.56 


114.10 


lf^2.28 








30 


13.44 


30.02 


62.80 


81.37 


115.20 


153.68 








40 


18.59 


80.33 


53.34 


82.17 


116.30 


155 08 








60 


18.78 


30.65 


53.88 


82.98 


117.09 


156.47 








16 00 


13.87 


30.96 


54.41 


83.78 


118.48 


157.86 








10 


14 01 


31.27 


54.95 


84.58 


119 57 










20 


14.16 


81.58 


55.49 


85.38 


120.66 










30 


14.30 


31.90 


56.02 


86.17 


121.73 










40 


14.44 


32.21 


56.55 


86.97 


122.80 










50 


14.58 


3i.52 


57.09 


87.76 


123.87 










17 00 


14.73 


3-3.83 


57.62 


88.55 


124.93 










10 


14.87 


33.14 


58.15 


89 33 


125.99 










20 


15.01 


33.45 


58.68 


90.12 


127.04 










80 


15.15 


38.7(3 


59.21 


ro.9o 


128.09 










40 


15.30 


34.07 


59.74 


91.68 


129.14 










50 


15.44 


34.38 


00.27 


92.46 


130.18 










18 00 


15.58 


34. G9 


CO. 79 


93.23 


131.21 










10 


15.7:i 


35.00 


01.32 


94.00 


132.24 










20 


15.86 


35.31 


61. M 


94.77 


133.27 










80 


16.00 


85.62 


C2.36 


95.f)4 


1:^4.29 










40 


16.15 


35.93 


62.89 


96.31 


135.30 










50 


16.29 


36.24 


63.41 


97.07 


136.31 










19 00 


16.43 


36.54 


63.93 


97.83 


137.32 










10 


16.57 


36.85 


(4.44 


98.59 


1:^8.32 










20 


16.71 


37.16 


04.96 


99.84 


139.31 










30 


16.85 


87.46 


65.48 


100.09 


140.30 










40 


16.99 


37.77 


<>6.00 


100.84 


141.29 










50 


17.14 


38.08 


66.51 


101.59 


142.27 










20 00 


17.28 


38.88 


67.02 


102.33 


143.24 











:; 1 s 



TABLK Vr. -TURNf )rTS FR03I A STRAIGHT TflACK. 



No. 

H. 



8 
'.) 

n 



Angle 
F. 



14 
12 
11 
10 



15 
41 
25 
23 
9 :'.> 
8 48 
8 10 
7 38 
7 09 
6 44 
22 
02 
43 



5 
5 
5 
4 

4 



27 
12 
59 
40 



Switfh-rail 15 PVet, thrown 5 inches. 



Radius, 
(ViittT. 



of C'UIV*'. 



138. S«>: 
170.4:^ 



. t.) 



218 
205 
317 
374.75 
43T or. 

501. CO 

G50.T9 

741. (>7 

h3.».75 

030 . 4-: 

10;i4.50 

1115.90 

1264.40 

1390.90 



41 



15 

28 

2« 11 

21 33 

18 21 

15 17 

13 06 

n 21 

9 54 

8 43 

7 43 

C 52 

G 09 



32 
00 
31 
07 



34 

li8 
55 
24 
50 
4b 
29 
19 
00 

10 



Lead 
ilF. 



09 i 45.84 
30 ^9.28 

.■'.I ' 

3') ' 

**~\ I 



52.(53 

55.90 

59.08 

62.20 

65.25 

08 

71.12 

73.98 



70. 

82. 

ai. 

87, 
88, 



:; I 



}■: 

'2 

:;i 

27 
70 



No. 



92.20 



2.95 
3.31 
3.60 
4 03 
4.38 
4.74 
5.09 
5.43 
5.78 
6.12 
0.45 

7.11 
7.43 
7.75 
8.07 
8.37 



Angle I Dist. 
Jf ". H*F". 



4 

6 



19 16 

17 11 I 

15 33 

14 09 I 

13 01 ' 

12 03 

11 14 

10 31 

9 54 

9 21 

8 52 ' 

8 26 . 

8 03 

7 42 

7 23 

06 ; 

50 



34.71 

30.74 

38.64 

40.57 

42.37 

44.11 

45.78 

47.38 

48.92 

50.40 

51.80 

53.20 

54.52 

55.78 

57.01 

58.18 

59.80 



LF. 



34.77 
39. 2 ^ 
43.77 
48.3.=; 
52.97 
57JB^ 
C2?40 
67 . 3 1 



72 



.24 



.28 



i t 

82 

87 

93 O:: 

98.. 53 
1104.17 
1109.9.' 
ill5.li(, 



Switcli-rail 8 Feet, thrown 5 inches. 



No. 

n. 



3 

4 

5 

6 
6^ 



Angle 
F. 



o 

18 
16 


/ // 

55 28 
15 32 



14 15 00 
12 40 48 
11 25 10 
10 23 20 
9 81 39 
8 47 51 



Radius, 


Degree 


renter. 


<.f Curve. 




o / // 


78.08 


7.' 27 n 


108.73 


52 41 44 


143.50 


39 54 20 


183.98 


31 03 4S 


t.'30.31 


24 52 32 


2S3.05 


20 14 ^0 


342.70 


10 43 29 


409.97 


13 58 28 



Lead 
HF. 



30 

as 

30 
39 
41 
44 
47 
49 



.17 
.31 
.32 
.20 
.96 
.00 
.15 
.59 



No. 


Angle 


Dist. 


LF. 


n". 


F". 


H'F. 


2.19 


o 1 

25 45 


21.91 


26.41 


2.80 


22 15 


23.65 


31.10 


2.89 


19 38 


25.27 


a5.fl2 


3.23 


17 35 


26.78 


40.90 


3.57 


15 58 


28.18 


46.07 


3.89 


14 38 


29.49 


51.47 


4.21 


13 3:2 


30.70 


57.12 


4.52 


12 37 


31.84 


G3 07 



TABLE VII.- 


-TANGENTS AND EXTERNALS OF A 1 


' CURVE. 319 


1 
AirIo ' Tanp. 


Ex. 


Angle 


Taiip. 


Ex. 


Angle 


Tang. 


Ex. 


r. , T. 


E. 


V. 


T. 


E. 


r. 


T. 


E. 


90** 10' 


34477G 


143105 


100*' 10' 


410907 


191973 


HOMO' 


492484 


256826 


iJO 


345781 


143817 


20 


41212:3 


19!^f07 


20 


494013 


258081 


30 


3467H8 


144531 


30 


413324 


19:3845 


30 


495549 


259342 


1 40 


347798 


145249 


40 


414569 


194787 


40 


497091 


260610 


50 


348811 


145971 


50 


415798 


11-57:^4 


to 


498767 


261884 


91 00 


349828 


146695 


101 00 


417032 


196685 


111 00 


500195 


263165 


10 


360S47 


147422 


10 


418270 


197641 


10 


501757 


264453 


ao 


351869 


148153 


20 


419512 


1986<tl 1 


20 


503326 


265748' 


30 


852895 


148887 


30 


4^0759 


199566 , 


30 


504901 


267049 


40 


35afl23 


149624 


40 


422010 


200536 ' 


40 


506483 


268:357 


50 


354955 


150365 


50 


423266 


201510 


50 


508071 


269673, 


92 00 855989 


151108 


102 CO 


424526 


202489 


112 00 509667 


270995 


10 357037 


151855 


10 


425791 


203472 


10 


511269 


272324 


*20 


358068 


152606 


20 427060 


C044C0 


20 


512879 


273660 


30 


359112 


153359 


30 428334 


i:or453 


30 


514495 


275003 


40 


360159 


154116 


40 


429613 


206451 


40 


516119 


276354 


50 


361209 


154877 


50 ' 430896 


207453 


50 


517749 


277712 


03 00 


3622C3 


155640 


103 00 432184 


208461 


113 CO 


519387 


279077 


10 


363320 


156408 


10 1 431^77 


209473 


10 


5210:32 


280449 


20 


364380 


157178 


20 434774 


210490 


20 


522684 


281829 


30 


365443 


157952 


30 436076 


211512 


30 


524344 


283216 


40 


36C510 


158730 


40 


437:383 


212539 


40 


52C010 


284611 


50 


3675.^0 


159511 


50 


438695 


213571 

1 


50 


527685 


286013 


94 00 


368653 


160-295 


104 00 


440012 


914608 


114 00 


529867 


287423 


10 


3697:^0 


161083 


10 


44i:3:38 


215650 


10 


531056 


288840 


20 


370810 


161874 


20 442660 


216697 


20 


532753 


290265 


30 


371893 


16^670 


30 


443991 


217749 


30 


534457 


291698 


40 


372('80 


163468 


40 


445:328 


218807 


40 


536170 


2931 ;i9 


50 


374070 


164270 


50 


446669 


2198C9 


50 


537890 


294588 


95 00 


375164 


1&5076 


105 00 


448016 


220937 


115 00 


539618 


296045 


10 


3'; 6261 


165886 


10 


449368 


222010 


10 


541354 


297509 


20 


377362 


166699 ' 


20 450725 


223088 


20 


54::098 


299051 


30 


3784C.6 


167516 


30 452087 


224172 


30 


544850 


300463 


40 


379574 


1683:36 


40 1 453454 


225261 


40 


546610 


301952 


50 


380686 


169161 ; 


50 


454827 


226355 


50 


648378 


303450 


96 00 


381800 


169989 


106 00 


456204 


227455 


116 00 


550155 


304956 


10 


382919 


1708-.20 ! 


10 


457r88 


22^560 


10 


551939 


306472 


20 


384041 


171656 ' 


20 


458976 


229671 


20 


553732 


3079P2 


30 


385167 


172495 


30 


460370 


230788 


30 


555534 


309522 


1 40 


386297 


173338 


40 


461770 


232909 


40 


557344 


311063 


' 50 


387430 


174186 


50 , 463174 


233037 


50 


659162 


812612 


1 97 00 


388567 


175036 


107 00 


464585 


234170 


117 00 


560989 


314169 


1 10 


389707 


175891 ' 


10 ' 466001 


235309 


10 


562825 


3157:35 


20 


390852 


176750 , 


20 467422 


23645:3 


20 


564670 


317310 


1 30 


392000 


177613 


no ' 46r850 


237604 


30 


566523 


318F94 


! 40 


393152 


178480 


40 470282 


238760 


40 


568386 


320487 


1 50 


394306 


179350 


50 471721 


239922 


50 


570257 


322089 


98 00 


395468 


180225 


108 00 473165 


241090 


118 00 


572137 


323700 


10 


396631 


181104 


10 474015 


242264 


10 


574027 


3,?5320 


20 


397799 


181987 


20 47<.071 


243443 


MO 


575925 


32C950 


30 


398970 


182873 


30 477533 


244629 


30 


5778^3 


328589 


40 


400146 


183764 


40 479001 


245821 


40 


679751 


330237 


50 


401325 


184660 


50 480475 


247019 


50 ; 581677 


331895 


99 00 


402508 


185559 


109 00 481954 


248223 


119 00 


583614 


333513 


10 


403696 


186462 


10 4813440 


249433 


10 


585559 


335240 


20 


404887 


187370 


20 484932 


250649 


20 1 587515 


336927 


30 


406083 


188282 


30 ' 486430 


251872 


30 


589480 


338624 


40 


407283 


189198 


40 487934 


253101 


40 


591455 


3<1033I 


50 


408487 


190119 


50 489444 


254336 


50 


593440 


342048 


100 00 1 409r,95 


191044 


110 00 490961 


255578 


120 00 


595435 


343775 



3^0 TABLE VII.-TANGENTS AND EXTERNALS OF A V CURVE. 



An^le 


Tang. 


K. 


T. 


60< 


MO' 


199146 




20 


199814 




30 


200483 




40 


201151 




50 


201826 


61 


00 


202499 




10 


203i:3 




80 


203848 




30 


204524 




40 


20520 i 




50 


205881 


62 


00 


206561 




10 


207242 




20 


20T924 




30 


208608 




40 


209292 




50 


209978 


6S 


00 


210G05 




10 


211354 




20 


212043 




30 


212731 




40 


213426 




50 


214120 


64 


00 


214^14 




10 


215510 




20 


216207 




30 


216906 




40 


217605 




50 


218306 


65 


00 


219009 




10 


219712 




20 


220417 




30 


221123 




40 


221831 




50 


222540 


66 


00 


223250 




10 


2i3361 




20 


224674 




30 


225389 




40 


226104 




50 


226821 


67 


00 


227540 




10 


228259 




20 


228980 




30 


229703 




40 


230427 




50 


231152 


68 


00 


231879 




10 


232607 




20 


233337 




30 


234068 




40 


234800 




50 


285584 


69 


00 


236270 




10 


237007 




20 


237745 




30 


238485 




40 


239226 




50 


239969 


70 


00 


240714 



Ext. 
E. 



53516.2 
5;«.51.6 
54188.4 
54526. T 
54866.4 

55207.5 
55550.0 
55891.0 
56239.4 
56586.3 
56934.6 

57284.3 
57635.6 
57988.3 
58:i42.4 
58698.1 
59055.2 



59413.8 
59773.9 
60135.5 
60498.6 
60863.2 
61229.3 

61597.0 
61966.2 
62336.9 
62709.1 
63082.9 
63458.3 
63835.2 

64213.7 
()4593.7 
64975.3 
65358.5 
65743.3 

66129.6 
66517 . 6 
66907.2 
67298.3 
67691.2 
68085.6 

68481 .6 
68879.3 
69278.6 
69679.6 
70083.3 
70486.5 

70892.5 
71300.1 
71709.5 
72120.5 
72533.2 
729^7.6 



73363.7 
73781.5 
74201.1 
74622.4 
75045.4 
75470.:- 

75896.7 



Angrle 



70» 10' 

20 
30 
40 
50 

71 00 

10 
20 
30 
40 
50 

72 00 

10 
20 
30 
40 
50 

78 00 

10 
20 
30 
40 
50 

74 00 

10 
20 
30 
40 

50 

75 00 

10 
20 
30 
40 
50 

76 00 

10 
20 
30 
40 
50 

77 00 

10 
20 
30 
40 
50 

78 00 
10 
20 
30 
40 
50 

79 00 

10 
20 
30 
40 
50 

80 00 



Tang. 
T. 



241460 
242:^7 
242956 
243706 
244458 

245212 
245967 
246724 
247482 
248242 
249004 

249767 
250582 
251298 
252066 
2528:^6 
253607 

254380 
255154 
255931 
256709 

257488 
258270 

•259053 
250838 
260624 
261412 
26220J 
262994 

263788 
264583 
265380 
266179 
266979 
267782 

268586 
269392 
270200 
271010 
271822 
272635 

273451 
274268 
275087 
275908 
276731 
277556 

278383 
279212 
280043 

280876 
281710 
282547 

283386 
284227 
285070 
285914 
286761 
287610 

288461 



Ext. 
E. 



76325.0 
76755.0 
77186.8 
77620.4 
78055.8 

78498.0 
78932.0 
79372.8 
79815.4 
80259.8 
80706.1 

81154.2 
81604.11 
82056.0, 
82509.61 
'82965.2' 
83422.6 

83877.5 
84343.1 
84806.2 
85271.3 
85738.2 
86207.0 

86677.9 
87150.6 
87625.3 
88102.0 
88580.6 
89061.2 

89543.8 
90028.4 
90515.0 
91003.6 
91494.3 
91987.0 

92481.7 
92978.4 
93477.2 
93978.1 
94481.1 
94986.1 

95493.3 
96002.5 
96513.9 
97027.4 
97543.0 
98060.8 

98580.7 
99102.8 
99627.0 

100153 ' 

100682 

101213 

101746 
102281 
102819 
103358 
103901 
104445 

104991 



Angle 

r. 



SO^lO' 
20 
30 
40 
50 

81 00 

10 
20 
30 
40 
50 

82 00 
10 
20 
30 
40 
50 

83 00 
10 
20 
30 
40 
50 

84 00 
10 
20 
30 
40 
50 

86 00 
10 
20 
30 
40 
50 

86 00 

10 
20 
80 
40 
50 

87 00 
10 
20 
30 
40 
50 

88 00 
10 
20 
30 
40 
50 

89 00 
10 
20 
SO 
40 
50 

90 00 



Tang. 
T. 



289814 
290169 
291027 
291886 
292748 

293611 
294477 
295345 
296215 
297088 
297962 

298839 
299718 
300599 
301482 
302368 
308256 

304146 
305039 
305933 
306831 
307730 
308632 

309536 
310443 
3lia52 
312263 
313177 
314093 

315011 
815933 
316856 
817782 
318711 
319612 

320575 
32151 1 
322450 
323391 
3243^5 
325281 

326230 
327182 
328136 
329093 
330052 
331014 

331979 
332947 
333917 
334890 
335866 
336845 

337826 
838811 
38979S 
340788 
341780 
342776 

343775 



Ext. 
E. 



105540 
l0tJ09I 
106645 
lOVCOO 
107159 

108319 

108882 

1094471 

110014 

110.5<1 

111157 

111731 
11290S 
112S8S 
113470 
114054 
114641: 

115931 

115823 

1164171 

117014' 

117613 

118215 

118820 
119427 
120037 
120649' 
121264' 
121881, 

122.501, 
123124 
123749 
124378 
125008, 
125642 

126278 
1269 !7l 
127668; 
128203 
128850 
129500 

130153, 
130808 
131466 
1321281 
132792' 
133459 

134128 
134801 
13M77 
136155 
i:i6837 
137521 

138208. 
188899, 
1395921 
140289 
140988 
141691 

142396 



TABLE VII.-TANGENTS AND EXTERNALS OF A V CURVE. 321 



An 


erle 


Tang. 


K 


T. 


0* 


' IC 


500.0 




20 


1000.0 




30 


1500.0 




40 


2000.0 




50 


2500.0 


1 


00 


3000.1 




10 


3500.1 




ao 


4000.2 




30 


4500.3 




40 


5000.4 




50 


5500.5 


2 


00 


6000. G 




10 


6500. t? 


1 


20 


7001.0 


1 


30 


T501.2 


1 


40 


8001.4 




50 


8501. T 


' 8 


00 


9002.1 




10 


9502.4 


1 


20 


10002.8 




30 


10503.3 




40 


11003.8 




50 


11504.3 


4 


00 


12004.9 




10 


12505.5 




20 


13006. -J 




30 


13506.9 




40 


14007.7 




50 


14508.6 


5 


00 


15009.5 




10 


15510.5 




20 


16011 6 




30 


16512.7 




40 


17013.9 




50 


17515.1 


6 


00 


18016.5 




10 


18517.9 




20 


19019.4 




30 


19520.9 




40 


20022.6 




50 


20524.3 


7 


00 


21026.2 




10 


21528.1 




20 


2:.'030.1 




30 


22532.2 




40 


2:^034.4 




50 


28536.'; 


8 


00 


24039.1 




10 


24541.6 




ao 


25044.2 




80 


25546.9 




40 


26049.7 




50 


26552.6 


9 


00 


27055.7 




10 


27558.8 




20 


28062.1 




30 


2.^565.5 




4i) 


29069.0 




50 


2(»572.6 


10 


00 


30076.4 




.3G4 
1.454 



3.273 
5.818 
9.090 

13.090 
17.818 
23.272 
29.455 
36.364 
44.002 

52.367 
61.459 
71.280 
81.829 
93.105 
105.11 

117.84 
131.31 
145.50 
KM). 41 
176.06 
192.44 

209.55 
227.38 
245.95 
265.24 
285.27 
306.02 

327.51 
349.72 
372.67 
396.35 
420.76 
445.90 

471.78 
498.38 
525.72 
553.79 
582.60 
612.13 

642.41 
673.41 
705.15 
737.62 
770.83 
804.78 

839.46 
874.88 
911.03 
947.92 
985.55 
1028.91 

1063.91 
1102.86 
1143.43 
1184.75 
1226.83 
1269.63 



18151.15 



Angle 


Tang. 


Ex. 


K 


T. 


E. 


io» :o' 


30580.3 


1357.4 


20 


31084.3 


1402.5 


30 


31588.5 


1448.2 


40 


32092.7 


1494.7 


50 


32597.2 


1542.0 


11 00 


33101.7 


1590.0 


10 


33606.5 


1638.7 


20 


34111.3 


1688.2 


30 


34616.3 


1738.4 


40 


35121.4 


1789.4 


50 


35626.7 


1841.2 


12 00 


36132.2 


1893.6 


10 


36637.8 


1946.8 


20 


37143.5 


2000.8 


30 


37649.4 


2055.5 


40 


38155.5 


2110.9 


50 


88661.8 


2167.2 


13 00 


39168.2 


8224.1 


10 


39674.8 


2281.8 


no 


40181.5 


2340.3 


30 


40688.4 


2399 5 


40 


41195.5 


2459.5 


50 


41702.8 


2520.2 


14 00 


42210'2 


2581.7 


10 


4r,l7.9 


2S43.9 


20 


43225.'; 


27 06. 9 


30 


43733.7 


2770.7 


40 


44241 8 


2835.1 


50 


4.1750. -J 


2900.4 


15 00 


45258.8 


2966.4 


10 


45767.6 


3033.2 1 


20 


46276.5 


3101.7 1 


30 


46785.7 


3169.0 


40 


47295.0 


3238 1 


50 


47804.0 


3307.9 


16 00 


48314.4 


8378.5 


10 


48824.4 


3449.8 


20 


49384.6 


3521.9 


30 


49845.0 


i»594.8 


40 


50355.0 


3668.4 


50 


508u6.4 


3742.8 


17 00 


51377.5 


3818 


10 


51888. « 


3893.9 1 


ao 


52400.3 


3970.7 


30 


52912 


4048.1 


40 


53424.0 


4126.4 


50 


53936.2 


4205.4 


18 00 


54448.5 


4285.2 


10 


54961.2 


4365.8 


20 


.55474.1 


4447.1 


30 


55987.3 


4529 2 1 


40 


56500.6 


4612.1 1 


50 


57014.3 


4695.8 ; 


19 00 


57528.2 


4780.2 


10 


58042 8 


4865.4 


20 


58556 . 7 


4951.5 


30 


59071.3 


5038.2 


40 


59.5^6.2 


5125.8' 


50 


60101.3 


5214.1 


20 00 


60016.8 


5303.3 



Angle 


Tang. 


K 


T. 


20" lO' 


61132.4 


20 


61648.4 


80 


62164.6 


40 


62681.1 


50 


63197.8 


21 00 


63714.9 


10 


64232.2 


20 


64749. H 


30 


65267.7 




5393.8 
5483 9 
5575.4 
5667.6 
5760.7 



40 

50 

22 00 

10 
20 
30 
40 
50 

23 00 

10 
20 
30 
40 
50 

24 00 

10 
20 
30 
40 
50 

25 00 

10 
20 
30 
40 
50 

26 00 

10 
20 
SO 
40 
50 

27 00 

10 
20 
30 
40 
50 

28 00 
10 
20 
30 
40 
50 

29 00 

10 
20 
30 
40 

:>o 

80 00 



65785.8 
66304.3 

668J3.0 
67342.1 
67861.4 
68381.1 
68901.0 
69421.2 

69941.8 

7046'.i.6' 

70983.8, 

71505.21 

72027.31 

72549.1 

73071.6 
73594.3 
74117.4 
74U40.8 
75164.6 
75688.6 

76213.0! 

76737.8 

77262.81 



5854.6 
5949 2 
6044.7 
6140.9 
6237.9 
6335.7 



77788.3' 
78314.01 
78840.2' 

79366.6 

79893.5; 

804 -•.'0.7 

80948.2 

81476.1 

82004.41 



6434.3 
6533.7 
6633. i» 
67 3.-). 
6836.8 
6939.4 

7042.8 
7147.0 
7-452.0 
73.57.8 
7464.4 
7571.9 

76?0.1 
7789.2 
7899.0 
8009.7 
8121.2 
8:233.5 

8346.7 
8460.6 
8575.4 
8691.0 
8807.4 
8924.6 

9042.7 
9161.6 
9281.3 
9401.8 
9523.2 
9645.4 



82533.0 9768.4 
a3062.0 9892.3 
83591. 4 10017.0 

84121.1 10142.5 
84651.3 10268.9 



85181.8 

85712.7 
86243.9 
86775.6 
87307.6 
87840.1 
88372.9 

88906.2 
89439.8 
89973.9 
90)08.3 
91043.2 
91578.5 



92114.2 12127.1 



10396.1 

10524.2 
10653.1 
10782.8 
10913.4 
11044.9 
11177.1 

11810.3 
11444.3 
11579.1 
11714.8 
11851.4 
11988.8 



322 TABLE VII.— TANGENTS AND EXTERNALS OF A 1' CURVE. 



Angle 
V. 



80" 10/ 

20 
SO 
40 
50 

31 00 

10 
20 
30 
40 
50 

32 00 

10 
20 
80 
40 
50 

33 00 

10 
20 
80 
40 
50 

34 00 

10 
20 
30 
40 
50 

35 00 

10 
20 
30 
40 
50 

36 00 

10 
20 
30 
40 
50 

87 00 

10 
20 
80 
40 
50 

88 00 

10 
20 
30 
40 
50 

00 
10 
20 
30 
40 
50 



39 



Tang. 
T. 



9..>650.3 
93186.8 
93723.7 
94261.1 
94798.9 

95337.1 
95880.5 
96414.9 
96954.5 
97494.5 
98034.9 

98575.8 

99117.2 

99658.9 

00-201 

00744 

01287 

01831 
02375 
0-2919 
03464 
04010 
04556 

06102 
05649 
00197 
06745 
07-.>93 
07842 

08392 
08942 
0949-2 
10043 
10595 
11147 

11699 
12-,\52 
1-2806 
13360 
13915 
14470 

15025 
ir)58-2 
16138 
16696 
17254 
17812 

18371 
18931 
19491 
20051 
•20613 
21175 

'21737 
2-2300 
•2-2864 
'2;M28 
•239'.)-2 
245rj8 



40 00 '12.')124 



Ext. 
E. 



2-206.2 
2406. ;J 
2547.1 
2688.8 
•J8;il.4 

,81 

O 

, *<^ 

,3| 

A 

A 



2974 
3119 
3-264 
3410 

3557 
3705 



3853.9 
4003.5 
4154.0 
4305.4 
4457.6 
4610.7 

4764.7 
4919.7 
507'5.5 
.')23- 2 

5548.3 

1-5707. 7 1 
5868.0' 
60:29. 2 1 
6191.3' 
6354. 3 I 
6518.2 

6683.1 1 
6848.8 
7015.5, 
7183 1, 
7351.61 
7521.1 

7691.4 

7862. 7 I 
8034.9 
a>08.1 

8382.1 
8557.1; 

8733.1 1 
8909.9, 
9087.8 
9-266. 51 
9446.3 
96^26 9 

9808.5', 
9991.11 
20174.6 
20359.1' 
20544.5] 
20730.91 

20918.2 
21106.6 
21-295.8 
21486.1 
21677.3 
21869.5 

22062.7 



Angle 



40° 10' 

20 
30 
40 
50 

41 00 

10 
20 
30 
40 
50 

42 00 

10 
20 
30 
40 
50 

48 00 

10 
20 
30 
40 
50 

44 CO 

10 
2(1 
30 
40 
50 

45 00 

10 
20 
30 
40 
50 

46 00 

10 
20 
30 
40 
50 

47 00 

10 
20 
30 
40 
50 

48 00 
10 
20 
30 
40 
50 

49 00 

10 
20 
30 
40 
50 

60 00 



Tang. 
T. 



25690 
26257 
268^25 
27394 
27963 

28533 
•29102 
29673 
:W245 
30817 
313^9 

31963 
3-2537 
331 1 1 
3368 r 
34263 
84839 

35416 
35994 
36573 
37152 
37732 
38313 

38894 
39476 
40059 
40642 
41226 
41811 

42396 
4-2982 
43569 
44157 
44745 
45334 

45924 
46514 
47105 
47697 
48290 
48883 

49478 
50072 
50668 
51-264 
51862 
52460 

53058 
53658 
54258 
54859 
55461 
56064 

56667 
57271 
57876 
58482 
59089 
59696 



160304 



Ext. 
E. 



22256.8 
22452.0 
2-2648.1 
22845.2 
23043.3 

2324-2.4 
28442.5 
23643.6 
28845.6 
24048.7 
2425-2.8 

24457.9 
24663.9 
24871.0 
25079.2 
25288 3 
25498.5 

25709.6 
25921.8 
26i;35.0 
26349.3 
26564.6 
26780.9 

26998.2 
27216,6 
27436.1 
27656.6 
27878.1 
28100.7 

28324.4 
28549.0 
28774.8 
29001.6 
292^29.5 
29158.5 

29688.5 
29919.6 
30151.8 
30385.8 
30619.4 
30854.8 

31091.4 
31329.0 
31567.7 
31807.5 
32048.4 
3-2290.4 

32533.6 
32777.8 
33023.1 
33-269.6 
33517.2 
33765.9 

34015.8 
34366.7 
34518.9 
34772.1 

3.i02f5.5 
35282.0 

35538.7 



Angle 



50" 10' 
20 

30 
40 
50 

51 00 

10 
20 
30 
40 
50 

52 00 

10 
20 
30 
40 
50 

53 00 

10 
20 
30 
40 
50 

54 00 

10 
20 
30 
40 
50 

55 00 

10 
20 
30 
40 
50 

56 00 

10 
20 
30 
40 
50 

67 00 

10 
20 
30 
40 
50 

58 00 
10 
20 
30 
40 
50 

59 00 

10 
20 
30 
40 
50 

60 00 



Tang. 
T. 



60914 
61524 
62135 
62746 
63359 

63972 
64586 
65-201 
65817 
6<H34 
67052 

67670 
68290 
68910 
69531 
701, 53 
70776 

71400 
720-24 
72650 
73277 
73904 
745^3 

75162 
75792 
76423 
77056 
77689 
t 



8323 



78958 
79594 
80231 

80869 
81o()S 
82147 

82788 
83430 
84073 
84717 
8.536-2 
80008 

86654 
87o02 
S7951 
88601 
89252 
(9905 

90557 
91212 
91867 
92523 
93180 
93S39 

94498 
95159 
95821 
96483 
97147 
97812 

198478 



Ext. 



a5796.5 
360.'>5.5 
36815.7 
36577 
36J?39.4| 

37103.1 
37367.9 
37633.9 
37901 . 1 1 
38169.41 
38439.0 

88709.7 
389S1.6 
39-254 71 
39.529.1 
39804. c; 
40081,3 



40859. 
406:i8, 
409 IS 
41200. 
41483. 



41767. 4 1 

42052.7 
42:i39.-2 
42627.0 
42916.0! 
43206.3 
4349:. 9 

43790.7 
44084 8 
44380.1 
44676.7 
41974 6 
452r3.8 



4.5.574.2, 

4.'>87e5.0, 

46179 

464S3.4i 

46r89.0 

4:U95.9 

47404.2 

477 1 3. P 

48024.6 

48336.91 

48650.4, 

48965.3 



49281. 

49.599. 

49918 

50238. 

50559, 

50882, 



51207.1 
51532.9 
51859.9 
5-2188 4 
: 525 18. 3 
52849.5 

53182.1 



TABLE Vm.— LENGTHS OF ARCS CORRESPONDING TO ANY 323 
NUMBER OF DEGREES, MINUTES, OR 
SECONDS FOR RADIUS = 1. 



















«^ 


Arc for 


Arc for 


Arc for 




Arc for 


Arc for 


Arc for 


c r 


Degrees. 


Minutes. 


Seconils. 


C ' 


Degrees. 


Minutes. 


Seconds. 


C-- 








C.S 








S?;S 






1 


^^ 








1 


.0174533 


.0002909 


.0000048 


31 


.5410521 


.0090175 


.0001.503 


2 


.0349066 


.0005818 


.0000097 


32 


.5585054 


.009:3084 


.0001.^51 


3 


.05x'3599 


.00087:>7 


.0000145 


33 


.5759587 


.009.5993 


.0001600 


4 


.0«jy813-J 


.0011636 


.0000194 


34 


.59:34119 


.0098902 


.0001648 


5 


.0872665 


.0014544 


.0000242 


35 


.6108(352 


.0.01811 


.0001097 


6 


.1047198 


.0017453 


.0000-291 


36 


.62^3185 


.0101720 


.0001745 


7 


.1-221730 


.Ot>2036-2 


.000t>339 


37 


.6457718 


.0107629 


.0001794 


8 


.1396263 


.0023-271 


.0000388 


38 


.6632-251 


.01105:38 


.0001842 


9 


.1570798 


.00-26180 


.0000436 


39 


.6806784 


.0113116 


.0001891 


10 


.17453'^ 


.0029089 


.0000485 


40 


.6981317 


.0116355 


.0001939 


11 


.1919862 


.0031998 


.0000533 


41 


.7155850 


.0119264 


.00019*^8 


13 


.2094395 


.0034907 


.O0005'^2 


42 


.7330:383 


.0122173 


.0002()3t5 


13 


.2-2689-J8 


.0037815 


.O00'!630 


43 


.7504916 


.0125082 


.0002(if^5 


14 


.244:3461 


.00407-24 


.0000679 


44 


.7679449 


.0127991 


.00021:33 


15 


.^6 17994 


.004:36aS 


.0000727 


45 


.7853982 


.0130900 


.0002182 


IC 


.2r92.Vi7 


.004654-2 


.0000776 


46 


.802&515 


.0133809 


.00022:30 


17 


.*)670<K) 


.0049i51 


.00(X)824 


47 


.8-20:3047 


.0136717 


.000-2279 


IS 


.3141593 


.005 r^eo 


.0000873 


48 


.8377580 


.0139626 


.0002327 


19 


.3:3 161 26 


.005.5-2«i9 


.0000921 


49 


.8552113 


.014-2535 


.0002376 


20 


.3490659 


.0058178 


.0000970 


50. 


.8726646 


.0145444 


.0002424 


21 


.3665191 


.0061087 


.0001018 


51 


.8901179 


.01483.53 


.0002473 


22 


.3839704 


.006:^95 


.0001067 


52 


.9075712 


.0151-2(52 


.0002521 


23 


.4014-257 


.0066904 


.own 15 


53 


.9250245 


.0154171 


.0002570 


24 


.4188790 


.0069813 


.0(^01164 


54 


.9424778 


.0157080 


.0002618 


25 


.486332:1 


.007-2722 


.0001212 


55 


.9599311 


.0159989 


.000-2666 


26 


.45378.56 


.0075631 


.0001261 


56 


.977:3844 


.0162897 


.0002715 


27 


.4712389 


.0078540 


.0001301 


57 


.9948877 


.0165806 


.0002763 


28 


.488692-2 


.0081449 


.0001:357 


58 


1.0122910 


.0168715 


.0002812 


29 


.5061455 


.0084:358 


.0001 4(K> 


59 


1.0-297443 


.0171624 


.0002860 


30 


.5-235988 


.0087266 


.0001451 


60 


1.0471976 


.0174533 


.000-2909 



TABLE IX.— ACRES FOR VARIOUS LENGTHS AND WIDTHS. 



• 

■3 
be 

a 

100 








Widths. 










100 


90 


80 


70 


60 


50 


40 


80 


20 


.'229.568 


.206612 


.183P.55 


.160698 


.137741 


.114784 


.091827 


.008871 


.045914 


2(X) 


.4591:37 


.413*223 


.367309 


.321396 


.275482 


.2-295<)8 .18:3655,. 1:37741 


.091827 


300 


.688705 


.6198:35 


..5.50964 


.482094 


.4132-23 


.344363 


.275482 


.206612 


.137741 


400 


.918274 


.826440! .734619 


.64-2792 


..550964 


.4.591:37 


.367309 


.275482 


.1836.55 


.500 


1.147842 


1.03.3058 .918274 


.80:3489! .688705 


.57:3921 


.4591:37 


.:344353 


.229568 


600 


1 .3774IOI1 .-2:39669:1 . 101928 


.9641 S7 .8-26446 


.688705 


..550964 


.41:32-23 


.-27.5482 


700 


1.606979 


1.446-281 1.285.583 


1.1848^5 


.964187 


.803489 


.642792 


.48-2094 


.321396 


800 


1 .836547 


1.65-2893 1.4692:38 


1.2Sf.583 


1.1019-28 


.918274 


.734619 


.550984 


.367309 


900 


2.066116 


1.859504 1.65-2892 

1 


1.446-281 


1 .239669 


1.0330.58 


.826446 


.619835 


.413-223 
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TABLE X.— TOTAL GRADES. 



m 

1 








Grade per Station. 








1 


0.1 

0.1 


0.2 

0.2 


08 


0.4 


0.5 


0.6 


0.7 


8 


0.9 




0.3 


0.4 


0.5 


0.0 


0.7 


0.8 


0.9 




2 


0.2 


0.4 


0.6 


0.8 


1.0 


1.2 


1.4 


1.6 


1.8 1 


8 


0.3 


0.6 


0.9 


1.2 


1.5 


1.8 


2.1 


2.4 


2.7 ' 


4 


0.4 


0.8 


1.2 


1.6 


2.0 


2.4 


2.8 


8.2 


3.6 ' 


5 


0.5 


1.0 


1.5 


2.0 


2.5 


3.0 


3.5 


4.0 


4.5 ; 


6 


0.6 


1.2 


1.8 


2..I 


3.0 


3.6 


4.2 


4.8 


5.4 




/» 
I 


0.7 


1.4 


2.1 


2.8 


3.5 


4.2 


4.9 


5.6 


6.3 




8 


0.8 


1.6 


2.4 


3 2 


4.0 


4.8 


5.6 


6.4 


7.2 




9 


0.9 


1.8 


2.7 


3.6 


4.5 


5.4 


6.3 


7.2 


8.1 




10 


1.0 


2.0 


3.0 


4.0 


5.0 


6.0 


■J.O 


8.0 


9.0 




11 


1.1 


2.2 


3.3 


4.4 


5.5 


6.6 


7.7 


8.8 


9.9 




12 


1.2 


2.4 


8.6 


4.8 


6.0 


7.2 


8.4 


9.6 


10. S 


13 


1.3 


2.6 


3.9 


5.2 


6.5 


7.8 


9.1 


10.4 


n.7 


14 


1.4 


2.8 


4.2 


5.6 


7.0 


8.4 


9.8 


11.2 


12. G 


15 


1.5 


8.0 


4.5 


6.0 


7.5 


9.0 


10.5 


12.0 


13.5 : 


16 


1.6 


3.2 


4.8 


6.4 


8.0 


9.6 


11.2 


12.8 


14.4 ' 


17 


1.7 


3.4 


5.1 


6.8 


8.5 


10.2 


11.9 


13.6 


15.3 i 


18 


1.8 


3.6 


5.4 


7.2 


9.0 


10.8 


12.6 


14.4 


16.2 


19 


1.9 


3.8 


5.7 


7.6 


9.5 


11.4 


13.3 


15.2 


17.1 : 


5>0 


2.0 


4.0 


6.0 


8.0 


10.0 


I'.O 


14.0 


16.0 


18.0 




21 


2.1 


4.2 


6.3 


8.4 


10.5 


12.6 


14.7 


16.8 


18.9 




22 


2. .2 


4.4 


6.6 


8.8 


11.0 


13.2 


15.4 


17.6 


19.8 




28 


2.3 


4.6 


6.9 


9.2 


11.5 


13.8 


16.1 


18.4 


20.7 




24 


y.4 


4.8 


7.2 


9.6 


12.0 


14.4 


16.8 


19.2 


21.6 




25 


2.5 


5.0 


7.5 


10.0 


12.5 


15.0 


17.5 


20.0 


22.5 




26 


2.6 


5.2 


7.8 


10.4 


13.0 


15.6 


18.2 


20.8 


23.4 




27 


2.7 


5.4 


8.1 


10.8 


13.5 


16.2 


18.9 


21.6 


24.3 




28 


2.8 


5.6 


8.4 


11.2 


14.0 


10.8 


19.6 


22.4 


25.2 




29 


2.9 


5.8 


8.7 


11.6 


14.5 


17.4 


20.3 


23.2 


26.1 




30 


3.0 


6.0 


9.0 


12.0 


15.0 


18.0 


21.0 


24.0 


27.0 




31 


3.1 


6.2 


9.3 


12.4 


15.5 


18.6 


21.7 


24.8 


27.9 




:vi 


3.2 


6.4 


9.6 


12.8 


16.0 


19.2 


22.4 


25.6 


28.8 




33 


8.3 


6.6 


9.9 


13.2 


16.5 


19.8 


23.1 


26.4 


29.7 




31 


3.4 


6.8 


10.2 


13.6 


17.0 


20.4 


23 8 


27.2 


30.6 




35 


3.5 


7.0 


10.5 


14.0 


17.5 


21.0 


24.6 


28.0 


31.5 




36 


3.6 


7.2 


10.8 


14.4 


18.0 


21.6 


25.2 


28.8 


32.4 




37 


3.7 


7.4 


11.1 


14.8 


18.5 


22.2 


25.9 


29.6 


33.3 




38 


3.8 


7.6 


11.4 


15.2 


19.0 


22.8 


26.6 


30.4 


34.2 




3.1 


3.9 


7.8 


11.7 


15.6 


19 5 


23.4 


27.3 


3I.a 


35.1 


40 


4.0 


8.0 


12.0 


16.0 


20.0 


24.0 


28.0 


32.0 


36.0 




41 


4.1 


8.2 


12.3 


16.4 


20.5 


24.6 


28.7 


32.8 


36.9 




Ai 


4.2 


8.4 


12.6 


16.8 


21.0 


25.2 


29.4 


33.6 


37.8 


43 


4.3 


8.6 


12.9 


17.2 


21.5 


25.8 


30.1 


34.4 


38.7 




44 


4.4 


8.8 


13.2 


17.6 


22.0 


26.4 


30 8 


35.2 


39.6 




45 


4.5 


9.0 


13.5 


18.0 


22.5 


27.0 


31.5 


36.0 


40.5 




46 


4.6 


9.2 


13.8 


18.4 


23.0 


27.6 


32.2 


36.8 


41.4 


47 


4.7 


9.4 


14.1 


18.8 


23.5 


28.2 


32.9 


37.6 


42.3 




48 


4.8 


9.6 


14.4 


19.2 


24.0 


28.8 


38.6 


38.4 


43.2 




49 


4 9 


9.8 


14.7 


19.0 


24.5 


29.4 


34.3 


39.2 


44.1 




50 


5.0 


10.0 


15.0 


20.0 


25.0 


30.0 


35.0 


40.0 


45.0 




51 


5.1 


10.2 


15.3 


20.4 


25.5 


30.6 


35.7 


40.8 


45.9 




5i 


5.2 


10.4 


15.6 


20.8 


26.0 


31.2 


36.4 


41.6 


46.8 




53 


5.3 


10.6 


15.9 


21.2 


26.5 


31.8 


3r.i 


42.4 


47.7 




54 


5.4 


10.8 


16.2 


21.6 


27.0 


8 J. 4 


37.8 


43.2 


48.6 


* 


55 


5.5 


11.0 


16.5 


22.0 


27.5 


8J.0 


38.5 


44.0 


<9.5 


4 


56 


5.6 


11.2 


16.8 


22 4 


28.0 


33.6 


39.2 


44.8 


50.4 


. 


57 


5.7 


11.4 


17.1 


22.8 


28.5 


34.2 


39.9 


45.6 


51.3 




58 


5.8 


11.6 


17.4 


23.2 


29.0 


34.8 


40.6 


46.4 


52.2 




59 


5.9 


11.8 


17.7 


23.6 


29.5 


35.4 


41.8 


47.2 


53.1 
.54.0 




60 


6.0 


12.0 


18.0 


24 


30.0 


36.0 


42.0 


48.0 





TABLE XI.— CORRECTION FOR THE EARTH'S CURVATURE 325 

AND FOR REFRACTION. 



Dist. 


C<»r. 


Dist. 


Cor. 


Dist. 


Cor. 


Dist. 


Cor. 


D. 


E. 


X). 


E. 1 


D. 


E. 


D. 


E. 


300 


Ml 


1800 


.066 


3300 


.223 


4S0O 


.472 


400 


.003 


1900 


.074 


3400 


.237 


41)00 


.492 


ijOO 


.005 


2000 


.082 


3.'300 


.251 


5000 


.512 


600 


.007 


2100 


.090 


3600 


.♦266 


5100 


.5:« 


700 


.010 


2200 


.099 


3700 


.281 


6200 


.554 


800 


.013 


2300 


.108 


3800 


.296 


1 mile 


.571 


900 


.017 


2100 


.118 


8900 


.312 


2 miles 


2.285 


1000 


.0-20 


2500 


.128 


4000 


.828 


3 " 


5.142 


1100 


.025 


2600 


.139 


4100 


.345 


4 " 


9.142 


1-iOO 


.030 


2700 


.149 


4200 


.862 


5 " 


14.284 


1300 


.035 


2800 


.161 


4300 


.379 


6 " 


20.568 


1100 


.040 


2900 


.172 


4400 


.397 


7 " 


27.996 


1500 


.046 


3000 


.184 


4500 


.415 


8 '• 


36.566 


1600 


.052 


8100 


.197 


4600 


.434 


9 •• 


46.279 


1700 


.059 


8200 


.210 


4700 


.453 


10  


57.135 



TABLE Xn.— ELEVATION OF OUTER RAIL ON CURVES. 











Velocity in Miles per Hour. 






Degree 










































10 


15 


20 


25 


80 


86 


40 


45 


50 


60 


1 


.006 


.013 


.028 


.036 


.051 


.070 


.091 


.115 


.148 


.205 


2 


.011 


.026 


.046 


.071 


.103 


.140 


.182 


.231 


.285 


.410 


8 


.017 


.038 


.068 


.107 


.154 


.209 


.274 


.346 


.428 


.016 


4 


.023 


.051 


.091 


.142 


.205 


.279 


.365 


.462 


.570 


.821 


5 


.029 


.064 


.114 


.178 


.257 


.849 


.456 




.712 




6 


.a34 


.077 


.187 


.214 


.308 


.419 


.647 


.693 


.a55 




7 


.040 


.090 


.160 


.249 


.859 


.489 


.638 


.808 


.097 




8 


.046 


.103 


.182 


.285 


.410 


.559 


.730 


.923 






9 


.a^i 


.115 


.205 


.321 


.462 


.628 


.821 








10 


.057 


.128 


.228 


.356 


.613 


.098 


.912 








12 


.068 


.158 


.274 


.428 


.616 


.838 










14 


.080 


.180 


.319 


.499 


.718 


.978 










! 16 


.091 


.205 


.365 


.570 


.821 












18 


.103 


.231 


.410 


.641 


.923 












20 


.114 


.257 


.456 


.712 














25 


.143 


.321 


.670 


.891 














30 


.171 


.385 


.684 
















86 


.200 


.449 


.798 
















40 


.228 


.513 


.912 
















60 


.285 


.641 



















326 TABLE XIII.-COEFFICIENTS FOR REDUCIxN'G INCLINED STADIA 
MEASUREMENTS TO THE HORIZONTAL. 



Inclination. 


0' 


10' 


20' 


30' 


40' 


60' 

1 


0» 


1.00000 


.99999 


.99997 


.99992 


.99966 


.99979 


1 


.99970 


.99959 


.99946 


.99931 


.99915 


.99898 


2 


.99878 


.99857 


.99834 


.99810 


.99784 


.9975G 


3 


.99726 


.99695 


.99662 


.99627 


.99591 


. 99053 


4 


.99513 


.99472 


.99429 


.99384 


.99338 


.99290 


5 


.99240 


.99189 


.99186 


.99081 


.99025 


.98967 


6 


.98907 


.98846 


.98788 


.98718 


.98652 


.98584 


r- 
1 


.98515 


.98414 


.98371 


.98290 


98220 


.9814) 


8 


.98063 


.97982 


.97899 


.97815 


.07729 


.9764i 


9 


.97553 


.87162 


.97370 


.97276 


.97180 


.97083 


10 


.96985 


.96884 


.96782 


.96679 


.96574 


.06467 


11 


.96359 


.96249 


.96138 


.96025 


.95911 


.95795 


12 


.95677 


.95558 


.95438 


.95315 


.95192 


.9.^066 


13 


.94940 


.94881 


.94682 


.94550 


.94417 


.94283 


14 


.94147 


.94010 


.93871 


.93731 


.!)3589 


.93446 


15 


.93301 


.93155 


.931)07 


.9-2858 


.92708 


.9'5'>6 1 


16 


.92402 


.92247 


.9-.2091 


.91933 


.91774 


.91614 


17 


.9145*^ 


.91288 


.91124 


.90957 


90790 


.90621 


18 


.90451 


.90279 


90106 


.80932 


.89756 


.89579 


19 


.89400 


.89221 


.89040 


.88857 


.88673 


.88488 


20 


.88302 


.88114 


.87926 


.87735 


.87544 


.87-51 


21 


.87157 


.86962 


.86765 


.86568 


.86869 


.86168 


22 


.85967 


.a')764 


.85560 


.85355 


.85149 


.84941 


23 


.84783 


.84533 


.84312 


.84100 


.83880 


.8:^672 


24 


.83456 


.83240 


.83022 


.82803 


.82583 


.823GI 


25 


.82139 


.81916 


.81691 


.81466 


.81239 


.81011 


26 


.80788 


.80553 


.80822 


.80091 


.79*58 


.79624 


27 


.79389 


.79153 


.78916 


.78679 


.78440 


.78-21)0 


28 


.77959 


.77718 


.77475 


.77232 


.76987 


.76742 


29 


.76496 


.76349 


.76001 


.75752 


.75502 


.75251 


30 


.75000 


.74747 


.74494 


.74240 


.73985 


.73730 'i 


81 


.73473 


.73216 


.72958 


.72699 


.72440 


.72179 1 


82 


.71918 


.71656 


.71394 


.71131 


.70667 


.70602 1 


33 


.70336 


.70070 


.69804 


.69536 


.69268 


.68999 


34 


.68730 


.68460 


.68189 


.67918 


.67646 


.67374 


35 


.67101 


.66827 


.66558 


.66278 


.66003 


.65727 


86 


.65450 


.65174 


.64896 


.64618 


.64340 


.64061 


37 


.68781 


.63502 


.63221 


.62041 


.62659 


.62378 


38 


.62096 


.61813 


.61530 


.61247 


.60968 


.60679 


39 


.60395 


.60110 


.59825 


.59540 


.50264 


.58968 


40 


.58682 


.58395 


.58106 


.57821 


.57684 


.57246 



TABLE XIV.— COEFFICIENTS FOR REDUCING (,RADIENTER 327 
MEASUREMENTS TO THE HORIZONTAL. 



Inclination. 


0' 


10' 


20' 


30' 


40' 


60' 


0*» 


100.00 


99.99 


99.99 


99.98 


99.97 


99.96 


1 


99.95 


99.94 


99.92 


99.91 


99.89 


99.87 


2 


99.84 


99.8-2 


99.79 


99.77 


99.74 


99.71 


3 


99.67 


99.64 


99.60 


99.57 


99.53 


99.49 


4 


99.45 


99.40 


99.35 


99.31 


99.26 


99. .>1 


5 


99.15 


99.10 


99.04 


98.98 


98.93 


98 87 


6 


98.80 


98.74 


98.67 


98.61 


98.51 


98.47 


7 


98.39 


98.32 


98.24 


98.17 


98.09 


98.01 


8 


97.93 


97.84 


97.76 


97.66 


97.58 


97.49 


9 


97.40 


97.31 


97.21 


97.11 


97.02 


96.91 


10 


96.81 


96.71 


96.60 


96.50 


96.39 


96.28 


11 


96.17 


96.06 


95.94 


95.83 


95.71 


95.. 59 


12 


95.47 


95. a5 


95.23 


95.10 


94.97 


94.85 


13 


94.72 


94.59 


94.46 


94.82 


94.18 


94.05 


14 


93.91 


93.78 


93.63 


93.49 


93.31 


93.20 


15 


08.05 


92.90 


92.75 


92.60 


92.45 


92 29 


16 


92.14 


91.98 


91.82 


91.66 


91.50 


91 34 


17 


91.18 


91.01 


90.84 


90.67 


90.50 


90.33 


18 


90.16 


89.98 


89.81 


89.63 


89.45 


89 27 


19 


89.09 


88.01 


88.73 


88.54 


88.36 


88.17 


20 


87.98 


87.79 


87.60 


87.41 


87.21 


87.01 


21 


86.8-2 


86.63 


86.43 


86.23 


86.02 


85.82 


22 


85.63 


85.42 


85.21 


85.00 


84.79 


84.58 


28 


84.38 


84.16 


83.95 


83.73 


83.52 


83.30 


24 


83.08 


82.87 


82.65 


82.43 


82.20 


81.98 


25 


81.76 


81.53 


81.31 


81.08 


80.85 


80.62 


28 


80.39 


80.16 


79.93 


79.69 


79.45 


79.22 


27 


78.99 


78.75 


78.51 


78.27 


78.03 


77.79 


28 


77.54 


77.30 


77.06 


76.81 


76.57 


76.32 


29 


76.07 


75.82 


75.57 


75.32 


75.07 


74.82 


30 


74.57 


74.31 


74.06 


73.80 


73.55 


73.29 



328 TABLK XV.—OFFSETS FOR TRANSITION CURVES. 











8 


n 
















AK= i 


= ^ 8»» ^- f'»K- 180. 




Des:. of 


Rad of 
Offset 


T 

Lengths of Trausition Curves. 


Offset 




t 


1 1 1 1 1 1 


1 


Curve. 
0« 10' 


Curve 


100 


loO 


200 


240 


250 


300 


820 


860 


400 1 


34377 


.01 


.03 


.05 


.07 


.08 


.11 


.12 


.16 


.10 


20 


17189 


.02 


.Oi 


.10 


.14 


.15 


.22 


.25 


.81 


.39 


30 


11459 


.04 


.08 


.15 


.21 


.22 


.33 


.37 


.47 


^8, 


40 


8:)95 4 


.a5 


.11 


.19 


.28 


.30 


.44 


.50 


.63 


.78 


50 


6876.5 


.06 


.14 


.24 


.35 


.38 


.56 


.62 


.79 


.irr 


1 00 


5729 6 


.07 


.16 


.29 


.42 


.46 


.65 


.74 


.94 


1.10 


10 


4911 1 


.08 


.59 


.34 


.49 


.53 


.76 


.87 


1.10 


1.36. 


SO 


4297.2 


.10 


.22 


.39 


.56 


.61 


.87 


.99 


1.26 


1..5o, 


30 


3819.7 


.11 


.25 


.44 


.63 


.68 


.98 


1.12 


1.41 


1.75' 


40 


3437.8 


.12 


.27 


.48 


.70 


.76 


1.09 


1.24 


1.57 


1.94 


50 


3135.2 


.13 


.30 


.53 


.77 


.83 


1.20 


1.87 


1.73 


2.13 


2 00 


2864.8 


.15 


.88 


.58 


.84 


.91 


1.31 


1.49 


1.8S 


2.33 


10 


2644.4 


.16 


.85 


.63 


.91 


.98 


1.42 


1.61 


2.04 


2.52 


20 


24>5.5 


.17 


.38 


.68 


.98 


1.06 


1.53 


1.73 


2.20 


2.71 


30 


2291.8 


.18 


.41 


.73 


1.05 


1.14 


1.64 


1.86 


2.86 


2.91 


40 


2148.6 


.19 


.41 


.78 


1.12 


1.21 


1.74 


1.99 


2.51 


3.10 


50 


2022.2 


.21 


.46 


.82 


1.19 


1.29 


1.85 


2.11 


2 67 


3.30 


8 00 


1909.9 


.22 


.49 


.87 


1.26 


1.30 


1.96 


2.23 


2.88 


3.49 


10 


1809.3 


.23 


.62 


.92 


1.33 


1.44 


2.07 


2.36 


2.98 


3.681 


20 


1718.9 


.24 


.56 


.97 


1.40 


1.51 


2.18 


2.48 


3.14 


3.88i 


30 


1637.0 


.25 


.67 


1.02 


1.47 


1.59 


2.29 


2.61 


8.30 


4.07' 


40 


1562.6 


.27 


.00 


1.07 


1.54 


1.67 


2.40 


2.73 


3.45 


4.2(» 


50 


1494 7 


.28 


.68 


1.11 


1.61 


1.74 


2.51 


2.85 


3.61 


4.46, 


4 00 


14^2.4 


.29 


.65 


1.16 


1.68 


1.82 


2.62 


2.98 


3.77 


4.a5 


10 


1376.1 


.30 


.68 


1.21 


1.74 


1.89 


2.73 


3.10 


3.92 


4.84 


20 


13^2.2 


.32 


.71 


1.26 


1.81 


1.97 


2.83 


8.23 


4.08 


5.04 


30 


1273.2 


.83 


.74 


1.31 


1.88 2.04 


2.94 


3.a5 


4.24 


5.23 


40 


1227.8 


.34 


.76 


1.36 


1.95 i 2.12 


8.05 


3.47 


4.39 


5.42 


50 


1186.4 


.35 


.79 


1.41 


2.02 1 2.2J 


3.16 


8.60 


4.55 


5.62 


6 00 


1145.9 


.36 


.82 


1.45 


2 09 ; 2.27 


3.27 


8.72 


4.71 


5.81 


10 


1109.0 


.88 


.85 


1.60 


2.16 1 2.35 


8.38 


3.84 


4.86 


6.00 


20 


1074.3 


.89 


.87 


1.55 


2.23 i 2.42 


3.49 


3.97 


5.02 


6.20 


30 


1041.7 


.40 


.90 


1.60 


2.30 2.49 


8.60 


4.09 


5.18 


6.39: 


40 


lon.i 


.41 


.98 


1.65 


2.37 2.57 


3.71 


4.22 


5.33 


6..58i 


50 


982.2 


.42 


.95 


1.70 


2.44 1 2.65 


3.81 


4.34 


5 49 


6.78^ 


6 00 


954.9 


.44 


.90 


1.74 


2.51 ' 2.78 


8.92 


4.46 


5.66 


6.97' 


10 


929.1 


.45 


1.01 


1 79 


2.58 2.80 


4.08 


4.59 


5.80 


7.16' 


20 


904.7 


.46 


1.04 


1.84 


2.65 2.88 


4.14 


4.71 


5.96 


7.36 


30 


881.5 


.47 


1.06 


1.89 


2.72 2.95 


4.25 


4.83 


0.12 


7.55 


40 


859.4 


.48 


1.09 


1.94 


2.79 1 3.03 


4.36 


4.96 


6.27 


7.74| 


50 


838.5 


.50 


1.12 


1.99 


2.86 8.10 


4.47 


5.08 


6.43 


7.93' 


7 00 


818.5 


.51 


\A\ i 


2.03 


2.93 3.18 


4.r8 


5.20 


G..58 


8.I2I 


10 


799.5 


.52 


1.17 1 


2.08 


3.00 ' 3.25 


4.68 


5.33 


6.74 


8.32' 


20 


781.3 


.53 


1.20 


2.13 


3.07 3.38 4.79 


5.45 


6.90 


8.51 


30 


763.9 


.55 


1.23 


2.18 


8.14 , 8.41 


4.90 


5.57 


7.05 


8.70 


40 


747.3 


.56 


1.25 , 


2.23 


8.21 3.48 


5.01 


5.70 


7.21 


8.89 


50 


731.4 


.57 


1.28 


2.28 


8.28 3.56 6.12 


5.82 


7.86 


9.09 


8 00 


716.2 


.58 


1.31 


2.33 


3.85 8.63 


5.23 


5.95 


7.. 52 


9 28 


10 


701.6 


.59 


1.34 


2.37 


3.42  8.71 


5.:W 


6.07 


7.68 


9.47 


20 


687.5 


.61 


1.30 


2.42 


8 49 3.78 


5.44 


0.19 


7.83 


9.06, 


30 


674.1 


.62 


1.39 


2.47 


3.56 ! 3.86 


5.55 


6.31 


7.99 


9.85 


40 


661.1 


.63 


1.42 


2.52 


3.63 8.93 


5.66 


6.44 


8.14 


10.05 


50 


648.6 


.64 


1.44 


2.57 


3.09 4.01 


5.77 


6.56 


8.30 


10.24. 


9 00 


636.6 


.05 


1.47 


2.62 


8.76 4.08 


5.88 


6.68 


8,45 


10.43' 


10 


625.0 


.67 


1..50 


2.66 


8 83 4.16 


5.99 


6.81 


8.61 


10.62 


20 


618.9 


.68 I 


1.53 


2.71 


3.90 4.23 


0.09 


6.93 


8.76 


10. s] 


30 


608.1 


.09 


1.55 


2.76 


3.97 4.31 


6.20 


7.05 


8.92 


11. (H) 


40 


592.7 


.70 


1.58 


2.81 


4.04 4.39 


6.31 


7.18 


9.08 


11.19 


50 


582.7 


.71 


1.61 ' 


2.86 j 4.11 4.40 6.42 


7.30 


9.23 


11.39 


10 00 


.573.0 


.73 


1.64 ' 


2.91 1 4.18 4. .54 


6.53 1 


7.42 


9.39 


11.58'  
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S;.°,' 


Jla<l. of 




l*nEtl.s,,r 


Transilion Ciirvus. 
















__ 




Curve. 


Cunv. 


lUO 


IM 


211U 




S50 






am 


400 


^°7o' 


~m7 


^7 


~rm 


"^ 


4.ai 


4.61 




7.W 


"oJ 


ITtt 


so 


5.54:5 


!is 












7.B- 


o.;i 


11:96 










aion 




4!7S 




7.7» 








S3v;l 








4!4U 






7.01 


inio 


ia:34 


ao 


5i8.S 




l!iT 






i'oL 




S.08 




13.53 


11 00 




.fiO 


1.80 






















i.m 


s'24 




6.tX 




s'.sf 


10:41 


ia:9i 


io 








3.» 


4>4 






8.4- 


lO.ft; 




so 

40 


4W.-J 


:85 


{-^ 


3,M 
S.W 




I'w 








13:^11 




4rr.5 


.97 


1:93 

1.S6 
1.W 


3.44 
3.48 


4:ei 


i.»j 




8:77 
8.89 


iroi: 


13:6- 

18.86 
14.05 


ao 


458;* 


Ml 


il 


3.m 


s.is 


t.:69 

S.flG 




9:_14 


'71 




» 




:« 


alio 


8:73 


sisa 


sis: 




»M 


f, 


ij:8i 




4«.7 


.M 


!.i2 






s.fto 














.W 








5.96 








15:19 










3^87 


5!57 






»'.»r 


i.r4 


15.37 


80 


4w:4 


:»8 


i'.SI 






eiii 






.68 








.09 


a.«» 




t'-l 








.78 
















oiao 






.H 




'* ?o 


<n9.3 


.Oi! 


J.«9 


i.oa 


IV 


6.34 




10.36 


.09 


18.13 
1B.8S 










446 










:40 


18.50 


so 


3k'i 


:o5 




4. SI 




e'.x 




I0:7S 




18.60 




900, T 




elw 




fl.ia 






10 P5 




18,88 


» 








4:50 










;b5 






8M,0 


.M 


8.4N 


4S5 


«.V6 


6.79 




1 .09 




17.85 








a.48 
















w 








4!45 


0^40 








4:81 17.63 












«.4« 


::oi 




I '.a 


4.48 17.te 




aK> 








0.53 


V.OB 






4.08 18.60 


60 










6.W 






1 :6u 


4.:-j 18.19 


Id 00 


S56.1 


■|7 


a.oi 


4,ai 


fi.«7 
0.74 


ii 




i.re 


4.9S' 18.38 

b.(r\ 18.58 


»> 






at; 












6. S3 IS.?. 




ai'.i 


:so 


a.™ 










a:i8 






843.8 




a.ra 




fl.OS 


7.M 






ivM loin 


w 
















K.42 






3-1T.0 


.84 




4.03 




7,B8 












.« 


s!w) 






7.78 






15:99! jBlgi 


«a 




.M 


a. 63 










18. 78 


18.14 19.86 






.1!T 


a.w) 










IS. 90 


16.39 SO. 05 








a.88 






7;Ba 




13. K! 


16.44 W.ia 


™ 


318.3 


ilao 




5S1 


T.fiO 






13.14 


18.59 ao.42 

16.74' so.eo 








S.97 


b!'J6 




h!so 




is:38 


16.80, ao.79 








i.98 




7;6S 


e.as 




13.f.l 


17.01 so.s 


so 






8.03 


ftisa 




8. ST. 










socio 


l!3<i 




















1.S7 


i!oT 


5:45 


7.81 


8:60 




13:hh 


17:49 iJKSB 


10 00 
















13.91 


17.64' ai.70 






i!s9 














17.70, SI. 89 


so 






bIig 


siw 


8:04 








17.841 Sia.07 


ao 


soiji 


\'fs 








H.W 




14.3. 


18.09 S4.SS 




L'SS.B 


















£0 no 


^.R 


1.4B 


3.«l 


.1.711 


"."■i 


fl.ns 




14.70 


18.mI S2 
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TABLE XVI.-TRANSITiON CURVES. 

SO s* 

Table gives of = — vers — . Then AO = -g- - d. 



Degree 
of Offset 






JLengths of Transition Curves. 
























1 


Curve. 


100 


160 


! 200 


240 


250 


800 


320 


360 


400 




0* 10' 






















20 
















.001 


.001 




30 












.001 


.001 


.001 


.002 




40 








.001 


.001 


.001 


.002 


.002 


.003 




50 






.001 


.001 


.001 


.002 


.003 


.004 


.005 




1 00 






.001 


.002 


.002 


.003 


.004 


.006 


.008 




10 




.001 


.001 


.002 


.003 


.005 


.005 


.008 


.01 




20 




.001 


.002 


.003 


.003 


.006 


.007 


.01 


.01 




30 




.001 


.002 


.004 


.004 


.007 


.009 


.01 


.02 




40 




.001 


.003 


.005 


.005 


.009 


.01 


.02 


.02 ' 


50 




.001 


.003 


.006 


•006 


.01 


.01 


.02 


.03 


2 00 




.002 


.004 


.007 


.007 


.01 


.02 


.02 


.03 




10 


.001 


.002 


.005 


.008 


.009 


.02 


.02 


.03 


.04 




20 


.001 


.002 


.005 


.009 


.01 


.02 


.02 


.08 


.04 




30 


.001 


.002 


.006 


.01 


.01 


.02 


.02 


.03 


.05 




40 


.001 


.003 


.007 


.01 


.01 


.02 


.03 


.04 


.05 




50 


.001 


.003 


.008 


.01 


.01 


.03 


.03 


.04 


.06 




3 00 


.001 


.004 


.009 


.01 


.02 


.03 


.04 


.05 


.07 




10 


.001 


.004 


.01 


.02 


.02 


.03 


.04 


.06 


.08 




20 


.001 


.004 


.01 


.02 


.02 


.04 


.04 


.06 


.08 




30 


.001 


.005 


.01 


.02 


.02 


.04 


.05 


.07 


.09 




40 


.002 


.005 


.01 


.02 


.08 


.04 


.06 


.07 


.10 




50 


.002 


.006 


.01 


.02 


.03 


.05 


.06 


.08 


.11 




4 00 


.002 


.006 


.02 


.03 


.03 


.05 


.06 


.09 


.12 




10 


.002 


.007 


.02 


.03 


.03 


.06 


.07 


.10 


.18 




20 


.002 


.008 


.02 


.03 


.03 


.06 


.07 


.10 


.14 




30 


.002 


.008 


.02 


.03 


.04 


.07 


.08 


.11 


.15 


40 


.003 


.009 


.02 


.04 


.04 


.07 


.08 


.12 


.17 




50 


.003 


.009 


.02 


.04 


.04 


.08 


.09 


.13 


.18 




5 00 


.003 


.01 


.02 


.04 


.05 


.08 


.10 


.14 


.19 




10 


.003 


.01 


.03 


.04 


.05 


.09 


.10 


.15 


.20 




20 


.008 


.01 


.03 


.05 


.05 


.09 


.11 


.16 


.22 




SO 


.004 


.01 


.03 


.05 


.06 


.10 


.12 


.17 


.23 




40 


.001 


.01 


.03 


.05 


.06 


.10 


.13 


.18 


.24 




50 


.004 


.01 


.03 


.06 


.06 


.11 


.13 


.19 


.26 




6 00 


.004 


.01 


.03 


.06 


.07 


.12 


.14 


.20 


.27 




10 


.005 


,02 


.01 


.06 


.07 


.12 


.15 


.21 


.29 




20 


.005 


.02 


.04 


.07 


.07 


.13 


.16 


.22 


.31 




30 


.005 


.02 


.04 


.07 


.08 


.14 


.16 


.23 


.32 




40 


.005 


.02 


.04 


.07 


.08 


.14 


.17 


.25 


.84 




50 


.006 


.02 


.04 


.08 


.09 


.16 


.18 


.26 


.86 




7 00 


.006 


.02 


.05 


.08 


.09 


.16 


.19 


.27 


.37 




10 


.006 


.02 


.05 


.08 


.09 


.16 


.20 


.28 


.39 


20 


.006 


.02 


.05 


.09 


.10 


.17 


.21 


.30 


.41 




30 


.007 


.02 


.05 


.09 


.10 


.18 


.22 


.31 


.43 




40 


.007 


.02 


.06 


.10 


.11 


.19 


.23 


.33 


.4.5 




50 


.007 


.02 


.06 


.10 


.11 


.20 


.24 


.34 


.47 




8 00 


.008 


.03 


.06 


.11 


.12 


.21 


.25 


.86 


.49 




10 


.008 


.03 


.06 


.11 


.12 


.21 


.26 


.87 


.51 




20 


.008 


.03 


.07 


.11 


.13 


.22 


.27 


.39 


.53 


30 


.009 


.03 


.07 


.12 


.13 


.23 


.28 


.40 


.55 


40 


.009 


.03 


.07 


.12 


.14 


.24 


.29 


.42 


.57 


50 


.009 


.03 


.07 


.13 


.15 


.25 


.80 


.43 


.59 




9 00 


.01 


.03 


.08 


.18 


.15 


.26 


.32 


.45 


.62 




10 


.01 


.03 


.08 


.14 


.16 


.27 


.33 


.47 


.64 




20 


.01 


.03 


.08 


.14 


.16 


.28 


.34 


.48 


.66 




30 


.01 


.04 


.09 


.15 


.17 


.29 


.35 


.50 


.69 




40 


.01 


.04 


.09 


.15 


.17 


.30 


.36 


.52 


.71 




50 


.01 


.04 


.09 


.16 


.18 


.31 


.38 


.54 


.74 




00 


.01 


.04 


.10 


.16 


.19 


.32 


.89 


.55 


.76 
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Desrree 


Lengths of Transition Curves. 


of Offset 




















Curve. 
10** 10' 


100 


150 


200 


240 


250 


300 


820 


800 


400 


.01 


.04 


.10 


.17 


.19 


.33 


.40 


.67 


.79 


20 


.01 


.04 


.10 


.18 


.20 


.34 


.42 


.59 


.81 


30 


.01 


.04 


.10 


.18 


.20 


.35 


.43 


.61 


.84 


40 


.01 


.05 


.11 


.19 


.21 


.37 


.44 


.63 


.87 


50 


.01 


.05 


.11 


.19 


.22 


.38 


.46 


.65 


.89 


11 00 


.01 


.05 


.12 


.20 


.23 


.89 


.47 


.67 


.92 


10 


.01 


.05 


.12 


.21 


.23 


.40 


.49 


.69 


.95 


S>0 


.02 


.05 


.12 


.21 


.24 


.41 


.50 


.71 


.98 


30 


.02 


.06 


.13 


.22 


.25 


.42 


.62 


.73 


1.01 


40 


.02 


.05 


.13 


.22 


.25 


.44 


.53 


.76 


1.04 


50 


.02 


.06 


.13 


.23 


.26 


.45 


.55 


.78 


1.07 


12 00 


.02 


.06 


,14 


.24 


.27 


.46 


.66 


.FO 


1.10 


10 


.02 


.06 


.14 


.24 


.27 


.48 


.58 


.82 


1.13 


20 


.02 


.06 


.14 


.25 


.28 


.49 


.69 


.84 


1.16 


80 


.02 


.06 


.15 


.26 


.29 


.50 


.61 


.87 


1.19 


40 


.02 


.06 


.15 


.26 


.30 


.52 


.68 


.89 


1.22 


50 


.02 


.07 


.16 


.27 


.31 


.53 


.64 


.91 


1.25 


13 00 


.02 


.07 


.16 


.28 


.32 


.54 


.66 


.94 


1.29 


10 


.02 


.07 


.16 


.•?9 


.32 


.55 


.68 


.96 


1.32 


20 


.02 


.07 


.17 


.29 


.33 


.57 


.69 


.99 


1.85 


30 


.02 


.07 


.17 


.m 


.34 


.59 


.71 


1.01 


1.39 


40 


.02 


.07 


.18 


.31 


.36 


.60 


.73 


1.04 


1.42 


50 


.02 


.08 


.18 


.31 


.36 


.61 


.75 


1.06 


1.46 


14 00 


.02 


.08 


.19 


.32 


.36 


.62 


.76 


1.09 


1.49 


10 


.02 


.08 


.19 


.33 


.37 


.64 


.78 


1.11 


1.53 


20 


.02 


.08 


.20 


.34 


.33 


.66 


.80 


1.14 


1.56 


::o 


M 


.08 


.-,'0 


.35 


.89 


.68 


.82 


1.17 


1.60 


40 


.03 


.09 


.20 


.35 


.40 


.69 


.84 


1.19 


1.64 


50 


.03 


.09 


.21 


.36 


.41 


.71 


.86 


1.22 


1.67 


15 00 


.03 


.09 


.21 


.37 


.42 


.72 


.88 


1.25 


1.71 


10 


.08 


.09 


.22 


38 


.43 


.74 


.90 


1.28 


1.75 


20 


.03 


.09 


.22 


..39 


.44 


.75 


.92 


1.80 


1.79 


90 


.03 


.10 


.23 


.39 


.46 


.77 


.94 


1.88 


1.88 


40 


.03 


.10 


.23 


.40 


.46 


.79 


.96 


1.36 


1.87 


50 


.03 


.10 


.24 


.41 


.47 


.80 


.98 


1.39 


1.91 


10 0'^ 


.03 


.10 


.24 


.42 


.48 


.82 


1.00 


1.42 


1.96 


10 


.03 


.10 


.25 


.43 


.49 


.84 


1.02 


1.45 


1.99 


20 


.03 


.11 


.2") 


.44 


.50 


.86 


1.04 


1.48 


2.08 


80 


.03 


.11 


.26 


.45 


.51 


.87 


1.06 


1.51 


2.07 


40 


.03 


.11 


.26 


.46 


.52 


.89 


1.08 


1.64 


2.11 


50 


.03 


.11 


.27 


.47 


.53 


.91 


1.10 


1.57 


2.16 


17 00 


.03 


.12 


.27 


.48 


.54 


.93 


1.18 


1.60 


2.20 


10 


.04 


.12 


.28 


.48 


.55 


.95 


1.16 


1.68 


2.24 


20 


.04 


.12 


.29 


.49 


.56 


.96 


1.17 


1.66 


2.28 


80 


.04 


.12 


.29 


.50 


..57 


.98 


1.19 


1.70 


2.33 


40 


.04 


.18 


.30 


.51 


.58 


1.00 


1.22 


1.73 


2.87 


50 


.04 


.13 


.30 


.52 


..59 


1.02 


1.24 


1.76 


2.42 


IS 00 


.04 


.13 


.31 


.53 


.60 


1.04 


1.26 


1.80 


2.46 


10 


.04 


.13 


."1 


.54 


.61 


1.06 


1.29 


1.83 


2.61 


80 


.04 


.18 


.32 


.55 


.62 


1.08 


1.31 


1.86 


2.55 


80 


.04 


.14 


.33 


.56 


.64 


1.10 


1.38 


1.90 


2.60 


40 


.04 


.14 


.33 


.57 


.65 


1.12 


1.86 


1.98 


2.66 


50 


.04 


.14 


.34 


.58 


.66 


1.14 


1.38 


1.96 


2.70 


19 00 


.04 


.14 


.34 


.59 


.67 


1.16 


1.41 


2.00 


2.74 


10 


.04 


.15 


.35 


.60 


.68 


1.18 


1.43 


2.04 


2.79 


20 


.04 


.15 


.36 


.61 


.69 


1.20 


1.46 


2.07 


2.84 


SO 


.05 


.15 


.36 


.63 


.71 


1.22 


1.48 


2.11 


2.89 


40 


.05 


.16 


.37 


.64 


.72 


1.24 


1.61 


2.14 


2.94 


50 


.05 


.16 


.37 


.65 


.73 


1.26 


1.63 


8.18 


2.99 


20 00 


.05 


.16 


.88 


.66 


.74 


1.28 


1.56 


2.22 


8.04 



B32 TABLE XVII.-DEFLECTION ANGLtS f OR TftAKSITlON CURVES, 

TO TENTHS OK A MINUTE. FOR CHORDS OF 1 TO 5 CHAINS, 

IN TERMS OF AN(U.E FOR CHORD OF 1 CHAIN. 



1 

OM 


2 


3 


4 


_.L_ 


1 


2 


3 

54' .9 


, 4 


5 ' 


0'.4 


0'.9 


r.o 


2' .5 


6M 


24' .4 


!• 88' 


2«> 82' 


.2 


.8 


1 .8 


3 .2 


5 .0 


6 .2 


24 .8 


55 .8 


89 


35 


.3 


1 .2 


2 7 


4 .8 


7 .5 


G .8 


25 .2 


56 .7 


41 


37 1 


.4 


1 .0 


8 .G 


G .4 


10 .0 


6 .4 


25 .6 


57 .6 


42 


40 


.5 


2 .0 


4 .5 


8 .0 


12 .5 


6 .5 


26 .0 


58 .6 


44 


42 


.0 


2 .4 


5 .4 


9 .li 


l.-> 


G .«'i 


26 .4 


59 .4 


46 


45 


.7 


2 .8 


G .3 


11 .2 


17 .5 


C .7 


C6 .8 


l* 


47 


47 


.8 


3 .2 


7 .2 


12 .8 


20 .0 


6 .8 


27 .2 


1 


49 


50 


.9 


3 .6 


8 .1 


14 .4 


22 .5 


6 .9 


•.'7 .6 


2 


50 


52 


1 .0 


4 .0 


9 .0 


IG .0 


25 .0 


7 .0 


•J8 .0 


8 


52 


65 


1 .1 


4 .4 


9 .9 


17 .6 


27 .5 


7 .1 


28 .4 


4 


54 


57 


1 .2 


4 .8 


10 .8 


10 .2 


30 .0 


7 .2 


28 .8 


5 


55 


3 


1 .3 


5 .2 


11 .7 


20 .8 


32 5 


7 .3 


29 .2 


G 


57 


2 


1 .4 


5 .G 


12 .G 


2v; .4 


35 .0 


7 .4 


29 .6 


t 


68 


5 


1 .5 


G .0 


13 .5 


24 .0 


87 .5 


7 .5 


30 .0 


8 


2 


< 


1 .6 


G .4 


14 .4 


25 .6 


40 .0 


7 .6 


30 .4 


8 


2 


10 


1 .7 


G .8 


1.") .3 


27 .2 


42 .5 


7 .7 


:V> .8 


9 


8 


12 


1 .8 


7 .2 


IG .2 


28 .8 


45 .0 


7 .8 


31 .2 


10 


5 


15 


1 .9 


7 .G 


17 .1 


30 .4 


47 .5 


7 .9 


31 .6 


11 


6 


17 


2 .0 


8 .0 


18 .0 


32 .0 


50 .0 


8 .0 


32 .0 


12 


8 


20 


2 .1 


8 .4 


18 .9 


33 .6 


52 .6 


8 .1 


32 .4 


13 


10 


22 


a .y 


8 .8 


19 .8 


3-) .2 


55 .0 


8 .2 


32 .8 


14 


11 


25 


2 .3 


9 .2 


',0 .7 


36 .8 


57 .5 


8 .3 


:i3 .2 


15 


13 


27 


2 A 


9 .G 


21 .6 


38 .4 


1° O'l 


8 .4 


33 .6 


IG 


14 


80 


2 .5 


10 .0 


22 .5 


40 .0 


2 ' 


8 .5 


84 .0 


17 


16 


32 


2 .6 


10 .4 


x3 .4 


41 .6 


5 


8 .6 


84 .4 


17 


18 


35 


2 .7 


10 .8 


21 .8 


43 .2 


7 


8 .7 


34 .8 


18 


19 


87 


2 .8 


11 .2 


25 .J 


44 .8 


10 


8 .8 


3o .2 


19 


21 


40 


2 .» 


11 .6 


26 .1 


46 .4 


12 


8 .9 


35 .6 


20 


22 


42 


3 .0 


12 .0 


27 .0 


48 .0 


15 


9 .0 


86 .0 


21 


24 


45 


8 .1 


12 .4 


27 .9 


49 .6 


17 


9 .1 


3G .4 


22 


26 


47 


3 .2 


12 .8 


28 .8 


51 .2 


20 


9 .2 


8G .8 


23 


27 


50 


3 .3 


13 .2 


29 .7 


52 .8 


22 


9 .8 


3; .2 


24 


29 


52 


3 .4 


13 .6 


80 .6 


54 .4 


25 


9 .4 


37 .6 


25 


30 


55 


3 .5 


14 .0 


31 .5 


56 .0 


27 1 


9 .5 


38 .0 


26 


32 


57 


3 .6 


14 .4 


32 .4 


57 .G 


30 ; 


9 .6 


38 .4 


26 


84 


4 


3 .7 


14 .8 


33 .3 


50 .2 


32 


9 .7 


38 .8 


27 


85 


2 ; 


3 .8 


15 .2 


34 2 


JO J/ 


85 


9 .8 


39 .2 


28 


37 


5 ; 


3 .9 


15 .G 


35 .1 


2 


37 


9 .9 


39 .6 


29 


38 


i 


4 .0 


16 .0 


36 .0 


4 


40 


10 .0 


40 .0 


80 


40 


10 


4 .1 


16 .4 


3G .9 


6 


42 


10 .1 


40 .4 


31 


42 


12 


4 .'* 


16 .8 


37 .8 


4 


45 


10 .2 


40 .8 


32 


43 


15 


4 .3 


17 .2 


:{8 .7 


9 


47 


10 .3 


41 .2 


33 


45 


17 


4 .4 


17 .G 


3.) .6 


10 


50 


10 4 


41 .0 


34 


46 


20 


4 .5 


18 .0 


40 .5 


12 


52 


10 .5 


42 .0 


35 


48 


22 


4 .0 


18 .4 


41 .4 


14 


55 


10 .6 


42 .4 


35 


50 


25 


4 .7 


18 .8 


4i .3 


15 


57 


10 .7 


42 .8 


3G 


51 


27 


4 .8 


19 .2 


43 .2 


17 


2 


10 .8 


43 .2 


87 


53 


30 


4 .9 


19 .6 


44 .1 


18 , 2 


10 .9 


43 .G 


88 


54 


32 


5 .0 


20 .0 


45 .0 


20 5 


11 .0 


44 .0 


89 


56 


35 


5 .1 


20 .4 


45 .9 


22 


1 


11 .1 


44 .4 


40 


58 


37 


5 .2 


20 .8 


46 .8 


28 


10 


11 .2 


44 .8 


41 


59 


40 


5 .3 


21 .2 


47 .7 


25 


12 


11 .3 


45 .2 


42 


8 1 


42 


5 .4 


21 .G 


48 .6 


26 15 1 


11 .4 


4") .6 


43 


2 


45 


5 .5 


22 .0 


49 .5 


28 17 1 


11 .5 


46 .0 


44 


4 


47 


5 .0 


22 .4 


50 .4 


30 20 ; 


11 .6 


40 .4 


44 


6 


50 


5 .7 


22 .8 


51 .3 


31 


22 


11 .7 


46 .8 


4-) 


< 


52 


5 .8 


23 .2 


52 .2 


3:^ 


25 


n .8 


47 .2 


4G 


9 


55 


5 .9 


23 .6 


53 .1 


34 


27 


11 .9 


47 .G 


47 


10 


57 


6 .0 


24 .0 


54 .0 


36 


30 1 


12 .0 


48 .0 


48 


12 


5 



tAfeLfi XViIL-VOLTTME for LENGTH 100 FEET. 
Base = 8. Sidet Slopes 2 to 1. 



33;^ 



D 




1 
2 
3 
4 
5 
6 

< 

8 
9 



20 
21 
2-i 

23 
24 
25 
2(5 
27 
28 
29 



.0 



.1 



87 

89 
156 
237 
883 
444 
570 
711 
867 



10 


1037 


11 


Vi-i'i 


12 


un 


13 


168? 


14 


1867 


15 


2111 


16 


2370 


17 


2614 


18 


2933 


19 


3-i37 



3556 

3889 
4237 
4600 
4978 
5370 
5778 
6200 
6637 
7089 



3 
42 
96 
163 
246 
844 
456 
584 
726 
883 

1055 
J 242 
1413 
1(559 
1890 
2136 
2397 
2673 
2968 
3268 

3588 
3923 
4273 
4637 
5016 
5410 
5819 
6243 
6682 
7135 



,2 



C 
46 
101 
171 
255 
354 
468 
597 
741 
900 

1073 
1261 
1464 
1682 
1914 
2162 
2424 
2:01 
2998 
3300 

3621 
3957 
4308 
4674 
5055 
5451 
5861 
6286 
6726 
7181 



.» 



10 
51 
107 
178 
264 
365 
481 
611 
756 
916 

1091 
1281 
1485 
1704 
1938 
2187 
2451 
2730 
3028 
3331 

3654 
3992 
4344 
4712 
5094 
5491 
5903 
6380 
6771 
7227 



13 
56 
114 
186 
274 
376 
49S 
625 
772 
933 

1109 
1300 
1506 
1727 
1968 
2213 
2478 
2758 
3053 
3363 

3687 
4026 
4380 
4749 
5138 
5532 
5945 
6373 
6816 
7274 



o 



17 
61 
120 
194 
283 
387 
506 
639 
787! 
950 

1128 
1320 
1528 
1750 
1987 
2239 
2506 
2787 
8083 
3394 

3720 
4061 
4417 
4787 
5172 
5572 
5987 
6417 
6861 
7320 



6 



20 
66 
127 
203 
298 
398 
518 
653 
808 
967 

1146 
1340 
1549 
1773 
2012 
2265 
25;3S 
2816 
3114 
3426 

3754 
4096 
4453 
4825 
5212 
5613 
6029 
6460 
6906 
7367 



24 
72 
\U 
211 
303 
410 
581 
667 
818 
984 

1165 
1361 
1571 
1796 
2036 
2291 
2561 
2845 
3144 
3458 

3787 
4131 
4490 
4863 
5251 
5664 
6072 
6504 
6952 
7414 



28 
77 
141 
220 
313 
421 
544 
682 
8134 
1002 

1184 
1381 
1593 
1820 
2061 
2317 
2588 
2874 
3175 
3491 

8821 
4166 
4526 
4901 
5291 
5695 
6114 
6548 
6997 
7461 



.9 



Base = 8. Side Slopes 3 to 1. 



33 
8:3 
148 
228 
323 
433 
657 
696 
850 
1019 

1203 
1402 
1615 
1843 
2080 
2344 
2616 
2904 
3206 
3523 

3855 
4202 
4563 
4939 
5S30 
5736 
6157 
6593 
7043 
7508 








3 


6 


10 


14 


18 


22 


26 


31 


36 


1 


41 


46 


52 


57 


63 


69 


76 


82 


89 


96 


2 


104 


111 


119 


127 


135 


144 


152 


161 


170 


179 


1 3 


189 


199 


209 


219 


229 


240 


251 


262 


273 


285 


4 


296 


308 


320 


833 


345 


358 


371 


385 


398 


412 


6 


426 


440 


455 


469 


484 


499 


514 


530 


546 


562 


6 


578 


594 


611 


628 


645 


662 


680 


697 


715 


783 


n 
4 


752 


770 


789 


808 


828 


847 


867 


887 


907 


928 


8 


948 


969 


990 


1011 


1033 


1055 


1077 


1099 


1121 


1144 


9 


1167 


1190 


1213 


1237 


1260 


1284 


1308 


1333 


1357 


13S2 


10 


1407 


1433 


1458 


1484 


1510 


1536 


1563 


1589 


1616 


1643 


11 


1670 


1698 


1726 


1754 


1782 


1810 


1839 


1868 


1897 


1926 


12 


1956 


1985 


2015 


2045 


2076 


2106 


2137 


2168 


2200 


2231 


18 


2268 


2-295 


2327 


2360 


2392 


2425 


2458 


2491 


2525 


2559 


14 


2598 


2627 


2661 


2696 


2731 


2766 


2801 


2837 


2872 


2908 


15 


2914 


2981 


3017 


3054 


3091 


3129 


3166 


3204 


3242 


3280 


16 


3319 


3a57 


3896 


3435 


3474 


3514 


3554 


3594 


3634 


8674 


17 


3715 


3756 


3797 


3838 


3880 


3921 


3963 


4005 


4048 


4090 


18 


4138 


4176 


4220 


4263 


4307 


4351 


4395 


4440 


4484 


4529 


19 


4574 


4619 


4665 


4711 


4757 


4803 


4849 


4896 


4943 


4990 


20 


5087 


5085 


5132 


5180 


5228 


5277 


5325 


5374 


5423 


5478 


21 


5522 


5572 


5622 


5672 


5728 


5773 


5824 


5875 


5926 


5978 


22 


6030 


6082 


6134 


6186 


6239 


6292 


6345 


6398 


6452 


6505 


23 


6559 


6613 


66€8 


6722 


6777 


6832 


6888 


(5943 


6999 


70r5 


24 


7111 


7168 


7224 


7281 


7338 


7395 


7453 


7511 


7569 


7627 


25 


7685 


7744 


7808 


7862 


7921 


7981 


8040 


8100 


8160 


8221 


26 


8281 


8342 


8403 


8465 


8526 


8588 


8050 


8712 


8775 


8837 


27 


8900 


89(58 


9026 


909(1 


9154 


9218 


9282 


9346 


9111 


9476 


28 


9541 


9006 


9072 


9737 


i>803 


9869 


9936 


10002 


10069 


10136 


29 


10204 


10271 


10339 


10407 


10475 


10544 


10612 


10681 


10750 


10819 



n:U TABLE XVni.-VOLtJME FOR LENGTH 100 FEET. 

Base =14. Side Slopes § to 1. 



1 

D 


.0 


.1 


.2 


.3 


.4 


.5 


.6 


.7 


.8 


.9 







5 


11 


16 


22 


27 


83 


39 


45 


51 


1 


57 


64 


70 


77 


83 


90 


97 


104 


111 


119 


2 


126 


133 


141 


149 


156 


164 


172 


181 


189 


197 


3 


206 


214 


223 


232 


241 


260 


259 


268 


277 


287 


4 


296 


306 


816 


326 


336 


346 


356 


366 


377 


3«7 ' 


5 


398 


409 


420 


431 


442 


453 


465 


476 


488 


499 


6 


511 


523 


585 


547 


559 


572 


581 


597 


609 


G22 


7 


635 


648 


661 


675 


6g8 


701 


715 


720 


742 


756 


8 


770 


785 


799 


813 


828 


842 


&57 


872 


887 


902 1 


9 


917 


932 


947 


963 


978 


991 


1010 


1026 


1042 


1058 


10 


1074 


1090 


1107 


1123 


1140 


1157 


1174 


1191 


1208 


1225 


n 


1243 


1260 


1278 


1295 


1313 


1331 


1349 


1367 


1385 


1404 


12 


1422 


1441 


1459 


1478 


1'197 


1516 


1535 


1555 


1574 


1593 


! 13 


1613 


16:i3 


1652 


16:2 


16J)2 


1713 


I7:i3 


1753 


1774 


1794 


14 


1815 


1836 


1857 


1878 


1899 


19.20 


1941 


1968 


1984 


2006 


15 


2028 


2050 


2072 


2094 


2116 


2138 


2161 


2183 


2206 


2229 ; 


16 


2252 


2275 


2298 


2321 


2345 


2368 


2392 


2415 


2439 


2463 


17 


2487 


2511 


2535 


2560 


2584 


2609 


2633 


2658 


2688 


2708 


18 


2733 


2759 


2784 


2809 


2835 


2861 


2886 


2912 


2938 


2965 


19 


2991 


3017 


3044 


3070 


3097 


3124 


3151 


8178 


8205 


3232 


20 


3i59 


3287 


3314 


3342 


3870 


3398 


8426 


3454 


3482 


3510 


21 


3539 


3567 


3596 


3625 


3654 


3683 


3712 


3741 


8771 


3800 


22 


3830 


3859 


38^9 


3919 


3919 


3979 


4009 


4040 


4070 


4101 


23 


4131 


4162 


4198 


4224 


4255 


4287 


4818 


4349 


4381 


44 1:^ 


24 


4144 


4476 


4508 


4541 


4573 


4(305 


4638 


4670 


4703 


4736 


25 


4769 


4802 


4aS5 


4868 


4901 


4935 


4968 


5002 


som 


50T0 , 


26 


5104 


5138 


5172 


5206 


5241 


5275 


5310 


5345 


5380 


5415 


27 


5150 


5485 


5521 


5556 


5592 


5627 


5663 


5699 


5735 


5771 


28 


5807 


5844 


5880 


5917 


5953 


5990 


6027' 


6064 


6101 


6139 


29 


6176 


6213 


6251 


6289 


6326 


6364 


6402 


6441 


6479 


6517 



Base = 10. Side Slopes 1 to 1. 








4 


8 


11 


15 


19 


24 


28 


32 


86 


1 


41 


45 


50 


54 


59 


64 


69 


74 


79 


84 


2 


89 


94 


99 


105 


110 


116 


121 


127 


133 


139 


3 


144 


150 


156 


163 


169 


175 


181 


188 


194 


201 


4 


207 


214 


221 


228 


235 


242 


249 


256 


263 


270 


' 5 


278 


285 


293 


800 


308 


316 


324 


881 


339 


347 


6 


356 


364 


372 


380 


389 


397 


406 


414 


423 


432 


7 


441 


450 


459 


468 


477 


486 


495 


505 


514 


524 


8 


533 


543 


553 


563 


572 


582 


592 


603 


618 


623 


9 


633 


644 


654 


665 


675 


686 


697 


708 


719 


730 


10 


741 


752 


763 


774 


786 


797 


809 


820 


832 


844 


11 


856 


867 


879 


891 


904 


916 


928 


940 


953 


965 


12 


978 


990 


1008 


1016 


1029 


1042 


1055 


1068 


1081 


1094 


13 


nor 


1121 


1134 


1148 


1161 


1175 


1189 


1203 


1216 


1230 


14 


1244 


1259 


1273 


1287 


1301 


1816 


1380 


1345 


1359 


1874 


15 


1389 


1404 


1419 


1434 


1449 


1464 


1479 


1494 


1610 


1525 


16 


1541 


1556 


1572 


1588 


1604 


1619 


1635 


1651 


1668 


1684 


17 


1700 


1716 


1738 


1749 


1766 


1782 


1799 


1816 


1833 


1850 


18 


1867 


1884 


1901 


1918 


1985 


1953 


1970 


1988 


2005 


2023 


19 


2041 


2059 


2076 


2094 


2112 


2131 


2149 


2167 


2185 


2204 


20 


2222 


2241 


2259 


2278 


2297 


2318 


2335 


2854 


2378 


23P2 


21 


2411 


2430 


2450 


24fi9 


2489 


2508 


2528 


2548 


2568 


2587 


22 


2607 


2627 


2648 


2668 


2688 


2708 


2729 


2749 


2770 


2790 


23 


2811 


2832 


2853 


2874 


2895 


2916 


2987 


2958 


2979 


8001 


24 


3022 


3044 


3065 


3087 


3109 


3131 


3152 


3174 


8196 


3219 


25 


3241 


3263 


3285 


3308 


8330 


3358 


8375 


3898 


3421 


3144 


26 


3467 


3490 


3513 


3536 


:i559 


3582 


8606 


8629 


3653 


3676 


27 


3700 


3724 


3718 


3771 


3795 


3819 


3844 


3868 


8892 


3916 


28 


3941 


3965 


3990 


4014 


4039 


4064 


4089 


4114 


4139 


4164 


29 


4189 


4214 


4239 


4265 


4290 


4316 


4341 


4867 


4893 


4419 



TABLE XVIil. VOLUME FOR LENGTH 100 FEET. 
Base = 16. Side Slopes § to 1. 



33 



O 



D 




1 
2 
3 
4 
5 
U 
I 

8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
18 
19 

20 
21 
2-2 
23 
24 
25 
26 
27 
28 
29 




1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 
12 
13 
14 
15 
16 
17 
8 
19 

20 
21 
22 
23 
24 
25 
26 
27 
28 
29 



70 
148 
283 
3->6 
426 
533 
648 
770 
900 

lft37 
1181 
1333 
1498 
1659 
1833 
2015 
2204 
2400 
2604 

2815 
3033 
3259 
3493 
3733 
3981 
4237 
4500 
4770 
5048 



Base = 18. Sidb Slopes 1 to 1. 



7 
78 
156 
24^ 
336 
436 
544 
660 
783 
913 

1051 
1196 
1319 
1509 
1676 
1851 
2033 
2-223 
2420 
2624 

2836 
3056 
3282 
3516 
3758 
4007 
4263 
4527 
4798 
5076 



13 
85 
165 
251 
345 
447 
556 
672 
796 
927 

1065 
1211 
1366 
1525 
1693 
1869 
2052 
2242 
2440 
2645 

2858 
3078 



3540 
3782 
4032 
4->9 
4553 
4S25 
5105 



20 
93 
173 
260 
355 
457 
567 
684 
808 
940 

1080 
1226 
1380 
1542 
1711 
1887 
2071 
2262 
2460 
2666 

2880 
3100 
3328 
3564 
3807 
4057 
4315 
4580 
4853 
51 :« 



27 

101 
181 
269 
365 
468 
578 
696 
821 
954 

1094 
1241 
1396 
1558 
1728 
1905 
2089 
2281 
2481 
2687 

2901 
3123 
3852 

3588 
3832 
4083 
4341 
4607 
4S81 
5161 



34 

108 
190 
279 
375 
479 
590 
708 
834 
968 

1108 
1256 
1412 
1575 
1745 
1923 
2108 
2301 
2501 
2708 

2923 
3145 
3375 
3612 
3856 
4108 
43(58 
4634 
4'.»08 
5190 



41 
116 
198 
288 
385 
489 
601 
721 
847 
981 

1123 
1272 
1428 
1592 
1763 
1941 
2127 
2321 
2521 
2729 

2945 
3168 
3398 
3636 
3881 
i\U 
4304 
4661 
4rS6 
5218 



48 
124 
207 
297 
395 
500 
613 
733 
860 
995 

1137 
1287 
1444 
1608 
1780 
1960 
2146 
2340 
2542 
2751 

2967 
3191 
3422 
3660 
3906 
4160 
4420 
4GS8 
4964 
5247 



.0 


.1 


.2 

12 


.8 


.4 


.5 


.6 


.7 


.8 




6 


18 


25 


31 


38 


44 


51 


65 


72 


79 


86 


94 


101 


109 


117 


125 


141 


149 


157 


166 


174 


183 


192 


201 


209 


228 


237 


247 


256 


266 


275 


385 


295 


305 


326 


336 


347 


358 


368 


379 


390 


401 


412 


435 


447 


458 


470 


482 


494 


506 


518 


531 


556 


56S 


581 


594 


607 


620 


683 


646 


660 


687 


701 


715 


729 


743 


757 


771 


786 


800 


830 


845 


a59 


875 


890 


905 


921 


936 


952 


988 


999 


1015 


1032 


1048 


1064 


1081 


1098 


1114 


1148 


1165 


1182 


1200 


1217 


1235 


1252 


1270 


1288 


1324 


1342 


1361 


1379 


1398 


1416 


1485 


1454 


1473 


1511 


1530 


1550 


1569 


1589 


1609 


1629 


1649 


1669 


1709 


1730 


1750 


1771 


1792 


1813 


1883 


1855 


1876 


1919 


1940 


1962 


1983 


2005 


2027 


2049 


2072 


2094 


2139 


2162 


2184 


2207 


2230 


2253 


2276 


2300 


2323 


2370 


2394 


2418 


2442 


2466 


2490 


2515 


2539 


2564 


2613 


2638 


2663 


2688 


2713 


2738 


2764 


2789 


2815 


2867 


2893 


2919 


2945 


2971 


2998 


3024 


3051 


3078 


3131 


3159 


3186 


3213 


3241 


3268 


3296 


a323 


3351 


3407 


3436 


8464 


3492 


3521 


3550 


3578 


3607 


3636 


3694 


8724 


8753 


3783 


3812 


8842 


3872 


3902 


3932 


3993 


4023 


4054 


4084 


4115 


4146 


4177 


4208 


4239 


4302 


4333 


4365 


4397 


4429 


4461 


4493 


4525 


4557 


4622 


4655 


4688 


4721 


4753 


4787 


4820 


4853 


4887 


4954 


4987 


5021 


5055 


5089 


5124 


5158 


5192 


5227 


5296 


5381 


5366 


5401 


5436 


5472 


5507 


5543 


6578 


5650 


5686 


5722 


5758 


5795 


5831 


5868 


5904 


5941 


6015 


6052 


6089 


6126 


6164 


6201 


6239 


6277 


6315 


6391 


6429 


6467 


6506 


6544 


6583 


€622 


6661 


6699 



.9 



56 
132 
216 
807 
406 
511 
625 
745. 
873 
1009 

1152 
1302 
1460 
1625 
1798 
1978 
2165 
23C0 
2562 
2772 

2989 
3213 
8445 

3085 
3931 
4185 
4447 
4716 
4992 
5276 



58 
133 
219 
316 
424 
543 
673 
815 
967 
1131 

1306 
1492 
1689 
1897 
2116 
2347 
2588 
2841 
3105 
3379 

3665 
3962 
4270 
4590 
4920 
5262 
5614 
5978 
6353 
6789 



68 

140 
224 
816 
416 
522 
636 
758 
8S7 
1023 

1167 
1318 
1476 
1642 
1816 
1996 
2184 
2380 
2583 
2793 

3011 
3236 
3469 
8709 
3956 
4211 
4473 
4743 
5020 
5304 
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TABLE X.— TOTAL GRADES. 



• 

1 


Grade per Station. 


0.1 

0.1 


0.2 

0.2 


8 


0.4 


0.5 


0.6 


0.7 


0.8 


0.9 


0.3 


0.4 


0.5 


0.6 


0.7 


0.8 


0.9 


2 


0.2 


0.4 


0.6 


0.8 


1.0 


1.2 


1.4 


1.6 


1.8 


8 


0.3 


0.6 


0.9 


1.2 


1.5 


1.8 


8.1 


2.4 


2.7 


4 


0.4 


0.8 


1.2 


1.6 


2.0 


2.4 


2.8 


3.2 


3.t$ 


5 


0.5 


1.0 


1.5 


2.0 


2.5 


3.0 


3.5 


4.0 


4.5 


6 


0.6 


1.2 


1.8 


2.4 


3.0 


3.6 


4.2 


4.8 


5.4 


4 


0.7 


1.4 


2.1 


2.8 


3.5 


4.2 


4.9 


5.6 


6.3 


8 


0.8 


1.6 


2.4 


3 2 


4.0 


4.8 


5.6 


6.4 


7.2 


9 


0.9 


1.8 


2.7 


3.6 


4.5 


5.4 


6.3 


7.2 


8.1 


10 


1.0 


2.0 


3.0 


4.0 


5.0 


6.0 


7.0 


8.0 


9.0 


11 


1.1 


2.2 


3.3 


4.4 


5.5 


6.6 


7.7 


8.8 


9.9 


12 


1.2 


2.4 


8.6 


4.8 


6.0 


7.2 


8.4 


9.6 


10. h 


13 


1.3 


2.6 


3.9 


5.2 


6.5 


7.8 


9.1 


10.4 


11.7 


14 


1.4 


2.8 


4.2 


5.6 


7.0 


8.4 


9.8 


11.2 


12.6 


15 


1.5 


8.0 


4.5 


6.0 


7.5 


9.0 


10.5 


12.0 


13.5 


16 


1.6 


3.2 


4.8 


6.4 


8.0 


9.6 


11.2 


12.8 


14.4 


17 


1.7 


3.4 


5.1 


6.8 


8.5 


10.2 


11.9 


13.6 


15.3 


18 


1.8 


3.6 


5.4 


7.2 


9.0 


10.8 


12.6 


14.4 


16.2 


19 


1.9 


3.8 


5.7 


7.6 


9.5 


11.4 


13.3 


15.2 


17.1 


20 


2.0 


4.0 


6.0 


8.0 


10.0 


12.0 


14.0 


16.0 


18.0 


21 


2.1 


4.2 


6.3 


8.4 


10.5 


12.6 


14.7 


16.8 


18.9 


22 


2.2 


4.4 


6.6 


8.8 


11.0 


13.2 


15.4 


17.6 


19.8 


23 


2.3 


4.6 


6.9 


9.2 


11.5 


13.8 


16.1 


18.4 


20.7 


24 


2.4 


4.8 


7.2 


9.6 


12.0 


14.4 


16.8 


19.2 


21.6 


25 


2.5 


5.0 


7.5 


10.0 


12.5 


15.0 


17.5 


20.0 


22.5 


26 


2.6 


5.2 


7.8 


10.4 


13.0 


15.6 


18.2 


20.8 


23.4 


27 


2.7 


5.4 


8.1 


10.8 


13.5 


16.2 


18.9 


21.6 


24.3 


28 


2.8 


5.6 


8.4 


11.2 


14.0 


10.8 


19.6 


22.4 


25.2 


29 


2.9 


5.8 


8.7 


11.6 


14.5 


17.4 


20.3 


23.2 


26.1 


30 


3.0 


6.0 


9.0 


12.0 


15.0 


18.0 


21.0 


24.0 


27.0 


31 


3.1 


6.2 


9.3 


12.4 


15.5 


18.6 


21.7 


24.8 


27.9 


32 


3.2 


6.4 


9.6 


12.8 


16.0 


19.2 


22.4 


25.6 


28.8 


33 


3.3 


6.6 


9.9 


13.2 


16.5 


19.8 


23.1 


26.4 


29.7 


U 


3.4 


6.8 


10.2 


13.6 


17.0 


20.4 


28 8 


27.2 


30.6 


35 


3.5 


7.0 


10.5 


14.0 


17.5 


21.0 


24.5 


28.0 


81.5 


36 


3.6 


7.2 


10.8 


14.4 


18.0 


21.6 


25.2 


28.8 


82.4 


3r 


3.7 


7.4 


11.1 


14.8 


18.5 


22.2 


25.9 


29.6 


33.3 


38 


3.8 


7.6 


11.4 


15.2 


19.0 


22.8 


26.6 


30.4 


84.2 


3) 


3.9 


7.8 


11.7 


15.6 


19 5 


23.4 


27.3 


31.2 


35.1 


40 


4.0 


8.0 


12.0 


16.0 


20.0 


24.0 


28.0 


32.0 


36.0 


A\ 


4.1 


8.2 


12.3 


16.4 


20.5 


24.6 


28.7 


32.8 


36.9 


42 


4.2 


8.4 


12.6 


16.8 


21.0 


25.2 


29.4 


33.6 


37.8 


43 


4.3 


8.6 


12.9 


17.2 


21.5 


25.8 


30.1 


34.4 


38.7 


44 


4.4 


8.8 


13.2 


17.6 


22.0 


26.4 


30 8 


35.2 


89.6 


45 


4.5 


9.0 


13.5 


18.0 


22.5 


27.0 


31.5 


36.0 


40.5 


46 


4.6 


9.2 


13.8 


18.4 


23.0 


27.6 


32.2 


30.8 


41.4 


47 


4.7 


9.4 


14.1 


18.8 


23.5 


28.2 


32.9 


37.6 


42.3 


48 


4.8 


9.0 


14.4 


19.2 


24.0 


28.8 


38.6 


38.4 


43.2 


49 


4 9 


9.8 


14.7 


19.6 


24.5 


29.4 


34.3 


39.2 


44.1 


50 


5.0 


10.0 


15.0 


20.0 


25.0 


30.0 


35.0 


40.0 


45.0 


51 


5.1 


10.2 


15.3 


20.4 


25.5 


30.6 


35.7 


40.8 


45.9 


52 


5.2 


10.4 


15.6 


20.8 


26.0 


81.2 


36.4 


41.6 


46.8 


53 


5.3 


10.6 


15.9 


21.2 


26.5 


31.8 


37.1 


\'iA 


47.7 


54 


5.4 


10.8 


16.2 


21.6 


27.0 


8. '.4 


37.8 


43.2 


48.6 


65 


5.5 


11.0 


16.5 


22.0 


27.5 


3J.0 


38.5 


44.0 


<9.5 


56 


5.6 


11.2 


16.8 


22 4 


28.0 


33.6 


39.2 


44.8 


.50.4 


57 


5.7 


11.4 


17.1 


22.8 


28.5 


34.2 


39.9 


45.6 


51.3 


58 


5.8 


11.6 


17.4 


23.2 


29.0 


34.8 


40.6 


46.4 


52.2 


59 


5.9 


11.8 


17.7 


23.6 


29.5 


35.4 


41.8 


47.2 


53.1 


"^O 


6.0 


12.0 


18.0 


24 


30.0 


36.0 


42.0 


48.0 


.'i4.0 



TABLE XI.— CORRECTION FOR THE EARTH'S CURVATURE 325 

AND FOR REFRACTION. 



Dist. 


Cor. 


Dist. 


Cor. 


Dist. 


Cor. 


Dist. 


Cor. 


D. 


E. 


D. 


E. 


D. 


E. 


D. 


E. 


300 


.00-2 


1800 


.066 


3300 


.223 


4800 


.472 


400 


.003 


1900 


.074 


3400 


.237 


4900 


.492 


1 i>00 


.005 


2000 


.082 


3500 


.251 


5000 


.512 


COO 


.007 


2100 


.090 


3600 


.'266 


5100 


.583 


700 


.010 


2300 


.099 


3700 


.281 


5'>00 


.554 


800 


.013 


2300 


.108 


3800 


.296 


1 mile 


.571 


900 


.017 


2100 


.118 


3900 


.312 


2 miles 


2.285 


1000 


.020 


2500 


.128 


4000 


.828 


3 " 


5.142 


1100 


.025 


2600 


.189 


4100 


.345 


4 " 


9.142 


1-iOO 


.030 


2700 


.149 


4200 


.362 


5 " 


14.284 


1300 


.035 


2800 


.101 


4300 


.379 


6 " 


20.568 


1100 


.040 


2900 


.172 


4400 


.397 


7 " 


27.996 


1500 


.046 


3000 


.184 


4500 


.415 


8 " 


36.5(56 


1600 


.062 


8100 


.197 


4000 


.434 


9 " 


46.279 


1700 


.069 


8200 


.810 


4700 


.453 


10 " 


57.135 



TABLE Xn.— ELEVATION OF OUTER RAIL ON CURVES. 











Velocity in Miles per Hour. 






Degree 




















D. 
























10 


15 


20 


25 


80 


86 


40 


45 


50 


60 


1 


.006 


.013 


.023 


.036 


.051 


.070 


.091 


.116 


.143 


.205 


2 


.011 


.026 


.046 


.071 


.103 


.140 


.182 


.231 


.285 


.410 


3 


.017 


.038 


.068 


.107 


.154 


.209 


.274 


.346 


.428 


.616 


4 


.023 


.051 


.091 


.142 


.205 


.279 


.365 


.462 


.570 


.821 


5 


.029 


.064 


.114 


.178 


.257 


.849 


.456 




.712 




6 


.034 


.077 


.187 


.214 


.308 


.419 


.547 


.693 


.855 




7 


.040 


.090 


.160 


.249 


.359 


.489 


.638 


.J^08 


.997 




8 


.046 


.103 


.182 


.285 


.410 


.559 


.730 


.923 






9 


.a5i 


.115 


.205 


.321 


.462 


.628 


.821 








10 


.057 


.128 


.228 


.356 


.513 


.098 


.912 








12 


.068 


.153 


.274 


.428 


.616 


.888 










14 


.060 


.180 


.319 


.499 


.718 


.978 










16 


.091 


.205 


.365 


.670 


.821 












18 


.103 


.231 


.410 


.641 


.923 












20 


.114 


.257 


.456 


.712 














25 


.143 


.321 


.670 


.891 














30 


.171 


.385 


.684 
















86 


.200 


.449 


.798 
















40 


.228 


.513 


.912 
















50 


.285 


.641 
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TABLE XX. -SINES AND COSINES. 



"o 


0« 


V 


2« 


8<» 


4' 1 


> 
60 




sine ICofiin 
.00000 One. 


Sine 
An746 


Cosin 

T99985 


Sine 
.03490 


Cosin 


Sine 
.05234 


Cosin 
799863 


Sine 


Cosin 




.mm 


.06976 


.99756 




1 


.1.0029 One. 


.01774 


.99984 


.03519 


.99938 


.05263 


.99861 


.07005 


.99754 


59 




2 


.00058 One. 


.01803 


.999H4 


.03548 


.99937 


.00292 


.998601 


.07034 


.99752 


58 




3 


.00087 One. .018321 


.99983 


.03577 


.99936 


.05321 


.99858; .0706J 


.99760 


57 




4 .00116 One. .01862 


.99983 


.03606 


.99935 


.05350 


.99857 


.07093 


.99748 


56 




5 .00145 One. 1 .01891 


.99982 


.03635 


.99934 


.05379 


.99655 


.07121 


.99746 


55 




6 .00175' One. i .01920 


.99982 


.03664 


.99933 


.05408 


.99854 


.07150 


.99744 


&4 




7 .00-^04 One. !|. 01949 


.99981 


.03693 


.99932 


.05437 


.99852 


.07179 


.99742 


53 




8 .00333 One. i 


.01978 


.99980 


.03723 


.99931 


.05466 


.99851' 


.07206 


.99740 


53 




9 


.(H)262 One. 


.02007 


.99980' 


.03752 


.99930 


.05495 


.998491 


.07237 


.99738 


51 




iO 


.00291 


One. 1 


.02036 


.99979 


.03781 


.99929 


.05524 


.99847 


.07266 


.md6 


50 




11 


.00320 


.99999 


.02065 


.99979 


.03810 


.99927 


.05553 


.99646 


.07295 


.99784 


49 




12 


.00349 '.99999 


.02094 


.99978 


.03839 


.99926 


.05582 


.99644 


.07324 


.99731 


48 




13 


.00378 .99999 


.02123 


.99977 


.03868 


.99925 


.05611 


.99642 


.07353 


.99729 


47 ; 


14 


.00407 .99999 


.02152 


.99977 


.03897 


.99924 


.05640 


.99841 


.07382 


.99727 


46 




15 


.00436 .99999; 


.02181 


.99976 


.03926 


.99923 


.05669 


.99839 


.07411 


.99725 


45 




16 


.004a5'. 99999 i 


1 .02211 


.99976 


.03955 


.99922 


.05696 


.99838 


.07440 


.99723 


44 




17 


.00495 .99999 1|. 03240 


.99975 


.03984 


.99921 


.05727 


.99836 


.07469 


.99721 


43 




18 


.00524 .99999; .02269 


.99974 


.04013 


.99919 


.05756 


.99834 


.07496 


.99719 


42 




19 


.00553 .99998 


.02298 


.99974 


.04042 


.99918 


.05785 


.99683 


.07527 


.99716 


41 




20 


.00582,. 99996 


.02327 


.99973 


.04071 


.99917 


.06814 


.99631 


.07556 


.99714 


40 




21 


.00611 


.99998 


.02356 


.99972 


.04100 


.99916 


.05844 


.99829 


.07585 


.99712 


89 




22 1.00640 


.90998 


.02385 


.99972 


1.04129 


.99915 


.05873 


.99827r 


.07614 


.99710 


38 




23 


.00669 


.99998 


.02414 


.99971 


.04159 


.99913 


.05902 


.99626 


.(7643 


.99706 


37 




24 


.00698 


.99998 


.0W43 


.99970 


.04188 


.99912 


.05931 


.998241 


.07672 


.99705 


36 




25 


.00727 .99997 


.02472 


.99969 


.04217 


.99911 


.05960 


.99822 


.07701 


.99703 


35 




26 


.00756 .99997 


.02501 


.99969 


.04246 


.99910 


.05989 


.99621 


.07730 


,wm 


81 




27 


.00785 .99997 


.02530 


.99968 


.04275 


.99909 


.06018 


.998191 


.07759 


.99699 


33 




28 


.00814 ,'.99997 


.02560 


.99967 


.04304 


.99907 


.06047 


.99817 


.07788 


.99696 


32 




29 


.00844 


.99996 


.02.589 1.99966 


.04333 


.99906 


.06076 


.99815 


.07817 


.99694 


31 




SO 


.00873 


.99996 


.02618 


.99966 


.04362 


.99905 


.06105 


.99613j 


.07846 


.99692 


30 




31 


.00902 


.99996 


.02647 


.99965 


.04391 


.99904 


.06184 


.99812' 


.07875 


.99689 


29 




32 


.00931 


.99996 


.02676 


.99964 


.04420 


.99902 


.06163 


.99610 


.07904 


.99687 


28 




33 


.00960 .99995 


.02705 


.99963 


.04449 


.99901 


.06192 


.99808 


.07933 


.996a'> 


27 




34 


.009891.99995 


.027a4 


.99963 


.04478 


.99900 


.06221 


.99806; 


.07962 


.99688 


26 




35 


.01018 .99995 


.02763 


.99962 


.04507 


.99898 


.06250 


.99604! 


.07991 


.99680 


25 




36 


.01047 .99995 


.02792 


.99961 


.04536 


.99897 


.06279 


.99603 


.06020 


.99678 


24 




37 


.01076 .99994 


.02821 


.99960 


.04565 


.99896 


.06808 


.99601 


.06049 


.99676 


23 




38 


.01105 .99994 


.02850 


.99959 


.04594 


.99894 


.06337 


.99799 


.06076 


.99673 


22 




39 


.01134 .00994 


.0J879 


.99959 


.04623 


.99893 


.06366 


.99797, 


.06107 


.996n 


21 




40 


.01104 . 99993 1 


.02908 


.99958 


.04653 


.99892 


.06395 


.99795 


.06136 


.99668 


20 




41 


.01193 .99993' 


.02938 


.99957 


.04682 


.99890 


.06434 


.99793 


.08166 


.99666 


19 




42 


.01222 .99993 


.02967 


.99956 


.04711 


.99880 


.00453 


.99792 


.08194 


.99664 


18 




43 


.01251 '.99992 


.02996 


.99955 


.04740 


.99888 


.06482 


.99790; 


.08223 


.99661 


17 




44 


.01280 .99992 


.03025 


.99954 


.04769 


.99886 


.06511 


.99788! 


.08252 


.99659 


16 




45 


.01309 .99991 


.a3054 


.99953 


.04798 


.99885 


.06540 


.99786 


.06281 


.99657 


15 




46 


.013381.99991 


.03083 


.99952 


.04827 


.99883 


.06569 


.99784 


.08310 


.99654 


14 




47 


.013671.99991 


.03112 


.99952 


1.04856 


.99882 


.06598 


.99782 


.06339 


.99652 


13 




48 


.01396 .99990 


.03141 


.99951 


.04885 


.99881 


.06627 


.99780 


.08368 


.99649 


12 




49 


.01425 .99990 


.03170 


.99950 


.04914 


.99879 


.06656 


.99778 


.08397 


.99647 


11 




50 


.01454 .99989 


.03199 


.99949 


.04943 


.99878 


.06685 


.99776 


.08426 


.99644 


10 




51 


.01483 '.99989 


.03228 


.99948 


.04972 


.99876 


.06714 


.99774 


.08455 


.99642 


9 




52 


.01513 .999891 


.032:^7 


.99947 


.05001 


.99875 


.06743 


.99772 


.06484 


.99639 


8 




53 


.01542 .99988 


.0328G 


.99946 


.05030 


.99873 


.06773 


.99770 


.08513 


.99637 


7 




54 


.01571,. 99988 


.03316 


.99945 


.05a59 


.99872 


.06802 


.99768 


.06542 


.99635 


6 




55 


.01600 .99987 


.03345 


.99944 


.05088 


.99870 


.06831 


.99766 


.06571 


.99632 


5 




56 


.016291.99987 


.03374 


.99943 


.05117 


.99869 


.06860 


.99764 


.06600 


.99630 


4 




57 


.01658 .99086 


. 013403 


.99942 


.05146 


.99867 


.06889 


.90762 


.08629 


.99627 


3 i 


58 


.01687 .99986 


.O.S432 


.99941 


.05175 


.99866 


.06918 


.99760, 


.08658 


.99625 


2 




GO 


.01716 .999a5, 


.03461 


.99940 


.05205 


.99864; 


.06947 


.99758' 


.08687 


.99622 


1 




00 
/ 


.01745 .99985 
Cosin 1 Sine 


.03490 
Cosin 


.99939 


.05234 


.99863 


.06976 


.99756, 


.08716 


.99619 



/ 




Sine 


Cosin 


Sin© 


Cosin 


Sine 


Cosin 


Sine 






89« 


88» 


87« 


86« 


86« 
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/ 


6* 


e^ 


70 


$• 


9<» 


/ 


~0 


Sine 


Cosin 
.99619 


Sine 
.10453 


Cosin 

^99452 


Sine 
.12187 


Cosin 
.99255 


Sine 
T13917 


Cosin 
.99027 


Sine Cosin 


.08716 


.15G43 .98769 60 


1 .08745 


.99617 


.10482 


.99449 


.12216 


.99251 


.13946 


.99023 


.15672 .987W 59 


2 


.08774 


.99614 


.10511 


.99446 


.13245 


.99248 


.13975 


.99019 


.157011.98760 58 


3 


.08803 


.99612 


.10540 


.99443 


.12274 


.99244; 


.14004 


.99015 


, .15730 .98755 57 


4 


.08831 


.99609 


.10569 


.99440 


.12302 


.99240 


.14033 


.99011 


'.1575£'. 98751 56 


5 .08860 


.99607 


.10597 


.99437 


.12331 


.99237 


.14061 


.99006 


. 15787,. 9874U 55 


6 .06889 


.99604 


.10626 


.99434 


.12360,. 99233 


.14090 


.99002 


.15816 .98741 .54 


7 


.08918 


99602 


.10655 


.994311 


.12389 


.99230 


.14119 


.98998 


.15845 ,.98737 53 


8 


.08947 


.99599 


.10684 


.99428 


.12418 


.99220 


.14148 


.98994 


.15873!. 98732 52 


9 


.08976 .99596 


.10713 .99424 


.124471.99222 


.14177,. 98990 


.15902 .98728 51 


10 


.09005 .99594 


.10742 .99421 


.12476 


.99219 


.14205 .9891J6 


.15931 .9872:3 50 


11 


.09034 


.99591 


.10771 


.99418 


:i2504 


.99215' 


.14234 .98982 


.15959 .98718 49 


12 


.09063 


.99588 


.10800 


.99415 


.1253:3 .99211 


.14C63 .98978 


.15988 .98714 48 


13 


.09092 


.99586 


.10829 


.99412 


.125621.992081 


.14^:92 .98973 


.100171.98709 47 


14 


.09121 


.99583 


.10858 


.99409, 


.125911.99204 


.14320 .Ji89C9 


.10046 .98704 46 


15 


.09150 


.99580 


.10887 


.99406 


.12620 


.99200 


.14340 .98965 


.16074 .98700 45 


16 


.09179 


.99578 


i. 10916 


.994021 


.12r>49 


.99197! 


.14378 .98961 


.16103 .98695 44 


17 


.09208 


.99575 


.10945 


.99399 


.12678 .99193 


.14407 


.98957 


.161 32;. 98690 43 


18 ! .09237 


.995?2 


.10973 


.99398 


.12706;. 99189 


.14436 


.9895:3 


.16160 .98686 42 


19 .09266 


.99570 


.1100-2 


.9939.i 


.12735 


.99186 


.14464 .98948 


.16189 .98681 41 


20 


.09295 


.99567 


.11031 


.99393, 


.12764 


.99182, 


.14493 .98944 


.16218,. 98676, 40 


21 


.09324 


.99564 


.11060 


.99386' 


.12793 


.99178 


.14522 


.98940 


.16246 


.96671 ! 39 


22 


.09353 


.99562 


.11089 


.99383' 


.12822 


.99175 


.14551 


.96936 


.16275 


.96667 *38 


23 


.09382 


.99559 


.11118 .99380: 


.12S51 


.99171 


.14580 .96931, 


.16304 .96662 67 


24 


.09411 


.99556 


.11147 


.99377 


.12880 


.99167 


.14608 .98927 


.163331.96657 38 


25 


.09440 


.99553 


.11176 


.99374 


.12908 


.99163 


.14637 .96923 


.16361 .98652 35 


26 


.09469 


.99551 


.11205 


.99370 


.12937 


.99160 


.14666 .969191 


.1 6:390 1.98()48 34 


27 


.09498 


.99548 


.11234 


.99367, 


.12966 


.99156 


.14695 .98914' 


.16419 .98643 33 


28 


.09587 


.99545 


.11263 


.99364 


.12995 


.99152 


.1472:3,. 98910 


.16447 .98638 32 


29 


.09556 


.99.542 


.11291 


.99360 


.13024 


.99148 


.14752 .98906 


.16476 .98633 31 


30 


.09585 


.99540 


.11320 


.99357 


.13053 


.99144 


.14781 


.98902 


.16505 


.98629 30 


81 


.09614 


.99537 


.11349 


.99354 


.130^1 


.99141 


.14810 


.98897 


.16633 


.98624' 29 


32 


.09642 


.99534 


.11378 


.99351 


.13110 


.99137! 


.14888 .988931 


.16502 .98619 28 


88 


.09071 


.99531 


.11407 


.99347 


.13139 


.99133 


.14867 


.98889 


,.16591 .98614 27 


84 


.09700 


.99528 


.11436 


.99344 


.13168 


.9912?) 


.14896 


.98884 


1.16620 .98609 26 


85 


.09729 


.99526 


.11465 


.99341 


.13197 


.99125 


.14925 


.98880 


1.16648 .98(>04:25 


86 


.09768 


.99523 


.11494 


.99337 


.13226 


.99122 


.14954 


.98876 


.16677 1. 98600 24 


87 


.09787 


.99520 


.11523 


.99334 


.132M 


.99118 


.14982 


.98871 


.16706!. 98595 23 


88 


.09816 


.99517 


.11552 


.99331 


.13283 


.99114 


.15011 


.98867 


.16734 .98590 22 


89 


.09845 


.99514 


.11580 


.99327 


.13312 


.99110, 


.15040 


.98863 


.16763 .98585 21 


40 


.09874 


.99511 


.11609 


.99324^ 


.13341 


.99106 

1 


.15069 


.98858 


.16792 .98580 20 


41 


.09903 


.99508 


.11638 


.99320 


.13370 


.99102 


.15097 


.96854 


.16820 .98575 19 


42 


.09982 


.99506 


.11667 


.99317! 


.13399 


.99098 


.15126 


.98849 


.16&49 .98570; 18 


48 


.09961 


.99503 


.11696 


.99314 


.13427 


:99094, 


.15155 


.98845 


.16878 .98565; 17 


44 


.09990 


.99500 


.11725 


.99310 


.13456 


.990911 


.15184 .98841 


.16906 .98561 16 


45 


.10019 


.99197 


.11754 


•99307 


.13485 


.99067 


.15212,. 98836 


.16935 .98556' 15 


46 


.10048 


.99494 


.11783 


.99303 


.13514 


.99083; 


.15241 


.98832 


.16964 .96551; 14 


47 


.10077 


.99491 


.11812 


.99300 


.13543 


.990791 


.15270 


.98827 


.16992 


.98546, 13 


48 


.10106 


.99488 


.11840 


.99297 


.13572 


.99075 


.15299 ',.98823 


.17021 


.98541! 12 


49 


.10135 


.99485 


.11869 


.99293 


.13600 


.99071 


.1.5327 .98818 


.17050 .98536, 11 1 


60 


.10164 


.99482 


.11898 


.99290 


.13629 


.99067 


.15356 


.98814 


.17078 


.98531 10 


61 


.10192 


.99479 


.11927 


.99286 


.18858 


.99063 


.15385 


.96809 


.17107 


.98526 9 


62 


.10221 


.99476 


.11956 


.99283 


.13687 .99059 


.15414 .98805 


.17136 .98521 8 


68 


.10850 


.99473 


.11965 


.99279 


.13716 .99055 


.15442 .98800 


.17164 .98516 


• 7 


64 


.10279 


.99470 


.12014 


.99276 


.13r44 


.99051 


.154711.98796 


.17193 .98511 


6 


65 


.10308 


.99467 


.12043 


.99272 


.13773 


.99047 


.15500 .98791 


.17222 .96506, 5 


56 


.10837 


.99464 


.12071 


.99269 


.13802 


.99043 


.15529 .98787 


.17250|.98f)0l! 4 


57 


10666 


.99461 


.12100 


.99265 


.i;«31 


.99039 


.15557,. 98782 


.17279 .98496: 3 


58 


.10395 


.99458 


.12129 .99262 


.13860 .99035 


.15586 .98778 


.17308 .98491 2 


60 


.10424 


.99455 


> .12158 


.99258 


.138891.99031, 


.15616 1.98773 


.17336 .98486 


1 


t 


.10453 


.99452 
Sine 


.12187 
Cosin 


.99255 

Sine 

1 


.13917. 99027 
Cosin 1 Sine 


.15643 .98769 


.17365 .98481 
Cosin Sine 




Cosin 


Cosin 
1 8] 


Sine 


I 84« 


88* 


82*> 1 


l« 1 


1 80» 
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11 


Cosin , Sine ; Cosin 


12° 


18« 


14« 


f 
60 


Sine 


Sine Cosin 
.20791 .97815 


Sine ! Cosin 
.22495 .97437 


Sine 

.2^1192 


Cosin 


.17365 .9ft481 .190811.98163 


.97090 


1 


.17393 .98476 .19109' .98157 


.20820 .97809 


.22523 .974:30 


.24220 


.97023; 59 


2 


.17422 .98471 1.19138 


.98152 


.20848 .97803 


.22562 .97424 


.2424b 


.97015; 58 


8 


.17451 .98466 .19167 


.98146 '. 20877 :.ir7797 


.22580 .97417 


.24277 


.97008: 57 


4 


.17479 .98461 1.19195 


.98140 , .20905 .97791 


.22608 .97411 


.24305 


.970011 56 


6 


.17508 .9ft455 .19224 


.981:35 


.209:33 


.97784 


.22637 .97404 


.24338 


.96094, 55 


6 


.17537 .98450 .19252 


.98129 


.20962 


.97778 


.22665 -97398 .^4362 


.96987 54 


7 


.17565 . 98445 


.19281 


.98124 


.20990 


.97772 


.22693 .97391 .24390 


.96980 53 


6 


.17594 .98440 


.19:3091.98118 


.21019 


.97766 


.227^22 


.97384 .24418 


.96973 52 


9 


.17623 .98435 


.19^38 1.98112 


.21047 


.97760 


.22750 


.97378 , .24446 


.96966 51 


10 ;. 17651 .9&430, 


.19.366 


.98107 


.21076 


.9^/54 


.28778 


.97371 .24474 


.96959 


50 


11 


.17680 


.984251 


.19395 


.98101 


.21101 


.97748 


.22807 


.97365 .24503 


.96952 


49 1 


12 ! .17708 


.98420 


.19423 


.98096 


.21132 


.97742 


.22835 


.97858: .24531 


.96845; 48 


13 .17737 


.98414 


.19452 


.98C90 


.21161 


.97r35 


.22863 


.97351 .'^4559 


.96987 47 


14 .17766 


.98109 


.19481 


.98084 


.21189 


.97729 


.22892 


.97345 .24587 


.96930 46 


15M7794 


.984041 1.19509 


.98079 ! .21218 


.97723 


.22920 


.97338 1 .24615 


.96923 45 


16 .17823 


.98399 


.195:38 .98073 


.21246 


.97717 


.22^48 


.97331 .24644 


.96916 44 


17 .178521.98394 


.19566 


.98067 


.21275 


.97711 


.22977 


.97325 .24672 


.96909< 48 


18 .17880 


.98:389 


.19595 


.98061, 


.21.303 


.97705 


.23005 


.97318, .24700 


.96902 42 


19 .17909 


.98383 


.19623 


.98056 .213311 


.97698 


.23033 


.97311 1 .24728 


.96894 41 


20 .17937 


.98378 


.19652 


.98050 


.21360 


.97692 


.23062 


.97804 


.24750 


.96887,40 


21 


.17966 


.98373 


.19680 


.98044 


.21388 


.97686 


.23090 


.9;^.{98 


.24784 


.96880* 39 


22 


.17995 


.98368' 


.19709 


.98039 


.21417 


.97680 


.23118 


.97291 


.24813 


.968r3 38 


23 


.18023 


.98362 ; .19737 


.980a3 


.21445 


.97673 


.23146 


.97284 


.24841 


.96866 37 


24 


.18052 


.983571 


.19766 


.98027 .21474 


.97667 


.23175 


.97278 


.24869 


.96858 86 


25 


.18081 


.98352 


.19794 


.98021 .21502 


.97661 


.23203 


.972711 


.24897 


.96851 85 


26 


.18109 


.98*47 


.19823 


.98016 .21530 


.97655 


.2.32,31 


.97264 


.24925 


.96844 84 


27 .18138;.98341i .19851 


.93010 1 .21559 


.97648 


.2-3260 


.97257 


.24954 


.96837 33 


28 


.18166. 98336 


.19880 


.98004 1 .21587 


.97642 


.23288 .97351 


.24982 


.96829, 32 


29 


.18195 .98331 


.19908 


.97933 ' .21616 


.97636 


.23316 .97^44 


.25010 


.96822' 31 


30 


.18224 


.98325 


.19937 


.97932 .21644 


.97630, 


.23845 


.9'987 


.25038 


.96815, 80 


31 


.18252 


.98320 


.19965 


.97987 .21672 


.97023 


.23373 


.97280 


.25066 


.96807129 


32 


.18281 


.98315 .19994 


.97981 , .21701 


.97617 


.23401 


.97228 


.25094 


.96800 28 


33 '.183091. 9*^10 


.20022 


.97975 .ei?29 


.97611 


.23429 


.97217 


.25122 


.90798 27 , 


34 ' .18338 .98304 


.20051 


.97969 .21758 


.97604 


.23458 


.97210 


.25151 


.90786 20 ' 


35 '.18367 


.93299 1 .20079 


.97963 .21786 


.97598 


.2^486 


.97208 ! .25179 


.90778 25 


36 .18395 


.98294 1 .20108 


.97958 .21814 


.97592 


.23514 


.97196 i .25207 


.90771 24 


37 


.18424 


.98288 1 .20136 


.97952 


.21843 


.97535 


.23542 .97189 .25235 


.90704 28 


38 


.18452 


.98283 i .20165 


.97946 


.21871 


.97573 


.23571 


.97182' .25263 


.907561 22 


39 


.18481 


.98277, 


.20193 


.97943 


.21899 


.97573 


.23599 


.97176 .25291 1.96749 21 1 


40 


.18509 


.98272 

1 


.20222 


.97934 


.21928 


.97566, 


.23627 


.97169 .25320 


.967421 20 


41 


.18538 


.98267! .20250 


.97933 


.21956 


.97560 


.23656 


.97102' .25848 


.96734' 19 


42 


.18507 '.98281' .20279 


.97922 


.21985 


.97553 


.23684 


.97155 .25376 


.96TO7 18 


43 


.18595 .98256 1.20307 


.97916 .22013 


.97547 


.23712 


.971481 1.25404 


.967191 17 


44 


.186241.98250, 


.20336 


.97910,1 .22041 


.97541 


.23740 


.97141 1 .25432 


.967121 16 


45 


.18652 '.98245! 


.20364 


.97905' .22070 


.97534: 


.23769 


.97184 1 .25460 


. 96706 < 15 


46 


.18681 


.98240 


.20393 


.97899 .22098 


.97528 


.23797 


.97127; .25488 .96697: 14 


47 


.18710 


.98234 


.20421 


.97893 .22126 


.97521 


.23825 


.971201 .255161.966901 13 


48 .18738 


.98229, 


.20450 .97887,;. 22155' 


.97515 


.23853 


.97113 


.255451.96682; 12 


49 


.18767 


.98223,1.20478 .97881 


.22183 


.97508 


.23882 


.97106 


.255781.96675 11 


50 


.18795 


.98218 .20507 


.97875 


.22212 .97502 

1 


.23910 


.97100 jj. 25601 .96667, 10 | 


51 


.18824 


.98212 ' .205a5 


.97869 


.22240 .97496 


.23938 


.97093! 


.25629 .96660; 9 


52 


.18852 


.98207 .20563.97863 


.22268 .97489 


.23966 


.97086, 


.25657 .96653, 8 


53 


.18881 


.98201 .20592 .978571 .22297 .97483 


.23995 


.970791 


.25685 .96645' 7 


54 


.18910 .98196, .20620 .97851 


.22.325!. 97476 


.24023 


.97072 


.25713 .96638 6 


55 


.189381.98190 


.206491.97845 


.22353 .97470 


.24051 


.97065 


.25741 .966801 5 


56 


.18967 .98185 


.206771.97839 ! .22382 .97463 


.24079 


.97058, 


.25769 .90623; 4 


57 


.18995 .98179 


.20706;. 9783:3 .22410 .97457 


.24108 


.97051 


.25798 .96615; 3 


58 


.19024 


.98174 ',.20734 1.97827 .224381.97450 


.24136 


.97044 


.25826 .96608, 2 


59 


.I9a52 


.981681 .207631.978211 .224671.97444, 


.24164 


.97037 


.25854 .96600! 1 


60 


.19081 .98163 
Cosin Sine 


' .20791 
Cosin 


.97815 


.22495;. 97437 


.24192 
Cosin 


.97030 


.25882 
Cosin 


.96593 


_0 


t 


Sine 


Cosin 


Sine \ 


Sine 


Sine 


/ 


• 


79** 


71 


JO 770 


76° 1 


76° 



TABLE XX.-SINES AND (X)SINK3. 



?Al 



1 


15° 1 


16° 


17° 


18° 


19° 


/ 


f 


Sine Oosini 


, Sine Cosin 


' Sine 


Cosin 


Sine j Cosin 


Sine Cosin 


. .25883 .1W593 


.27.564 .9612() 


: . 29237 . 95()3'J . »)902 ' . 951 m 


.;i2.557,:m52i 60 I 


1 . 25910 '.9t)585 


.27592 .96118 


. 29265 . i»5C22 . 305W9 , . 95C 7 


.liiJ5H4 


.94542 59 


2 ' .25938 .96578 


.27620 .96110 


, . 29293 . 95613 . 30957 ' . 95088 


.32612 


.94533 58 


8 .25966 .96570; 


.27648 .96102 


.29321!. 95605 .;W985 


.95075* 


.32639 


.945213' 57 


4 ' .25994 .96562 


.27676 .96094 


.293481.95596 .31012 


.95070 


.32667 


.94514 56 


5 .26022 .96555 


.27704 .96086 


'.29376 


.95588 .31040 


.95061 


.32694 


.94504 


55 


6 .26050i.96M7 


.27731 .96078 


.29404 


.95579 .31068 


.95052 


.32722 


.94495 


54 


7 


.260791.96540 


.27759, -96070 


.29432 


.95571 .31095 


.95043 


.32749 


.94485 


53 


8 


.26107;. 96532 


.27787 .96062 


.29460 


.95562 .31123 


.950{« 


.32777 


.94476 


52 


9 


.261351. 96524 i 


.27815 .96054 


.2W87 


.95554 .311.51 


.9.5024 


.32804 


.94466 


51 


10 


.26163 


.96517 


.27843 .96040, 


1 .29515 


.95545 .31178 


.95015 


.32832 


.94457 


50 


11 


.26191 


.96609 


.27871 '.960371 


,.29543 


.95536 .312061.95006 


.32859^.94447 


49 


12 


.26219 


.96502' 


.278991.96029 


'.29571 


.95528 .31233 '.94997 


.328871.94438 


48 ^ 


13 


.26247 


.96494 


.27927 .96021 


1.29599 


.95519 .31261 1.94988 


.32914 .94428 


47 


14 


.26275 


.96486 


.27955. 96013 


.29626 


.95511 .31289 .94979 


.J^2942,. 94418 


46 ' 


15 


.263031.96479 


.27983 .96005 


1.29654.95502 .31310.94970 


.32969 .94409 


45 


16 


.26331 .96471 


.28011!. 95997 


,.29682.95493 . 31 ;W4 .94961 


.325)97 .94399 


44 i 


17 


.26359 .96463 


.28039 .95989. 


1 .29710 .95485 ' .31372 .94952 


.;^;3024 .94390 


43 ' 


18 


.26387 .96456 


.28067 .95981; 


: . 29737 ' . 95476 . 31399 . 94943 


.3J3051 .94:380 


42 i 


19 


.26415 .96448 


.28095 .95972' 


' . 29765 . 95467 . 31427 , . 945)3.3 


, .33079. 943701 41 


ao 


.26443 .96440 

1 


.28123 .95964 

1 


, .29793 .95459 .31454 .949*^ 


.33106 .94301 40 


21 


.26471 .96433 


.28150 '.95956 


.29821 .9r>450' . 31482 '.^915 


.asm'. 94351 39 


22 


.26500 


.96425 


.28178 .959481 


! .298491 .9M41 ; ' .31510 .94906 


.33161 .94342 38 


23 .26528 


.964171 


.28206!. 95940! 


.298761.95433 .31537 ,.94897 


.:«189,.943:iJ 37 


21 


.265561.96410' 


.28234 '.959311 


.29904 


.954241,. 31565;. 94888 


. 33216. 9432;2! 36 


25 


.26584 


.96402; 


.28262;. 95923 


.29932 


.95415 .31593,. 94878 


.33244 .94313 35 


26 


.86612 


.96394 


.282901.95915 


.29960 


.95407,1.31620 


.94869 


>. 33271 .9-4303 34 


27 


.26640 


.96386 


.283181.95907 


.29987 


.95398 .31048 


.94860 


.33298 .&429;3 33 


28 


.26668 


.96379 


.28346 .95898 


.30015 


.95389, .31675 


.94851 


.33326 .942^^1 32 


29 


.26696 


.963711 


.28374 


.95890 


.30043 


.95380 .31703 


.94842 


.3;«53,. 94274. 31 


SO 


.26724 


.96363 


.28402 


.95882 


.30071 


.953ra .81730 


.94832 


.83381 


.94264 


30 


31 


.26752 


.96355 


.28429 


.95874 


.30098 


.95363! .31758 


.94823 


.33408 


.94254 


29 


32 


.26780 


.96347 


.28457 


.95865 


.30120 


.95354' .31786 


.94814 


.313436 


.94245 28 


S3 


.26808 


.96340 


.28485 


.95857 


.301541.953451,. 31813 


.94805 


.33463 


.94235 27 


&4 


.26836 


.96332 


.28513 


.95849 


.30182 '.95337 '.31841 


.»4795 


.83490 


.94225, 26 


35 


.26864 


.96324 


.28541 


.95841 


.30209 


.95328 1 .81868 


.94786 


.33618 


.94215125 


36 


.26892 .96316' 


.28509 


.95832 


.30237 


.95319 ' .31896 


.94777 


.33545 


.94200, 24 


37 


.26920 .96308 


.28597 


.95824 


1.302651.95310 .31923 


.94708 


.33573 .94190: 23 


38 


.26948 .96301 


.28625 '.95816 


1.30292 .95301' .31951 


.94758 


.33600 .94186 22 


39 


.26976 


.9(5293 


.28652 '.9.->H07 


.30320 .95293 .31971) 


.94749 


.33627 .94170:21 


40 


.27004 


.96285 

1 


.28680 95799 


.30348 .952^ .32000 

1 


.94740 


.33055 .94167 20 


41 


.27032 


.9627?' 


.28708 .95791 


.30376'. 95275 '.32034 


.94730 


.83682 .94157 19 


42 


.270601.96269 


.28736 .957821 


'.30403.95260 .32061 


.94721 


.33710 .94147' 18 


43 


.27088 .96261 


.28704 .957741 


.304311.95257 .32089 


.94712 


.38737 .94137 17 


44 


.27116 


.96253 


.28792 .95766 


1 .30459 .95248 .32116 


.94702 


.33764 .94127' 16 , 


45 


.27144 


.96246 


.28820 .95757 


1.30486 '.95240, .32144 


.94693 


.33792 .94118' 15 


46 


.27172 


.96238 


.28847 .9.5749! 


.30514 .95231 ',.32171 


.94084 


.33819 .94108, 14 


47 


.27200 


.96230 


.28875 .95740' 


' .80542 .95222 


.32199 


.94674 


.338461.94098' 13 1 


48 


.27228 


.96222 


.28903 .95732, 


.30570 .95213 


.82227 


.94665 


.83874 .94088 12 ' 


49 


.27256 


.96214 


.28931 .95724: 


.805971.952041 


.82254 


.&4656 


Vmi .94078! 11 


50 


.27284 


.96206 


.28959 .957151 


.30625 


.95195 , .82282 


.9464U 


.33929 


.94008 


IJ . 


51 


.27312 


.96198' 


.28987 '.95707 


.30653 


.951861 


.32309 


.94637 


' .83956 


.94058 


9 


52 


.27340 


.96190 


.29015 .95698 


.30680 


.95177; 


.82337 


.94627 


1 .33983 


.94049 


8 : 


53 


.27368 


.96182 


.29042 .95690 


.30708 


.95168 


.82364 


.94618 


1.34011 


.94039 


7 ! 


54 


.27396 


.96174 


.29070 .95681 


.30736 


.95159 


.82.392 


.94609 


.34038 


.94029 


6 


55 


.27424 


.96166 


.29098 .9.5073 


.30763 


. 95150 1 


.32419 


.94599 


.34065,. 94019 


5 


56 


.27452 .96158 


.29126 .95664 


.30791 


.95142 


.32447 


.94590 


.340931.94009 


4 


57 


.274801.96150 


.29154 .95656 


.30819 


.95133 


.32474 


.93580 


.341201.93999 


3 


58 


.275081.96142 


.291821.95647 


.30846 


.95124 


.32502 


.W571 


.34147 .93989 


2 ; 


59 


.27536. 96134 


.29209. 95639 


.30874 '.95115 


.32529 


.94561 


.841 75 .93979 


1 1 


60 
/ 


.27564 


.961261 
Sine 


.29237 .95630; 
Cosin ' Sine ' 


.309021.95106 .32557 
Cosin Sine Cosin 


.W552 
Sine 


.34202 .93969 
Cosin Fine 


_o ; 


CosiD 


1 




74° 1 


78° 1 


72° i 71° 


to° 





Bl: 



TABLE XX.— SINES AND COSINES. 



/ 


2a«> 


210 


22* 


22 


Cosin 


24» 1 


 1 


Sine 


Cosin 


Sine Cosin 


Sine Cosin. 


Sine 1 


Sine Cosin ' 


W 


"o 


."34202 


.93969 


.35837 . 9(3:358 


.37401 .92718 


.39073 .m-JOJ 


.40674 .91.35,5 60 1 


1 


.34229 


.93959 


.a>8(>4 .93*48 


.37488 .92707 


.39100 .920391 


.40700 .91343 59 


2 ; .34257 


.93949 


.35891 .933371 


.37515 .92697 


.39127;. 92028 1 


.407*27 .91331 58 


3 .34284 


.93939 


.35918 .93327! 


.37542. 92686 


.39153 '.92016 


.40753 .91319 57 


4 


.34311 


.93929 


.35945 .93310 


1.37509. 92675 


.39180 .92005 


.40780 .91307 56 


5 


.34339 


.93919 


.35973 .93306 


1.37595 .926641 


.39207 1.91994 


.40800 .91295 55 


6 


.34366 


.93909 


.36000 .93295 


.37622. 92653 1 


.39234 '.91982. 


.40833 .91283 54 


7 


.34393 


.93«99 


.36027 .93285 


.37&49 1.920421 


.39260 .919711 


.40860 .91272 53 


6 


.34421 


.93889 


.36054 .93274 


.37070 .920311 


.39287 


.91959, 


.40(>80 .91260 52 


9 


.84M8 .9;i879: 


.30081 1.93204 


.37703 


.92620 


.39314 


.91948 


.40013 .91248 51 


10 


.344:5 .93809, 


.30108 .93253 


.3VV30 


.92609 


.39341 


.91936 


.409£0 .91236, 50 1 


11 


.34503 .93859 


.301 35 .93243 


.37757 


.92598 


.39867 


.91925 


.40900 


.91204 4'^ 


12 


.34:330 .9as^io 


.30102 .932:32 


.37784 


.92587 


.39394 


.91914 


.40992 


.91212 4S 


13 


.34.^7 


.93839! 


. 30 15K)'. 93222 


.37811 


.92570 


1 .39121 


.91902 


.41019 


.91200 ^:r 


14 


.34584 


.93829' 


! .3(5217 .93211 


.378:38 


.92505 


.39448 


.91891 


.41045;. 91 1P8 4i) 


15 1 .34012 


.93819 


.30244 .93201 


.37805 


.9255^4 


.39474 


.91879 


.41072 .9lV4ti 4(> 


16 1 .^0:39 


.9:3809 


i .;302;i 1.93 190 


.37892 .92543 


1.39501 


.91868 


.41098 


.91164 .J4 ' 


17 .346GG 


.93799 


'. 30298 '.a3180 


.37919 .92532 


1.39528 


.918561 


.41125 


.91152 43 


18 .31094 


.m7S0 


; .30:325 .9:3l(\9 


.:37940 .92521 


' .39555 .91845 


.41151 


.91140 42 


19 .34721 


.93779 


.30:352 .93159 


.37973 .92510 


1.39581 .918:33 


.41178 


.91128 41 


20 .34748 

1 


.93709 


.30379 .93148, 


.37999 .92499 


.39608 .91822 

1 


.41204 


.91116 40 


21 '34775 


.a3750 


.3(>400 .93137 


.38026 .92488 


.89635 .91810 


.41231 


.91104 39 


22 . 34803 ;.93;'48, 


.30434 .93127 


. 38053 '.924YV 


.390011.91799 


. .41257 


.91091* .38 


23 .34830 


.937:«, 


.30401 


.93110 


.38080!. 92466 


.39088 .91787, 


.41284 


.9lCJev» 37 


24 .34857 


.93?28 


,.30488 


.93106 


.381071.92455 


. .39715 .91775 


.41310 


.91068 36 


25 .348K4 


.93718 


1. 30515 .9:3095: 


.38134 ' .92444 


; .39741 


.91704 


.41337 


.91056 35 


26 


.34912 


.93708 


.30,>42 1.93084; 


.38101 1 .92432 


.39768 


.917521 


.41303 


.91044 34 


27 


.34939 


.93698. 


.3()509 .93074 


.38188 .92421: 


.39795,. 91 741 


.4i:i5K) 


.910:32 33 


28 


.34906 


.93088 


.30590 .930(J3 


.38215 .92410 


.39822 


.91721» 


.41416 


.91020 32 I 


29 


.3-4993 


.93077 


.3002:3 .93052 


i .::8241 .92399 


.3984i^ 


.91718 


.41443 


.91008 31 


80 


.35021 


.93667 


.30650 


.93042 


.38268 .92388 

1 


.398751.1,1700 


. 41469 j. 90996 30 | 


31 


.35048 


.93657 


.36077 


.93031 


.38295 '.92377 


!. 39902 '.91 094 


.41496 


.909^4 29 


32 


.35075;. 93047 1 


1 .30704 


.9:3020 


.38:3!C2 .92366 


.39928 .91Gf«8 


1.41522 .90972 18 


33 


. 35102. 936;37 


.30731 


.93010 


.38^49 .92355 


.39955 .91071, 


. 41549 i.9u960 27 


34 


.35130 


.93620 


.30758 


.92999 


.38376. 92343 


;. 39962 .91 COO, 


.41575 .90948 26 


35 


.35157 


.93616 


.30785 


.92988 


, .38403 .92332 


.40006 .91048 


.416«J2 1.90936 25 


36 


.35184 


.93606 


1 .30812 


.92978 


.381301.92321 


.40035 .91630 


.41028 .90924 '34 


37 


.35211 


9359G 


:. 30.^39 .92967 


.38456 .92310 


.400621.91025, 


.416.05 .90911 23 


38 


.35239 


.93585 


.308071.92956 


.384831.92299 


.40088 


.91613 


,.41 081 i. 90899 22 


89 


.35266;. 93575 


.30894 


.92945 


.3&510'. 92287 


.40115 


.91601 


i. 41707 ;.9088T 21 


40 


.35293 


.93565 


.30921 


.92935 


.38537 .92276 


.40141 


.91590 


.41734 .90875 20 


41 


.35320 


.9355.5 


.30948 .92924 


.38564 .92265 


.40168 


.91678 


.41760 '.90863 !9 


42 


.35347 


.93544 


.309751.92013 


.38591 


L922M 


.40195 


.91566 


.41787. 90661 1] 


43 


.35375 


.93534 


.37002:. 92902! 


.38017 


.92243 


.40221 


.91555 


.41813 .90839 1/ ' 


44 


.35402 


.93524 


.370291.92892 


.38044 


.92231 


.40248 


.91543 


.41840 .90f'26 IC 


45 


.35429 


.93514 


.37056 .92881 , 


1 .3oG71 


.92220 


.40275 


.91531 


.41^60 .90814 15 


46 


.35456 


.93503 


.37083 .928701 


! .38098 


.92209 


.40301 


.91519 


.41892 .90802 14 


47 


.35484 


.93493 


.37110 .92a-)9 


' .38725 


.92198 


.40328 


.91508 


.41919 .90700 13 


48 


.35511 


.9:^83 


.3;i:J7,.92849' 


.38752. 92186 i 


.40355 


.91496 


.41945 .90778 12 


49 


.35538 .93472 


.37104 .928:38; 


.38778 .92175 


.4a381 


.91484 


.41972 .90766 11 


50 


.35565 .93462 


.37191 

1 


.92827 


.38805 .92104' 

1 


.40408 .91472. 


41998^.90753 10 . 


5^ 


.35592 .93452 


.37218 


.92816 


.38a32 .92152 


.40434 .91461 


.42024'. 90741 9 '• 


52 


.35619 .93441 


.37245 


.92805 


.38859 .921411 


.404611.91449 


.42051. 90729 8 


53 


.35647 


.93431 


.37272 


.92794 


.38880 .92130' 


.40488 .91437 


I .42077 .90717 7 


M 


.35674 


.93420 


1 .37299 


.92784 


.38012 .92119; 


.40514 .91425 


1.42104 .90704 6 


55 


.35701 


.93410 


.37326 


.92773 


.38939 .921071 


.40541 ' .91414 i 


,42130 .90692 5 


56 


.35728 


.93400 


.37353 


.92762 


1 .389661.92096! 


.40567 .91402, 


.42156 .906801 4 


57 


.35756 


.93389 


.37380 


.92751 


' .38993 .92085 


.40594 .91390 j 


.42183 .906681 3 


58 


.35782 


.93379 


.37407 


.92740 


.390201.92073 


1.40621 .913781 


.42209 .90655 2 


69 


.35810 


.93368 


.37434 


.92729 


.39046. 92062 


.40647 .91366 


.42285. 90643 


1 


60 


.35a37 


98,358 
Sine 


.37461 
Cosin 


.92718 
Bin© 


.39073 .920.50 1 
Cosin , Sino 1 


.40674 .9ia55 
Cosin Sine 


.42262 
1 Cosin 


^90^1 

Sine 





Cosin 


/ 


es^ 1 


68« 


1 67» 


66» 


66<» 


i 



TABLE XX.- SINES AND COSINES. 



3-1 R 



a 


25'> 


/ 


Sine 


Cosin 


"o 


.42262 


.90631 


1 


.42288 


.90618 


2 


.42315 


.90606 


3 


.42341 


.90594 


4 


.42367 


.90582 


5 


.42394 


.90569 


6 


.43420 


.90557 


7 


.42146 


.90545 


8 


.42473 


.90532 


9 


.42499 


.90520 


10 


.42525 


.90507 


11 


.42552 


.90495 


12 


.42578 


.90483 


13 


.42604 


.90470 


14 


.42631 


.90458 


15 


.42657 


.90446 


16 


.42683 


.90433 


17 


.42709 


.90421 


18 


.42736 


.90408 


19- 


.42762 


.90396 


20 


.42788 


.90383 


21 


.42815 


.90371 


22 


.42841 


.90358 


23 


.42867 


.90346 


24 


.42894 


.90334 


25 


.42920 


.90321 


26 


.42946 


.90309 


27 


.42972 


.90296 


28 


.42999 


.90384 


29 


.43025 


.9^271 


30 


.43051 


.90259 


31 


.43077 


.90246 


32 


.43104 


.90333 


33 


.43130 


.90221 


34 


.43156 


.90203 


35 


.43182 


.90196 


36 


.43209 


.90183 


37 


.43235 


.90171 


38 


.43261 


.90158 


39 


.43287 


.90146 


40 


.43313 


.90133 


41 


.43340 


.90120 


42 


.43366 


.90103 


43 


.43392 


.90095 


44 


.43418 


.90032, 


45 


.43445 


.90070 


46 


.43471 


.90057 


47 


.43497 


.90045 


48 


.43523 


.90033 


49 


.43549 


.90019 


50 


.43575 


.90007 


51 


.43602 


.89994 


52 


.43628 


.89981 


53 


.43654 


.80938 


54 


.43680 


.89956 


55 


.43706 


.89943 


56 


.43783 


.899.30 


57 


.43759 


.89918 


58 


.43785 


.89905 


59 


.43811 


.89892 


60 


.43837 


.89879 


/ 


Cosin 


Sine 




& 


l« 



26< 



Sine^ 

43837 
43863 
43889 
43916 
43942 
43968 
43994 
44020 
44046 
44072 
44098 

44124 
44151 
44177 
44203 
44229 
44255 
44281 
44307 
44333 
44359 

44385 

44411 
44457 
44464 
44490 
44516 
44542 
44568 
44594 
44620 

44646 
44672 
44698 
44724 
44750 
44776 
44802 
44828 
44854 
44880 

44906 
44932 
44958 
44034 
45010 
45033 
45063 
45088 
4:)114 
45140 

45166 
45192 
45318 
45343 
45369 
45205 
45321 
45347 
45373 
45399 

Cosin 



Cosin 

789879 
.89867 
.89854 
.89841 
.89828 
.89816 
.89803 
.89790 
.89777 
.89764 
.89752 

.89739 
.89726 
.89713 
.89700 
.89687 
.89674 
.89662 
.89649 
.89636 
.89623 

.89610 
.89597 
.89584 
.89571 
.89558 
.89545 
.89532 
.89519 
.89506 
.89493 

.89480 
.89467 
.89454 
.89441 
.89428 
.89415 
.89402 
.89389 
.89376 
.89363 

.89350 
.89337 

.83334 
.89311 
.89298 
.80385 
.80272 
.80259 
.80245 
.89232 

.89219 
.80203 
.80193 
.89180 
.89167 
.89153 
.89140 
.89127 
.89114 
.89101 

Sine 



II 



(ii^* 



27* 



Sine 

.45399 
.45425 
.45451 
.45477 
.45503 
.45539 
.45554 
.45580 
.45606 
.45632 
.45658 

.45684 
.45710 
.45736 
.45762 
.45787 
.45813 
.45839 
.45865 
.45891 
.45917 

.45942 
.45968 
.45994 
.46020 
.46046 
.46072 
.46097 
.46133 
.46149 
.46175 

.46201 
.46226 
.46252 
.46278 
.46304 
.46330 
.46355 
.46381 
.46407 
.46433 

.46458 
.46484 
.46510 
.46536 
.46561 
.46587 
.46613 
.46639 
.46664 
.46690 

.46716 
.46742 
.46767 
,46793 
.46819 
.46844 
.46870 
.46896 
.46921 
.46947 



Cosin 



U2 



Cosin 

^89101 
.89087 
.89074 
.89061 
.89048 
.89035 
.89021 
.89008 
.88995 
.88981 
.88968 

.88955 
.88942 
.88928 
.88915 
.88902 
.88888 
.88875 
.88862 
.88848 
.88835 

.88822 
.88808 
.88795 
.88782 
.88768 
.88755 
.88741 
.88738 
.88715 
.88701 

.88688 
.88074 
.88661 
.88647 
.886^1 
.88620 
.88607 
.88593 
.88580 
.88566 

.88553 
.88539 
.88526 
.88512 
.88499 
.88485 
.88472 
.88458 
.88445 
.88431 

.88417 
.88404 
.88390 
.88377 
.88363 
.88349 
.88336 
.88322 
.88308 
.88295 

Sine 

0!O 



28« 



Sine ! Cosin 



46947! 

46973: 

46999 

47024 

47050 

47076 

47101 

47137 

47153 

47178' 

4?204 

47229 

47255 
47281 
47306 
47333 
47358 
47383 
47409 
47434 
47460 

47486 
47511 
47537 
47503 
47588 
47014 
47G39 
47065 
47090 
4m6 

47741 
47767 
47793 
47818 
47844 
47869 
47895 
47930 
47946 
47971 

47997 
48033 
48048 
48073 
48099 
48124 
48150 
48175 
48301 
48226 

48252 

48277 
4a303 
48328 
48354 
48379 
48405 
48430 
48456 
48481 



.88395 
.88^:81 
.88307 
.88354 
.8S340 
.88336 
.88313 
.83199 
.88185 
.88172 
.88158 

.88144 
.88130 
.88117 
.88103 
.88089 
.88075 
.88062 
.88048 
.88034 
.88030 

.88006 
.87993 
.87979 
.87965 
.87951 
.87937 
.87933 
.87909 
.87896 
.87882 

.87868 
.87854 
.87840 
.87826 
.87812 
.87798 
.87784 
.87770 
.87756 
.87743 

.87729 
.87715 
.87701 
.87087 
.87673 
.87059 
.87645 
.87031 
.8TC17 
.87603 

.87589 

.87561 

.87546 

.87532 

.87518 

.87504! 

.874901 

.874761 

.67462 



29"= 



Sine Cosin 



Cosin 
61^ 



Sine 



.48481 
.48506 
.48532 
.48557 
.48583 
.48608 
.48634 
.48659 
.48684 
.48710 
.48735 

.48761 
.48786 
.48811 
.48837 
.48862 
.48888 
.48913 
.48938 
.48964 
.48989 

.49014 
.49040 
.49065 
.49090 
.49116 
.49141 
.49166 
.49192 
.43317 
.49242 

.49268 
.49293 
.49318 
.49344 
.49369 
.49394 
.49419 
.<L9445 
.49470 
.43495 

xz:m 

.49546 
.49571 
.49596 
.49622 
.49647 
.49672 
.40697 
.43723 
.49748 

.49773 
.40798 
.49824 
.40849 
.49874 
.49899 
.49924 
.49950 
.49975 
.50000 



Cosin 



.87403 
.87448 
.87434 
.87430 
.87406 
.87391 
.87377 
.87363 
.87349 
.87335 
.87321 

.87306 
.87292 
.87278 
.8?364 
.87250 
.87235 
.87321 
.87207 
.87193 
.87178 

.87164 
.87150 
.87136 
.87121 
.87107 
.87093 
.87079 
.87064 
.87050 
.87036 

.87021 
.87007 
.80993 
.80978 
.80964 
.86949 
.80035 
.F':331 

.r iooo 

.86892 

.CG878 
.86863 
.86849 
.80834 
.80820 
.80805 
.86791 
.86777 
.80762 
.80748 

.86733 
.80719 
.86704 
.86690 
.86675 
.86661 
.86646 
.86632 
.86617 
.86603 



Sine 



6D« 



p«^«apB^i^ 
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TABLE XX.- SINES AND COSINES. 




1 

2 
S 
4 
5 
6 
7 
8 
9 
10 



80« 



31' 



I' 



32« 



83' 



Sine Cosini Sine Cosin" Sine Cosin Sine Cosin 



.50000 

.50050 
.50070 
.50101 
.50126 
.50151 
.50175 
.50201 

.50252 



11 
12 
13 
14 
15 
16 
17 
18 



21 '.50528 

22 .50553 
? 23 '.50578 

24 .50003 
25' 50628 

26 .50654 

27 1 .50679 

28 .50704 



.50277 
.50302 
.50327 
.5a352 
.50377 
.50403 
.50428 
.50453 

19 ! .50478 

20 .50503 



29 
30 

31 
32 
33 
34 
35 
36 
37 
38 
39 
40 

41 
42 
43 
44 
45 
46 
47 
48 
49 
50 

61 
52 
53 
54 
55 
56 
57 
58 
59 
60 



.50729 
.50754 

.50779 
.50804 
.50829 
.50854 
.50879 
.50904 
.50929 
.50954 
.50979 
.51004' 

..51029' 

.51054' 

.51079] 

.51104 

.51129' 

.51154 

.51179 

.51204 

.51229 

.51254 

.51279 
.51304 
.51329 
.51354 
.51379 
.51404 
.51429 
.51454 
.51479 
.51504 



Cosin 



59« 



.86003 
.86588 
.86573 
.86559 
.8654-4 
.RG530 
.fK>515 
.86501 
.86486 
.86471 
.8W57 

.86442 
.86427 
.86413 
.8639S 
.8<);}84 
.86300 
.86354 
.86;W0 
.8():i25 
.80310 

.86295 
.86281 
.86206 
.86251 
.86237 
.86222 
.80207 
.P6192 
.80178 
.86163 

.86148 
.86133 ' 
.86119 I 
.86104 
.80089, 
.86074 
.86059 
.86045 

.8Co-:;o 

86015^ 

.86000' 
.851)0 
.85;)V0 
.85:)56 

.8:)Wi 

.85926 
.!-i5911 
.a5896 
.&5881 
.85868, 

.85851 

.85a36| 

.85821 

.85806 

.85792 

.85777 

.85762 

.85747 

.«)732 

.85717 

Sine' 



.51504 

.515^>9 

.51554 

..51579 

.51001 

.51028 

.51053 

.51678 

.51703 

..51728' 

.51753' 



.51778 
.51803 
.511^23 
.51852 
.51877 
.51902 
.51927 
.51952 
.51977 
.52002 

.52026 
.52051 
.52070 
.52101 
.52126 
.52151 
.52175 
.52200 
.52225 
.52250 

.52275 

.53.324 
.52349 
.52374 
.521399 

.52448 
.52473 
.52498 

.52522 
..52547 
.52572 
.52597 
.52621 
.52646 
.52071 
.52096 
.52720 
.52745 

.52770 
..52794 
.,52819 
.52844 
.52809 
.52893 
.52918 
.52943 
.52967 
.52992 



Cosin 



.8.5717 

.85702 

.85687 

.85672 

.i5C57 

.85042 

.8.5027 

.85012 

.85597, 

.8.5.5vS2, 

.85567 

.85551 

.85.530 

.855211 

.85506 

.854911 

.85476 

.85461 

.85446 

.8>431 

.85410 

.85401 

.85;}[v5 

.85370 1 

.85355' 

.85340 

.85325 

.85310 

.85294 

.85279 

.85261 

.85249 

.852:34 

.85218 

.852031 

.85188 

.85173 

.85157 

.85142 

.85127 

.85112, 

.85096' 

.85081 

.85066 

.85051 , 

.85035, 

.85020 

.85005 

.84989 

.84974 

.84959 

.84943! 

.84928! 

.84913 

.84807 

.84882 

.84800 

.84851 , 

.84836 

.84820 

.84805 

Sine 



68° 



52992 

53017 

53041! 

53006' 

5.3091 

53115 

53140 

5.3104 

53189 

.5321 4 

53238 

53263* 

53288: 

5:3312 

53337' 

533611 

53386 

5.3411 

534:35 

53400, 

5a484' 

53509' 

53o;34' 

53558 

53583 

53007 

53032 

5:3056 

53681 

53705 

53730 

537.>4' 
53779 

5.38041 

53828 

53853' 

538771 

53902, 

53926 

53951 ; 

53975 

54000 
54024 
54049 
54073 
54097 
64122 
54146 
54171 
54195 
54220 

54214! 

542091 

542931 

54:317 

54:342 

54366 

54.391 i 

54415 

54440 

54464 



.84805 
.84789 
.84774 
.84759 
.84743 
.84728 
.84712 
.84097 
.84681 
.840<)0 
.84050 

.84635" 

.84019 

.84004 

.84588 

.84573 

.84.557 

.84542 

.84526 

.84511 

.84495 

.84480 

.84404 

.84448 

.84433 

.84417 

.84402 

.84386 

.84370' 

.84:355 

.84339 

.84.324 
.84306 
.84292 
.84277 
.84201 
.84245 
.84230 
.84214 
.84198 
.84182 

.84167' 

.841511 

.841351 

.84120 

.84104! 

.84088 

.84072 

.84057 

.84041 1 1 

.84025 ' 

.84009;' 

.83994 

.839781 

.83902 

.83946 

.83930 

.83915 

.83899 

.83883; 

.838071 



54464 

54488 

54513 

51537 

54501 

54586, 

54610 

54635 

54659 

54083 

54708 

54732 

54756 

54781 

54S05' 

54829 

54854 

54878 

54902 

[ 4927 

54951 

54975 
54909 
550:24 
55048 
55072 
55097 
55121 
55145 
55109 
55194 

55218 

55242 

r52C6 

55291 

55315 

55339 

55303 1 . 

55388 , 

55412' 

55436 

55460' 

55484, 

55509; 

5b533; , 

555571 

555811 

55605; 

556301 

556541 

55078' 

55709 
5.5726 
55750 
55775 
55799 
5.5823 
55847 
55871 
55895 
55919 



84' 



I 

Sine ICJosin ' 



- / 



Cosin I Sine ' ! Cosin 



.83807 
.83851 
.83835 
.83819 
.83804 
.83788 
.83772 
.83750 
.83740 
.83724 
.83708, 

.83692 

.83070 

.83000 ! 

.83645 ' 

.83629 

.83613 

.83597 1 

.83581, 

.83505 

.63549' 

.83533 

.83517 

.83501 

.83485 

.8^469 

.83453 

.8^437 1 

.83421 ! 

.8^405 

.83389 

.83373 
.83356 
.83340 I 
.83324 I 
.83308 
.83292 I 
.83270 I 
.832C0 I 
.83244 ! 
.83228 

.83212 ' 

.83195 

.83179 

.83163; 

.83147: 

.83131 ' 

.83115 , 

.83098 ' 

.83062 

.83066 

.83050 ! 

.83034 ' 

.8:3017 

.83001 

.82985 

.82969 

.829.53 

.82936 

.82920 

.82904 



55919 
55943 
55968 
55992 
50010 
56040 

mm\ 

56088 
56112 
561 :30 
56100 

56181 
50208 
56232 
56250 
56280 
56305 
66329 
56353 
50377 
66401 

66425 
56449 
56473 
56497 
66521 
66545 
66.569 
66593 
66617 
66641 

66665 
66689 
66713 
66736 
56700 
56784 
56808 
50832 
56856 
56880 

56904 
56928 
56952 
50976 
57000 
57024 
5^47 
57071 
57095 
57119 

B7143 
57167 
57191 
57^215 
57238 
57262 
57286 
57310 
67a34 
57358 



82904 60 

82887 .nq 

82871 58 

82855 57 

82839 50 

82822 5.5 

82806 51 

82790 :j\ 

82773 r> 

82757 51 

82741 50 



Sine 



57^ 



66° 



Cosin 



.827^ 
.82708 
.82692 
.82675 
.82659 
.82643 
.82626 
.82610 
.8259.3 
.82577 

. 82561* 

.82544 

.82528 

.82511 

.82495 

.82478 

.82462 

.82446 

.82429 

.82413 

.82396 

.82380 
.8236:3 
.82347 
.82330 
.82314 
.82297 
.82281 
.82264 
.82248 

.82231 
.82214 

821 98 
.82181 
.82165 
.82148 
.82i:i2 
.82115 
.82098 
.82082 

.82065' 

.82048 
.82032 
.82015 
.81999 
.81982 
.81965 
.81949 
.81932 
.81915 

Sine 



49 
48 
47 
4») 
45 
44 
4;3 
42 
41 
40 

39 

Si 

37 
«>.■• 

XJ\J 

35 
34 
33 
32 

31 
30 

29 

28 

27 

26 

25 

24 

23 
•■>•> 

21 
20 

19 
18 
17 
16 
15 
14 
13 
12 
11 
10 

9 
8 
7 
6 
5 
4 
3 
2 
1 




66< 



U 



Table xx.-sikes anI) cosines. 
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36° 1 


36° 


37° 1 


%i 


1° 
Cosin 


39° 1 


/ 


/ 


Sine Cosin 


Sine 1 Cosin 

.58779 .80902 


Sine 
.60182 


1 
Cosin ! 

^798641 


Sine 


Sine 
.62932 


Cosin 


"0 1^573581:81915] 


.61566 .78801 


.VVYi5 


80 


1 1 .573811.81899 


.58802 .80885 i 


.60205 


.798461 


.615891.78783 


.62955 


.77696 59 


2 , .57405 .81882 


.58826 .80867 


.60228 


.79829 


.61612. 78765 


.62977 


.77678' 58 


8 .574291.81865 


.58849 


. 80850 1 


.60251 


.79811 


.61635 


.78747' 


.63000 


.77660 57 


4 


.574531.818481 


.58873 


.808331 


.60274 


.79793 


.61658 


.78729 


.63022 


.77641 


56 


5 


.57477 


.81832 


.58896 .80816 


.60298 


.79776; 


.61681 


.78711 


.63045 


.77623 


65 


6 


.57501 


.81815 


.58920 .80799 


.60321 


.79758 


.61704 


.78694 


.63068 


.77605 


54 


7 


.57524 


.81798 


.58943 


.80782; 


.60344 


.79741, 


.61726 


.78676 


.63090 


.77586 


53 


8 


.57548 


.81782 


.58967 


.80765: 


.60367 


.79723' 


.61749 


.78658 


.63113 


.77568 


52 


9 


.57572 


.81765 


.58990 


.80748! 


.60390 


.79706 


.61772 


.78640' 


.63135 


.77550 


51 


10 


.67596 


.81746 


.59014 


.80730 


.60414 


.79688 


.61795 


.78622 


.63158 


.77531 


50 


11 


.57619 


.81731 


.59037 


.80713 


.60437 


.79671 


.61818 


.78604 


.63180 


.77513 


40 


12 


.57643 


.81714 


.59061 


.80096, 


.60400 


.796531 


.61841 


.78586 


.63203 


.77494 


48 


18 


.57667 


.81698 


.59084 


. 80679 j 


.60483 


.79635 


.01864 


.7'8568: 


.632251.77476 


47 


14 


.57691 


.81681 


.59108 


.80062 


.60506 


.79618 


.61887 


.78550; 


.63248 .77468 


46 


15 ' .57715 


.81664 


.59131 


.80644 


.60529 


.79600 


.61909 .78532 


.63271. 77489 


45 


16 • .57738 


.81647 


.59154 


.80627, 


.60553 


.79583 


.61932 .78514 


.63293 :.VV421 


44 


17 ' .57762 


.81631 


.59178 


.80610 


.60576 


.79565 


.61955 .78496 


.63316 .77402 


43 


18 


.57786 


.81614 


.59201 


.80593 


.60599 


.79547 


.61978 .78478 


.63338 .77384 


42 


19 


.57810 


.81597 


.59225 


.80576 


.60622 


.79530 


.62001 .78460 


.63361 .77366 


41 


20 


.57833 


.81580 


.69:^ 


.80558; 


.60645 


.79512 


.62024 .78442. 

1 I 


.68383 


.77347 


40 


31 


.57857 


.81563 


.59272 


.80541 i 


.60668 


.79494 


.62046^.78424' 


.68406 


.77329 


39 


22 


.57881 


.81546 


.59295 


.80524 


.60691 


.79477! 


.620691.78405 


.63428 


.778101 38 


23 


.57904 


.81530 


.59318 


.80507 


.60714 


.79459; 


.620921.78387 


.63451 


.77292 37 


24 


.57928 


.81513 


.59842 


.80489 


.60738 


.79441 


.621151.78369 


.63473 .772731 36 


25 


.57952 


.814961 


.59365 


.80472 


.60761 


.79424' 


.62138 


.78351 i 


.68496.. 77255 85 


26 .57976 


.81479 


.59389 


.80455 


.60784 


.79406 


.62160 


.78333 


.63518 .77286 84 


27 


.57999 


.81462 


.59412 


.80438 


.60807 


.79388, 


.62183 .78315 


.63540 


.772181 33 


28 


.58023 


.81445 


.59436 


.80420 


.60830 


.79371 


.62206 .78297 


.63563 


.77199 32 


29 


.58047 


.81428! 


.59459 


.80403 


60853 


.79363 


.62229 .78279 


.63585 


.77181 81 


30 


.58070 


.81412 


.59482 


.80386 


.60876 


.79335 


.62251 


.78261 


.63608 


.77162 80 


31 


.58094 


.81395 


.59506 


.80368' 


.60899 


.79318 


.62274 


.78248 


.63680 


.77144 29 


32 


.58118 


.81378 


.59529 


.80351, 


.60922 


.79300, 


.62297 


.78225' 


.63658 


.77125 28 


33 i .58141 


.81361 i 


.59552 


.80334 


.609451.792821 


.62320 


.78206; 


.68675 


.77107,27 


84 1 .58165 


.81344: 


.59576 


.80316' 


.60968 


.79264 


.62342 


.78188; 


.63698 


.77088 26 


35 .58189 


.81327 


.59599 


.80299 


.60991 


.79247 


.62365 


.78170 


.63720 


.77070125 


36 : .58212 


.81310 


.59622 


.80282; 


.61015 


.79229 


•.62388 1.78152 


.63742 


.77051 


24 


87 1. 58236 i. 81293' 


.59646 


.80264] 


.61038 


.79211' 


! .62411 


.78134, 


.63?65 


.77088 


23 


38 


.58260 .81276 


.59669 


.80247; 


.61061 


.79193 


.62433 


.78116 


.637871.77014 


22 


39 


.58283 .81259. 


.59693 


.80230' 


.61084 


.791761 


.62456 


.78098 


.63810 


.76996 


21 


40 


.58307 


.81242 


.59716 


.80212 


.61107 


.791581 


.62479 


.78079 


.63832 


.76977 


20 


41 


.58330 


.81225 


.59?39 


.80195 


.61130 


.79140' 


.62502 


.78061 


.68854 


.76959 


19 


42 


.58354 


.81208 


.59763 


.80178 


.61153 


.79122 


.62524 


.78043' 


.63877 


.76940 18 


43 


.58378 


.81191 


.59786 


.80160 


.61176 


.79105 


.62547 


.78025 


.63899 


.76921 17 


44 


.58401 


.81174 


.59609 


.80143 


.61199 


.79087 


.62570 


.78007 


.63922 .76903 16 


45 


.58425 


.81157 


.59832 


.80125 


.61222 


.79069 


.62592 


.77988 


.63944 .768841 15 


46 1 .58449 


.81140 


.59856 


.80108 


.61245 


.79051 


.62615 


.77970 


.639661.76866 14 


47 .58472 .811231 


.59879 


.80091 


.61268 


.79033 


' .626381.77952! 


.63989 


.76847; 18 


48 1 .58496 


.81106 


.59902 


.80073 


.61291 


.79016 


.62660 


.77934 


.64011 


.76828' 12 


49 


.58519 


.81089 


.59926 


.80056; 


.61314 


.78998 


.62683 


.77916 


.64033 


.76810, 11 


50 


.58543 


.81072 


.59949 


.80038 


.61337 


.78980 

1 


.62706 


.77897 1 


.64056 


.76791 10 


51 


.58567 


.81055 


.59972 


.80021 


.61360 


.78962 


.62728 


.77879 


.64078 


.76772 9 


52 


.58590 


.81038 


.59995 


.80003 


.61383 


.78944 


.62751 


.77861 


.64100 


.76754; 8 


53 


.58614 


.81021 


.60019 .79986 


.61106 


.78920 


.62774 


.77843 


.64123 


.76735 


i 


54 


.586:57 


.81004! 


.60042 1.79908 


.61429 


.78908 


.62796 


.77824 


.64145 


.70717 


6 


55 ' .58661 


.80987' 


.60065 


.79951 


.61451 


.78891 


.62819 


.77806 


.64167 


.76698 


5 


50 


.58684 


.80970 


.60089 


.79984 


.61474 


. 78873 


.62842 


.r;788 


.64190 


.76679 4 


57 


.58708 


.80953 


.60112 


.79916 


.61497 


.78855 


.62864 


.77769 


.64212 


.766611 3 


58 ' .58731 


.80936 


.60135 


.79899 


.61520 


.78837; 


.62887 


.777511 


.64234 .76642; 2 


59 , .58755 


.80019 


.60158 


.79881 


.61543 


.78819 


.62909 


.77733 


.ft4256 .766231 1 


60 ; .58779 


.80902 


.60182 


.79864 


.61566 


.78801 


.62932 


.77715 


.64279 .76604; 


t 


Cosin 


Sine 


Cosin, Sine 


Cosin 


Sine 


Cosin, Sine 


Cosin Sine 


^ 




64» 


63° 


62° 


hV^ 


60° 





346 



TABLE XX.-SINES AND COSlNfiS. 





40« 


41» 


42« 


43* 


44« 


60 


Sine iCosin 
.642791.76604 


Sine 
.65606 


Cosin 
.75471 


Sine 
766913 


Cosin 

.74314 


Sine 


Cosin 


Sine Cosin 
.694661.71934 


.68200 


.73135 


1 


.64301 


.76586 


.65628 


.75452 


.66935 


.74295 


.68221 


.73116 


.69487 .71914 59 1 


2 


.64323 


.76567 


.65650 


.75433 


.66956 


.74276 


.68242 


.73096 


.69508 '.71894 


58 


3 


.64346 


.76548! 


.65672 


.75414, 


.66978 


.74256 


.68264 


.73076 


.69529. 71873 


57 


4 


.64368 


.76530 


.65694 


.75395 


.06999 


.74237 


.68285 


.73056 


.69549;. 71853 


56 


5 


.64390 


.76511 


.65716 


.75375' 


.67021 


.74217 


.68306 


.73036 


.69570 


.71833 


55 


6 


.04412 


.76492 


.65738 


.753561 


.67043 


.74198 


.68327 


.73016 


.69591 


.71813 


54 


7 


.64435 


.76473 


.05759 


.75337 .67064 
.75318 .67080 


.74178 


.68349 


.72996 


.69012 


.71792 


58 


8 


.64457 


.76455 


.65781 


.74159 


.68370 


.72976 


.69633 


.717721 52 


9 


.044791.70436: 


.65803 


.75290 ; .67107 


.74139 


.68391 


.72957 


.69654 


.71752! 51 


10 


.64501 


.76417 


.65825 


.75280 


.67129 


.74120 


.68412 


.72937 


.69675 


.71738 60 


11 


.64534 


.76398 


.65847 


.75261 


.67151 


.74100 


.68434 


.72917 


:69696 


.71711! 49 


12 


.04546 .76380! 


.65303 


.75241 


.67172 


.74080 


.68455 


.72897 


.697171.71691; 48 1 


13 


.64568 .76381] 


.65891 


.75222 


.67194 


.74061 


.68476 


.72877 


.09737 


.71671 1 47 


11 


.64o90;.76;J42! 


.65913 


.75203 


.67215 


.74041 


.68497 


.72857 


.69758 


.716501 46 


15 


.64612 


.76323 


.65935 


.75184 


.67237 


.74022 


.68518 


.72837 


.69r79 


.71630 


45 


16 


.64635 


.76304 


.65956 


.75165 


.67258 


.74002 


.68539 


.72817 


.69800 


.71610 44 


17 


.64657 


.76236 


.65973 


.75146 


.67280 


.73983 


.68561 


.72797 


.69821 


.71590. 43 


18 


.64679 


.76267' 


.60000 


.75126 


.67301 


.73963 


.68582 


.727/7 


.69842 


.71569; 42 


19 


.64701 


.76248 ! .66022 


.75107 


.67323 


.73944 


.68603 


.72757 


.69862 


.71549 


41 


20 


.61723 


.76229 .660^4 


.75088, 


.67314 


.73924 


.68624 


.78737 


.69883 


.71529 


40 


21 


.64746 


.76210 


.66066 


.75069 


.67366 


.73904 


.68645 


.72717 


.69904 


.71508 


39 


22 


.64768 


.76192 


.66038 


. 75050 1 


.67387 


.73885 


.68666 


.72697 


.69925 


.71488 


38 


23 


.64790 .76173 


.63109 


.75030 


.67409 


.73865 


.68688 


.72677 


.69946 


.71468: 87 


24 


.64812 .76154 


.66131 


.75011 


.67430 


.73846 


.68709 


.72657 


.69966 


.714471 36 


25 


.648341.76135 


.66153 


.74902 


.67452 


.73826 


.68730 


.78637 


.69987 


.71427! an 


26 .648561.76116 


.66175 


.749?3; 


.67473 


.73806 


.68751 


.72617 


.70008 


.71407 34 


27 1 


.64878 .76097! 


.66197 


.749531 


.67495 


.73787 


.68772 


.72597 


.70029 


.71386 33 


23 


.64901 .76078 


.68213 


.74934 


.67516 


.73767 


.68793 


.72577 


.70049 


.71366 32 


29 


.64923;. 76059 


.66240 


.71915 


.67538 


.73747 


.68814 


.72557 


.70070 


.71346 31 


30 


.64945 .76041 


.66262 


.74896 


.67559 


.73728 


.68835 


.72537 


.70001 


.71325 


30 


31 


.64967 .76022 


.66284 


.74876 


.67580 


.73708 


.68857 


.72517 


.70118 


.71905 


29 


8^ 


.64989 .76003 


.68306 


.74857 


.67608 


.73688 


.68878 


.72497 


70132 


.71284, 28 


33 


.65011 


.75984 


.66327 


.74833 


.67623 


.73669 


.68899 


.78477 


.70153 


.71264 27 


34 


.65033 


.75965! 


.66349 


.74818, 


.67645 


.73649 


.68920 


.72457 


.70174 


.71843 26 


35 


.65055 


.75946 


.66371 


.747991 


.67666 


.73629 


.68941 


.72437 


.70195 


.71223, 35 


36 


.65077 


.75927 


.60393 


.74780 


.67688 


.73610 


.68962 


.72417! 


.70215 


.71203! 24 


37 


.65100 .75903 | .66414 


.74760 


.67709 


.73590 


.68983 


.72397 


.70236 


.71182 23 


38 


.65122 .75889 1 .66436 


.74741 


.67730 


73570 


.69004 


.72377 


.70257 


.71162 22 


39 


.65144 


.75870 


.66153 


.74722 


.67752 


.73551 


.69025 


.72357 


.70277 


.71141: 21 


40 


.65166 


.75851 


.66480 


.74703 


.67r?3 


.73531 


.69046 


.72337 


.70898 


.71181 80 


41 


.65188 


.75832' 


.66501 


.74683 


.67795 


.73511 


.69067 


.72317 


.70819 


.71100 19 


42 


.65^10 


.75813 


.66523 


.74664 


.67816 


.73491 


.69088 


.72897 


.70339 


.710801 18 


43 


.65232 


.75794 


.66545 


.74644 


.67837 


.73472 


.69109 


.72277 


.70360 


.71059' 17 


44 


.65254 


.75775 


.66566 


.74625 


.67859 


.73452 


.69130 


.72257 


.70381 


.71039' 16 


45 


.65276 


.75756 


.66588 


.74606 


.67880 


.73432 


.69151 


.72236 


.70401 1.71 01 9 15 


46 


.65298 


.75r38, 


.66610 


.74586 .67901 


.73413 


.69172 


.72216 


.70422 1.70Q38' 14 


47 


.653i0 .75719! 


.66632 


.74567, .67923 


.73393 


.69193 


.72196 


.70443 .70978 18 


48 


.65342 .75700; 


.66653 


.74548 


.67944 


.73373 


.69214 


.72176 


.70463 .700.'57' 12 


49 


.65364 


.75680 


.66675 


.74528 


.67965 


.73353 


.69235 


.72156 


.704841.70037 11 


50 


.65386 


.75661 


.66697 


.74509 


.67987 


.73333 


.69256 


.72136 


.70505 


.70916, 10 


51 


.65408 


.75642 


.66718 


.74489 


.68008 


.73314 


.69277 


.72116 


,70525 .70896! 9 


5;J 


.65430 .75623 


.66740 ,.74470 


.68029 


.73294 


.69298 


.72095 


.70546 .70875 8 


53 


.65452 .756041 


.667621.74451 


.68051 


.73274 


.69319 


.72075 


.70567'. 708.55, 7 


54 


.65474 


.75585 


.66783 .744;il 


.68072 


.73254 


.69340 


.72055 


.705871.70834! 6 


55 


.65496 .75566 


.668051.74412 


.68093 


.73234 


.69:^1 


.72035 


.70608 .70813' 5 


56 


.65518 


.75547 


.66827 .74392 


.68115 


.73215 


.69382 


.72015 


.706881.70793 4 


57 


.65540 


.75.5281 


.66848 .74373 


.68136 


.73195 


.69403 


.71995 


.706491.70772 3 


58 


.65562 


.755091 


.66870 .74358 


.68157 


.73175 


.69424 


.711»74l 


.70670 .70752 8 


69 


.65584 


.75490 


.66891 .74334 


.68179 


.73155 


.69445 


.71954 


.70690 .70731, 1 


60 


.66606 


.75471 


.669131.74314 


.68200 


.73135 


.69466 
Cosin 


.71934; 


.707111.70711 




Oosin 


Sine 


OoRin Sine 


(>>sin 


Sine 


Sine ; 


' Cosin 1 Sine j 


4 


B« 


48<> 


4 


7* 


46» i 


1 42 


i' 1 





I^ABLE XXL— TANGENTS AND COTANGENTS. 



34T 



/ 

"o 


(^ 1 


1° ! 


1 2° 


8» 1 


/ 


Tang 

.00000 


Cotang 


Tang 
.01746 


Cotang 


Tang 
.03492 


Cotang 


Tang 


Cotang 


Inlinite. 


67.2900 


28.6363 


1 .05241 


19.0811 . 


60 


4 

1 


.00029 


^437.75 


.01775 


56.3506 


.03521 


28.3994 


.05270 


18.9755 59 


2 


.ooa^s 


1718.87 


.01804 


55.4115 


.03550 


28.1004 


.05299 


18.8711 ,58 


3 


.0008? 


1145.92 


.01833 


54.5013 


.03579 


27.9372 


.05328 


18.7678 57 


4 


.00116 


859.436 


.01862 


53.7036 


.03009 


27.7117 


.05357 


18.6656 .56 


5 


.00145 


687.549 


.01G91 


52.GS21 


.03038 


27.4899 


.05387 


18.5645 55 


6 


.00175 


572.957 


.C1920 


52.C807 


.03067 


27.2715 


.05416 


18.4645 54 


7 


.00204 


491.106 


.01949 


51.3032 


.03096 


27.0506 


.05445 


18.3655 53 


8 


.00233 


429.718 


.01978 


60.5485 


.03725 


26.8450 


.05474 


18.2077 '52 


9 


.00202 


381.971 


.02007 


49.8157 


.03754 


26.6367 


.05503 


18.1708 51 


10 


.00291 


343.774 


.02036 


49.1039 


.03783 


26.4316 


.05533 


18.0750 50 


11 


.00320 


312.521 


.02006 


48.4121 


.03812 


26.2296 


.05562 


17.9802 


49 


12 


.00049 


236.478 


.02095 


47.7395 


.03842 


20.0307 


.05501 


17.8863 


48 


13 


.00373 


204.441 


.02124 


47.0853 


.03871 


25.8348 


.05020 


17.7934 


47 


14 


.00407 


245.552 


.02153 


46.4489 


.03900 


25.6418 


.05649 


17.7015 46 


15 


.oaiG6 


829.182 


.02182 


45.8294 


.03929 


25.4517 


.05678 


17.6106 


45 


IG .00405 


214.858 


.02211 


45.2261 


.03958 


25.2644 


.05708 


17.5205 


44 


It .00405 


L02.219 


.02240 


44.6386 


.03987 


25.0798 


.05737 


17.4314 


43 


18 1 .005^ 


190.984 


.02269 


44.0061 


.04016 


24.8978 


.05766 


17.3432 


42 


19' .00553 


180.932 


.02298 


43.5081 


.04046 


24.7185 


.05795 


17.2558 41 


20 


.00582 


171.885 


.02328 


42.9641 


.04075 


24.5418 


.05824 


17.1698 40 


21 


.00611 


163.700 


.02357 


42.4335 


.04104 


24.3075 


.05854 


17.0837 39 


22 


.00040 


150.259 


.02386 


41.9158 


.04133 


^.1957 


.05383 


16.9990 38 


23 


.00009 


149.465 


.02415 


41.4106 


.04162 


24.0263 


.05912 


16.9150 37 


24 


.00098 


143.237 


.02444 


40.9174 


.04191 


23.8593 


.05941 


16.8819 


36 


25 


.00727 


137.507 


.02473 


40.4358 


.04220 


23.6945 


.06970 


16.7496 


35 


26 


.00756 


i:i2.219 


.02502 


39.9055 


.04250 


23.5321 


.05999 


16.6681 


84 


27 


.00785 


127.321 


.02531 


89.5059 


.04279 


23.3718 


.06029 


16.5874 


83 


28 


.00815 


122.774 


.02560 


39.0568 


.04308 


23.2137 


.06058 


16.5075 


82 


29 


.00844 


118.540 


.02589 


38.6177 


.04337 


23.0577 


.06087 


16.4283 


31 


30 


.00873 


114.589 


.02619 


38.1885 


.04366 


22.9038 


.06116 


16.3499 


SO 


31 


.00902 


110.892 


.02648 


37.7086 


.04395 


22.7519 


.06145 


16.2722 


29 


S2 


.00931 


107.426 


.02077 


37.3579 


.04424 


22.6020 


.06175 


16.1952 !28 


83 


.009v30 


104.171 


.02706 


36.0560 


.04454 


22.4541 


.06204 


16.1190 


27 


34 


.00089 


101.107 


.02735 


36.5027 


.04483 


22.3081 


.06233 


16.0435 


26 


35 


.01018 


98.2179 


.02704 


30.1776 


.04512 


22.1640 


.06262 


15.9687 


25 


36 


.01047 


95.4895 


.02793 


35.8006 


.04541 


22.0217 


.06291 


15.8945 


24 


37 


.01076 


9 J. 9085 


.02822 


35.4313 


.04570 


21.8813 


.06321 


15.8211 


28 


38 


.01105 


90.4633 


.02851 


35.0695 


.04599 


21.7426 


.06350 


15.7483 


22 


39 


.01135 


88.1436 


.02881 


34.7151 


.04028 


21.6056 


.06379 


15.6762 '21 


40 


.01104 


85.9398 


.02910 


34.3078 


.04658 


21.4704 


.06406 


15.6048 j20 


41 


.01193 


83.8435 


.02939 


34.0273 


.04687 


21.3369 


.06437 


15.5340 


19 


42 


.01222 


81.8470 


.02968 


33.69a5 


.04716 


21.2049 


.06467 


15.4638 


18 


43 


.01251 


79.9434 


.02997 


33.3662 


.04745 


21.0747 


.06496 


15.3943 


17 


44 


.01280 


78.1203 


.03026 


3:3.0452 


.04774 


20.9460 


.06525 


15.3254 


16 


45 


.01309 


76.3900 


.03055 


32.7303 


.04803 


20.8188 


.06554 


15.2571 


15 


46 


.C1338 


74.7292 


.03084 


82.4ai8 


.04833 


20.6932 


.06584 


15.1893 


14 


47 


.01367 


73.1390 


.03114 


32.1181 


.04862 


20.5691 


.06613 


15.1222 


13 


48 


.01396 


71.6151 


.03143 


31.8205 


.04891 


20.4465 


.06642 


15.0557 


12 


49 


.01425 


70.1533 


.03172 


31.5284 


.04920 


20.3253 


.06671 


14.9898 


11 


50 


.01455 


68.7501 


.03201 


31.2416 


.04949 


20.2056 


.06700 


14.9244 


10 


51 


.01484 


67.4019 


.03230 


30.9599 


.04978 


20.087S 


.06730 


14.8596 


9 


52 


.01513 


66.1055 


.03259 


30.6833 


.05007 


19.9702 


.06759 


14.7954 


8 


53 


.01542 


64.8580 


.03288 


30.4116 


.05037 


19.8546 


.06788 


14.7317 


7 


54 


.01571 


63.6567 


.03317 


30.1446 


.05066 


19.7403 


.06817 


14.6685 


6 


65 .01600 


62.4992 


.a3346 


29.8823 


.05095 


19.6273 


.06847 


14.6059 


5 


56 .01629 


61.3829 


.03376 


29.6245 


.05124 


19.5156 


.06876 


14.5438 


4 


57! .01658 


80.3a58 


.03405 


29.3711 


.05153 


19.4051 


.06905 


14.4823 


8 


58 


.01687 


59.2659 


.03434 


29.1220 


.05182 


19.2959 


.06934 


14.4212 


2 


59 


.01716 


68.2612 


.03463 


28.8771 


.05212 


19.1879 


.06963 


14.3607 


1 


GO 

f 


.01746 
Cotang 


57.2900 


.03492 
Cotang 


28.6363 


.05241^ 
Cotang 


19.0811 


.06993 
Cotang 


14.3007 





Tang ' 


Tang 


Tang 


Tang 


89« 


88<> 1 


87« 1 


880 





33S 




TABLE XX.- 


SINEfi 


. AND 


COSINES. 










/ 


0° 


V I 


»• I 


8« '! 4" I 


\ 




Sine Cosin 


Sine 


Cosin 

.99985 


Sine 
.03490 


Cosin 


Bine 
.05234 


Cosin 
.998631 


Sine 


Cosin 




"O (KWOO One. ' .0ir4r) 


.09039 


.06076 


.90756 


60 




1 ' .' (XfcW One. ' .01774 


.09984 


.03510 


.999i^ 


.05263 


.09861' 


.07005 


.99754 


59 




2 .00058 One. .01803 


.09984 


.03548 


.09037 


.00292 


.99860 


.07034 


.99752 


58 


3 '.00087 One. .01832 


.00983 


.0;i577 


.00036 


.05321 


.00858 


.07063 


.99750 


57 


4 1.00116 One. .01862 


.90083 


.03606 


.00935 


.05360 


.00857 


.07002 


.99748 


56 




5 .1^)145 One. .01891 


.09982 


.03635 


.909^ 


.05370 


.00a55 


.07121 


.99746 


55 




6 00175 One. .01920 


.00982 


.03664 


.09933 


.05406 


.09854 


.0n50 


.99744 


54 




7 (X)-i04 One. .01949 


.00981 


.03698 


.99932 


.0M37 


.00852 


.07179 


.99742! 53 




8 .ixvi:« One. .01978 


.00980, .03723 


.09931 


.05166 


.00851 


.07306 


.99740' 52 




9 Mm2 One. .02007 .99980 ,.03752 


.00930 


.05495 


.00849 


.0?237 


.99738 


51 




iO .00291 One. ;.0203G .99079 


'.03781 


.09009 


.05524 


.09647 


.07266 


.99736 


50 




n .003ao'.99999 '.02065 .99979 


'.08810 


.09927 


.05558 


.00846 


.07295 


.997S4 


49 




12 .00^19 .99999 1.02094 '.09978 


1.03839 


.00026 


.05582 


.00644 


.07324 


.99731 


48 




13 


.00378 .mm .02123 .99977 


.03868 


.99925 


.05611 


.00^2 


.07353 


.99729 


47 ; 


14 


.00407 .99999 .02152 .99977 


1.03807 


.99924 


.05640 


.00641 


.07382 


.99727 


46 


15 1 .00136 .99999 .021811.99976 


.03926 


.09923 


.05660 


.09639 


.07411 


.99725 


45 


16 ' .(XU65 .99999 ' .02211 .99976 


.03055 


.09922 


.05606 


.09838 


.07440 


.99723 


41 




17 .00195 .99999 .02240 .99975 


'.03984 


.09921 


.05727 


.00636 


.07469 


.99721 


43 




18 , 0<).-i*l . \mm . 0>2G9 . 99974 ;. 04013 


.09919 


.05756 


.00834 


.07498 


.99719 


42 




19 .0<C,53 .mm 1 .02298 .999741 


.04043 


.00018 


.05785 


.09633 


.07527 


.90716 


41 




:>0j 00582,. 99998 


.02327 .99073 


.04071 


.00017 


.05814 


.00631 


.07556 


.99714 


40 




?1 


.00611 .99998 


.02356 .00072 


.04100 


.00016 


.05%! 


.00620 


.07585 


.99712 


39 




22 ;. 00640 ].JK«KW .02:W5 


.9997211.04120 


.09915 


.05873 


.00627 


.07614 


.99710 


38 




2;i'.»KXH>9 .9:K)98 .02414 


.99971 .04159 


.99913 


.05902 


.90826 


.(7643 


.99708 


37 




24 .00(i98 .t)9998 .02443 


.99970 .04188 


.90012 


.05931 


.00624 


.07672 


.99^U5 


36 




25 .00727 .99997 1.02472 


.99960 


.04217 


.90011 


.05960 


.09622 


.077101 


.99703 


35 




26 .00756 .99997, 


.02501 


.99960 


1.04246 


.00910 


.05060 


.996211 


.OTTSO 


.99701 


31 




27 


00785. 99997 


.02530;. 99968 


.04275 


.99909' 


.06018 


.90610; 


.07759 


.99699 


33 




28 


.00814 .999971 


.02500 .99967 


.04304 


.99907 


.06047 


.90817 


.07788 


.99696 


32 




29 


.00844 .99996 .02.589 .99966 


.04333 


.99906 


.06076 


.90815 


.07817 


.99691 


31 




'oO 


.00873 .00096 


.02618 


.99966 


.04362 


.00005 


.06105 


.00813 


.07846 


.99682 


30 




31 


.009021.99906 


.02647 


.99965 


.04301 


.00004 


.06184 


.90612 


.07875 


.99689 


29 




32 


.00931 '.99996 .02076 


.99964 


1.04420 


.09902 


.06163 


.00810 


.07904 


.99687 


28 




as 


.00960 .99995 1 .02705 


.99963 


1.04449 


.99901 


.06192 


.90808 


.07933 


.996a5 


27 




34 


.00989 .99995 : .02734 


.99963 


.04478 


.99900 


.06221 


.00606 


.07962 


.99683 


26 




35 .01018 .999951 


.02763 


.99962 


.04507 


.99698 


.06250 


.09804 


.07001 


.99680 


25 




36 


.01047 .99995 


.02792 


.99961 


.04536 


.09897 


.06279 


.00603 


.08020 


.99678 


24 




37 


.01076 .99904 


.02821 


.99960 


.04565 


.99896 


.06308 


.00801 


.08010 


.99676 


23 




38 


.01 105,. 999941 1.02850 


.99959 


.04594 


.99894 


.06337 


.00799 


.08078 


.99673 


22 


39 


.01134 .90994  .0J879 


.09959 


.04623 


.90893 


.06366 


.99797, 


.08107 


.99671 


21 


40 


.01164 .99993 


.02908 


.99958 


.04653 


.09892 


.06305 


.99795 


.08136 


.99668 


29 




41 


.01193 .99993 


.02938 


.99957 


.04682 


.99690 


.06424 


.90793 


.08166 


.99666 


19 




42 


.01222 .99993 


.02967 


.&9956 


.04711 


.99880 


.06453 


.99702 


.08104 


.99664 


18 




43 


.01251 .99992 


.02996 


.99955 


.04740 


.99888 


.06482 


.90700 


.08223 


.99661 


17 




44 


.01280 .99992 


.03025 


.99954 


.04769 


.99686 


.06511 


.90788 


.08252 


.99659 


16 




45 


.01309 .99991 


.0305^ 


.99953 


.04798 


.99885 


.06540 


.00786 


.08281 


.99657 


15 




46 


.01338 .99991 


.030S;3 


.99952 


.04827 


.99883 


.06569 


.99784 


.08810 


.99654 


14 




47 


.01367 .99991 


.a3112 


.99952 


;. 04856 


.99882 


.06596 


.99782 


.08330 


.99652 


13 




48 


.01396 .99990 


.a3i4i 


.09951 


1.04885 


.99881 


.06627 


.99780, 


.08368 


.996^ 


12 




49 


.01425 .99990, 


.03170 


.99950 


. .04914 


.90879 


.06656 


.99778 


.08397 


.99647 


11 




50 


.01454 .99989, 


.03199 


.99949 .04943;. 99878; 


.06685 


.90776 


.06426 


.99644 


10 




51 


.01483 '.99989 


.03228 


.99948 


.04972 


.99878 


.06714 


.90774 


.06455 


.99642 


9 




52 


.01513 .99989 


.032.^7 


.99947 


.05001 


.99875 


.06743 


.9orj« 


.08484 


.99639 


8 




53 


.01542 .90988 


.0328G 


.99946 


.05030 


.99873 


.06773 


.09770 


.08513 


.99637 


7 




54 


.01571 .999881 


.03316 


.99945 


.05050 


.09872 


.06802 


.09768 


.08542 


.99635 


6 




55 


.01600 .99987 


.03345 


.99944 


.05088 


.99870 


.06831 


.09766 


.08571 


.99632 


5 




56 


. 01620,. 999S7 


.03374 


.99943 


.05117 


.99869 


.06860 


.99764 


.08600 


.99630 


4 


57 


.01658 .90986 


.0:3403 


.99942 


.05146 


.99867 


.06889 '.99762 


.06629 


.99627 


3 ! 


f>8 


.01687 .99986, 


.03432 


.99941 


.05175 


.99866 


.06918 


.99760: 


.06658 


.99625' 2 1 




59 


.01716 .999a'>i 


.03461 


.99940 


.05205 


.99864 


.06947 


.99758' 


.06687 


.99622 


1 




60 


.01745 .99985, 
Cosin 1 Sine 


.03490 
Cosin 


.99939 
Sine 


.05234 
Cosin 


.99863 
Sine 


^06976 


.99756, 


.06716 


.99619 







Cosin 1 


Sine 


Cosin Sine 




89» 


88« 


87« 


86* 


86* 





Table xxi.-tangents and cotangents. 
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go 


II 9° 


10° 


I! IV 


/ 
60 


/ 

1 

1 


Tang Cotang Tang 


Cotang 


Tang 
.17633 


Cotang 
5.67128 


1 Tang 
.1SM38 


Cotang 





.14051 


7.11537 


.15838 


6.31375 


5.14455 


1 


.14084 


7.10038 


.15^8 


6.30189 


.17663 


5.66165 


.19468 ; 5.13658 


59 


2 


.itiia 


7.08546 


.15898 


6.29007 


.17693 


6.65205 


.19498 


5.12862 


58 


3 


.14143 


7.07059 


.15928 


6.27829 


.17723 


5.64248 


.19529 


5.12069 


57 


4 


.14173 


7.05579 


.15958 


6.26655 


.17753 


6.63295 


.19559 


5.11279 


56 


5 


.14202 


7.04105 


.15988 


6.25486 


.17783 


6.62344 


.19589 


5.10490 


65 


6 


.14232 


7.02637 


.16017 


6.24321 


.17813 


6.61397 


.19619 


5.09704 


54 


7 


.14:^2 


6.91174 


.16047 


6.23160 


.17843 


5.60452 


.19649 


5.08921 


53 


8 


.14291 ' 6.99718 


.16077 


6.22003 


.17873 


5.59511 


.19680 


5.08139 


52 


9 


.14321 , 6.98268 


.16107 


6.20851 


.17903 


6.58573 


.19710 


5.07360 


51 


10 


.14351 


6.96823 


.16137 


6.19703 


.17933 


5.57638 


.19740 


5.06584 


50 


11 


.14881 


6.95885 


.16167 


6.18559 


.17963 


5.56706 


.19770 


5.05809 


49 


12 


.14410 


6.93952 


.16196 


6.17419 


.17993 


5.55VV7 


.19801 


5.05037 


48 


13 


.14440 


6.92525 


.16226 


6.16283 


.18023 


6.54851 


.19831 


5.042u7 


47 


14 


.14470 


6.91104 


1 .16256 


6.15151 


.180r)3 


5.53927 


.19861 


6.03499 


46 


15 


.14499 


6.89688 


.16286 


6.14023 


.18083 


6.53007 


.19891 


6.02734 ,45 


16 


.14529 


6.88278 


.16316 


6.12899 


.18113 


6.52090 


.19921 


5.01971 


44 


17 


.14559 


6.86874 


.16346 


6.11779 


.18143 


6.51176 


.19952 


5.01210 


43 


18 


.14588 


6.85475 


.16376 


6.10664 


.18173 


5.50264 


.1%82 


5.00451 


42 


19 


.14618 


6.84082 


.16405 


6.09552 


.18203 


5.49356 


.20012 


4.99695 


41 


20 


.14648 


6.82694 


.16435 


6.08144 


.18233 


5.48451 


.20042 


4.98940 


40 


21 


.14678 


6.81312 


.16465 


6.07340 


.18263 


5.47548 


.20073 


4.98188 


39 


22 


.14707 


6.79936 


.16495 


6.06240 


.18293 


5.46648 


.20103 


4.97438 


38 


23 


.14737 


6.78564 


.16525 


6.05143 


.18333 


6.45751 


.20183 


4.96690 


37 


21 


.1476? 


6.77199 


.16555 


6.04051 


.18a53 


6.44857 


.20164 


4.95945 :36| 


25 


.14796 


6.75838 


.16585 


6.02962 


.18384 


6.43966 


.20194 


4.95201 


35 


26 


.14826 


6.74483 


.16615 


6.01878 


.18114 


6.43077 


.20224 


4.94460 


34 


27 


.14856 


6.73133 


.16645 


6.0079? 


.18444 


6.42192 


.20254 


4.93721 


m 


28 


.14a86 


6.71789 


.16674 


5.99720 


.18474 


6.41309 


.20285 


4.92984 


j2 


29 


.14915 


6.70450 


.16704 


5.98646 


Asrm 


6.40429 


.20315 


4.92249 


31 


30 


.14945 


6.69116 


.16734 


6.97576 


.18534 


6.89552 


.20345 


4.91516 


30 


31 


.14975 


6.67787 


.16764 


5.96510 


.18564 


5.38677 


.20376 


4.90785 


29 


32 


.15005 


6.66463 


.16794 


5.95148 


.18594 


5.87805 


.20406 


4.90056 


28 


33 


.15034 


6.65144 


.16824 


6.94390 


.18624 


6.86936 


.20436 


4.89330 


27 


34 


.15061 


6.638:31 


.16854 


6.98335 


.18654 


6.36070 


.20466 


4.88605 26 


35 


.15094 


6.62523 


.16884 


6.92283 


.18684 


6.35206 


.20497 


4.87882 25 


36 


.15124 


6.61219 


.16914 


5.91236 


.18714 


6.34345 


.20527 


4.87162 


21 


37 


.15153 


6.59921 


.16944 


5.90191 


.18745 


6.33487 


.20557 


4.86444 


23 


38 


.15183 


6.5S627 


.16974 


5.89151 


.18775 


6.32631 


.20588 


4.85727 


22 


39 


.15213 


6.57339 


.17004 


6.88114 


.18805 


5.31778 


.20618 


4.85013 


21 


40 


.15243 


6.56056 


.17033 


6.87080 


.18835 


6.30928 


.20648 


4.84300 


20 


41 


.15272 


6.54777 


.17063 


5 86051 


.18865 


5.80080 


.20679 


4.83590 


19 


42 


.15302 


6.53503 


.17093 


5.85024 


.18895 


6.29235 


.20709 


4.82882 


18 


43 


.15332 


6.522;34 


.17123 


5.840C1 


.18925 


,5.28393 


.20739 


4.82175 


17 


44 


.1536-2 


6.50970 


.17153 


5.82982 


.18955 


5.27553 


.20770 


4.81171 


16 


45 


.15391 


6.49710 


.17183 


5.81966 


.18986 


5.26715 


.20800 


4.80i'69 


15 


46 


.15421 


6.48456 


.17213 


5.80953 


.19016 


5.25880 


.20830 


4.80068 


14 


47 


.15451 


6.47206 


.17243 


5.79944 


.19046 


6.25048 


.20861 


4.79370 


13 


48 


.15481 


6.45961 


.17273 


5.78938 


.19076 


6.24218 


.20891 


4.78073 


12 


49 


.15511 


6.44720 


.17303 


5.77936 


.19106 


6.23391 


.20921 


4.77978 


11 


50 


.15510 


6.43484 


.17333 


5.76937 


.19136 


5.22566 


.20952 


4.77286 


10 


51 


.15570 


6.42253 


.17363 


5.75941 


.10166 


5.21744 


.20982 


4.76595 


9 


52 


.15600 


6.41026 


.17393 


5.71949 


.19197 


5.20925 


.21013 


4.7590G 


8 


53 


.15630 


6.39804 


.17423 


5.73960 


.19227 


5.20107 


.21043 


4.7r)219 


7 


54 


.15660 


6.38587 


.17453 


5.72974 


.19257 


5.19293 


.21073 


4.74.>J4 


6 


55 


.15689 


6.37374 


.17483 


5.71992 


.19287 


5.18480 


.21104 


4.73851 


5 


56 


.15719 


6.36165 


.17513 


5.71013 


.19317 


5.17671 


.21134 


4.73170 


4 


57 


.15749 


6.34961 


.17543 


5.70037 i 


.19347 


5.16863 


.21164 


4.7'21'X) 


3 


58 


.15779 


6.33761 


; .1757:3 


5.69064 


.19378 


5.160.58 


.21195 


4.71813 


2 


59 


.15809 


6.32566 


.17603 


5.68094 


.19408 


5.152.-)6 


.21225 


4.71i::57 


1 


GO 


.15838 


6.3137.) 


.17633 
Cotang 


5.67128 , 
Tang 1 


.194:38 5.141.'>5 

1 

Cotang Tang j 


.21256 


4.704(i'3 





Cotaiig 


Tang 


Cotang 1 Tang 


sv 


' 8 


D® 1 


T 


90 


71 


Jo 



. 


'^^' 
')«^ 


) 


TABLE 


* 

XXL— TANGENTS AND COTANGENTS. 






k 




"o 


12° 1 


13° 1 


14° 


16° 1 








Tang Cotang 1 
.21256 1 4.70463 


Tang 1 Cotang ' 


Tang 

.iM938 


Cotang 

4.01078 


Tang 
.26795 


Cotang 


/ 




.23087 


4.33148 


3.73305 


60 




1 


.21286 


4.69791 ' 


.23117 


4.33573 


.34964 


4.00583 , 


.26836 


3.72771 


59 




2 


.21316 


4.69121 


.23148 


4.33001 


.34993 


4.00086 


.36857 


3.72338 


58 




a 


.2ia47 


4.68452 


.23179 


4.31430 


.35036 


3.99593 


.36888 , 3.71907 


57 






4 


.21377 


4.67786 


.23209 


4.30860 


.35056 


3.99099 


.36930 , 3.71476 


56 






5 


.21408 


4.67131 


.23340 


4.30391 


.25087 


3.98607 : 


.36951 


3.71046 


55 






6 


.21488 


4.66458 


.23271 


4.297;^ 


.35118 


3.98117 


.36982 


8.70616 


54 






7 


.21469 


4.65797 


.23301 


4.29159 


.25149 


3.97637 1 


.37013 


3.70188 


53 






8 


.21499 


4.65138 


.23832 


4.28595 


.25180 


3.97139 


.27044 


3.69761 


62 






9 


.215£9 


4.64480 


.23363 


4.28032 


.25211 


3.96651 


.27076 


3.69a35 


61 






10 


.21560 


4.68825 


.2xm 


4.27471 


.25242 


3.96165 


.27107 


3.68909 


60 






11 


.21590 


4.63171 


.23424 


4.26911 


.25273 


8.95680 


.27138 


3.68485 


49 






12 


.21621 


4.62518 


.23455 


4.26352 


.25304 


3.95196 


.27169 


3.68061 


48 






13 


.21651 


4.61868 


.23485 


4.25795 


.25335 


3.94713 


.27201 


3.67638 


47 






14 


.21682 


4.61219 


.23516 


4.25239 


.25366 


8.94232 


.27232 


3.67217 


46 






15 


.21712 


4.60572 


.28547 


4.24685 


.25397 


8.93751 


.27263 


3.66796 


45 






16 


.21743 


4.59927 


.28578 


4.24132 


.25428 


3.93271 


.27^94 


3.66376 


44 






17 


.21773 


4.59283 


.23608 


4.23580 


.25459 


8.92793 


.27326 


3.65957 


43 






j8 


.21804 


4.58641 


.23689 


4.23030 


.25490 


3.92316 


.27a57 


S.65538 


42 






19 


.2ia34 


4.58001 


.28670 


4.22481 i 


.25521 


3.91839 


.27388 


3.65121 


41 






20 


.21864 


4.57863 


.28700 


4.21933 ' 


.25552 


3.91364 


.27419 


8.64705 


40 






21 


.21895 


4.56726 


.23731 


4.21387 


.25583 


8.90890 


.27451 


3.64289 


39 






22 


.21925 


4.56091 


.23763 


4.20842 


.25614 


8.90417 


.27482 


3.63874 


38 






23 


.21956 


4.55458 


.23793 


4.20298 


.25645 


3.89945 


.27513 


3.63461 


37 






24 


.21986 


4.54826 


.23823 


4.19756 


.25676 


3.89474 


.27545 


8.63048 


36 






25 


.22017 


4.54196 


.23854 


4.19215 


.25707 


3.89004 


.27576 


3.62636 


35 






26 


.22047 


4.53568 


.28885 


4.18675 


.25738 


8.88536 


.27607 


3.62224 


34 






27 


.23078 


4.52941 


.23916 


4.18137 


.25769 


8.88068 


.27638 


8.61814 


33 






28 


.22108 


4.52316 


.28946 


4.17600 


.25800 


3.87601 


.27670 


3.61405 


32 






20 


.22189 


4.51693 


.23977 


4.17064 


.35831 


3.87186 


.27701 


3.60996 '31 






80 


.22169 


4.51071 


.24006 


4.16530 


.25862 


3.86671 


.27r32 


360588 


30 






81 


.22200 


4.50451 


.24039 


4.15997 


.25893 


3.86206 


.27764 


3.60181 


29 






32 


.22231 


4.49832 


.24069 


4.15465 


.25924 


8.85745 


.27795 


3.59775 


28? 




33 


.22261 


4.49215 


.24100 


4.14984 


.25955 


3.852^ 


.27826 


3.59370 


27 






34 


.22292 


4.48600 


.24131 


4.14405 


.25986 


3.84824 


.27858 


8.58966 


26 






35 


.23322 


4.47986 


.24162 


4.13877 


.26017 


8.84864 


.27889 


3.56562 


25 






36 


.22353 


4.47374 


.24193 


4.18850 


.26048 


8.83906 


.27921 


S. 58160 


24 






37 


.22883 


4.46764 


.24223 


4.12825 


.26079 


8.83449 


.27952 


3.57758 


23 






38 


.2^14 


4.46155 


.24254 


4.12301 


.26110 


8.82992 


.27983 


3.57357 


22 






39 


.2rM44 


4.45548 


.24285 


4.11778 


.26141 


8.82537 


.28015 


3.56957 


21 






40 


.22475 


4.44942 


.^316 


4.11256 


.26172 


8.82083 


.28046 


8.56657 


20 






41 


.22505 


4.44338 


.24347 


4.10736 


.26203 


3.81630 


.28077 


3.56159 


19 






42 


.22536 


4.43735 


.24377 


4.10216 


.26235 


8.81177 


.28109 


3.55761 


18 






43 


.22567 


4.43134 


.24408 


4.09699 


.36366 


3.80?^ 


.28140 


8.55364 


17 






44 


.22597 


4.42584 


.24439 


4.09183 


.^0397 


8.80276 


.28172 


3.54968 


16 






45 .22638 


4.41986 


.^4470 


4.08666 


.?G338 


8.79827 


.28203 


8.54673 


15 






46; .22658 


4.41340 


.»4501 


4.08152 


.30359 


3.79378 


.28234 


8.54179 


14 






47 .22689 


4.40745 


.24532 


4.07639 


.36390 


8.78931 


.28266 


8.53785 


13 






48 .22719 


4.40153 


.24562 


4.07127 


.36421 


3.78485 


.28297 


8.53393 


12 






49; .22750 


4.39560 


.24593 


4.06616 


.3(5453 


8.78040 


.28329 


3.53001 11 






50 


.22781 


4.38969 


.5^4634 


4.06107 


.36483 


3.77595 


.28360 


3.52609 10 






51 


.22811 


4.88381 


.24655 


4.05599 


.26515 


8.77152 


.28391 


3.52219 


9 






52 


.22842 


4.37793 


.24686 


4.05093 


.20.546 


8.76709 


.38423 


3.51829 


8 






53 


.32872 


4.37207 


.24717 


4.04586 


.26577 


8.76268 


.28454 


3.51441 


7 






54 


.22903 


4.3GU33 


.24747 


4.04081 


.26608 


3.75828 


.28486 


8.51053 


6 






55 


.22034 


4.Sr.040 


.24778 


4.03;-378 


.26639 


8.75388 


.28517 


8.50666 


5 






56 


.22904 


4.35159 


.24809 


4.03076 


,26670 


8.74950 


.28549 


8.50279 


4 






57 


.22995 


4.a4879 


.24840 


4.02574 


.36701 


8.74512 


.28580 


J8. 49894 


3 






58 


.23026 


4.a4300 


1 .24871 


4.03074 


.36733 


8.74075 


.28612 


8.49609 


2 






59 


.23056 


4.83723 


! .24902 


4.01576 


.36764 


8.73640 


.28643 


8.49125 


1 




GO 


^23037 


4.33148 


.349;}3 


4.01078 


.36795 
^Cotang 


3.73205 


.28675_ 
1 Cotang 


3.48741 




/ 




/ 


Cotang 


Tang 


Cotang 


Tang 


Tang 


Tang 






770 


76° 


T 


5° 


740 
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"o 


16» 


170 


18° 


19» 


/ 


Tang ' Cotang 
.28675 ; 3.48741 


Tang 
.30573 


Cotang 


Tang Cotang 
.3:^92 3.07768 


Tang 
.34433 


Cotang 


0. 27085 


i 2.90421 


60 


1 


.28706 , 3.48359 


.30605 


3.28745 


.32524 


3.07464 


.34465 


2.90147 i59 


2, . 28738 i 3.47»77 1 


.30637 


3.26406 


.32556 


3.07160 


.34498 


2.89873 58 


8 


.28769 3.47596 


.30669 


3.26067 


.32588 


3.08857 


.34530 


2.89600 


57 


4 


.28800 3.47216 


.30700 


3.25729 


.32621 


3.06554 


.34563 


2.89327 


56 


6 


.28832 3.46837 


.30732 


3.25392 


.32653 


3.06252 


.34596 


2.89055 


55 


6 


.28864 i 3.46458 


.30764 


3.25056 


.32685 


3.05950 


.84628 


2.88783 !54 


7 .28895 


3.46080 


.30796 


3.24719 


, .32717 


3.05649 


.84661 


2.88511 


rA 


8' .28927 


3.45703 


.30828 


3.24883 


' .32749 


3.05349 


.34693 


2.88240 


52 


9, .28958 


3.45327 


.30860 


3.24049 


.32782 


3.05049 1 


.34726 


2.87970 


r>l 


10 ; .28990 


3.44951 


.30891 


3.23714 


.32814 


3.04749 


.34758 


2 87700 


50 


11 


.29021 


3.44576 


.30923 


8.23381 


' .32846 


3.04450 


.84791 


2.87430 


49 


12! .29053 


3.44202 ' 


.30955 


3.23048 


.3287'8 


8.04152 


.34824 


2.87161 


48 


13; .29084 


3.43829 


.30987 


3.22715 


.32911 


8.03854 


.34856 


2.86892 i47 


14 .29116 


3.43456 


.31019 


3.22384 


.32943 


8.03556 


.84889 


2.86624 


46 


15 .29147 


SAimi 


.31051 


3.22053 


.32975 


8.03260 


.34922 


2.86356 


46 


16 


.29179 


3.42713 


.31083 


3.21722 


.33007 


8.02963 


.34954 


2.86089 


44 


17 


.29210 


3.42313 


.31115 


3.21392 


.33040 


8.02667 


.84987 


2.85822 


48 


18 


.29242 


3.41973 


.31147 
.31178 


3.21068 


.33072 


8.02372 


.35020 


2.a5555 


42 


19 


.29274 


3.41604 


3.20734 


.83104 


3.02077 


.35052 


2.85289 


41 


20 


.29305 


3.41236 


.31210 


3.20406 


.33136 


3.01783 


.35085 


2.65028 


40 


21 


.29337 


3.40869 


.31242 


3.20079 


.33169 


3.01489 


.35118 


8.84758 


39 


22 


.29368 


3.40502 


.81274 


8.19762 


.33201 


3.01196 


.35150 


2.84494 


38 


23 


.29-100 


3.40136 


.81306 


8.19428 


.33233 


3.00903 


.35183 


2.84229 


37 


24 


.29432 


3.39771 


.31338 


8.19100 


.33266 


3.00611 


.35216 


2.8396r> 36 


25 


.29463 


3.39406 


.31370 


3.18775 


.33298 


3.00319 


.35248 


2.83702 i35 


26 .29495 


3. 39042 I 


.31402 


3.18461 


.33330 


8.00028 


.35281 


2.83489 |34 


27 .29526 


3.38G79 


.Sim 


3.18127 


.33363 


2.99738 1 


.35314 


2.83176 38 


28 .39558 


3. .-38317 


.314C6 


3.17804 


.33395 


2.99447 


.35846 


2.82914 32 


29 


.29590 


3.37955 


.81498 


8.17481 


.33427 


2.99158 


.35379 


2.82663 31 


30 


.29621 


3.37594 


.31530 


3.17159 


.33460 


2.98868 


.85412 


2.82391 


30 


31 


.29653 


3.37234 


.31562 


3.16838 


.33492 


2.98580 


.35445 


2.82130 


29 


32 


.29685 


3.36875 


.31594 


8.16517 


.33524 


2.98292 


.85477 


2.81870 


28 


33 .29716 


3.36516 


.31626 


3.16197 


.33557 


2.98004 


.86510 


2.81610 


27 


34 .29743 


3.3.5158 


.31658 


3.15877 


.33589 


2.97717 i 


.85548 


2.81350 


26 


35 .29780 


3.35800 


.31690 


3.15558 


.33621 


2.97430 


.35576 


2.81091 


26 


36 .29811 


3.35448 


.31722 


3.15240 


.33654 


2.97144 


.35608 


2.80688 


24 


37 .29843 


3.35087 


.31754 


3.14922 


.33686 


2.96858 


.35641 


2.80574 


28 


38 i .29375 


3.34732 


.31786 


3.14605 


.33718 


2.96573 


.85674 


2.80316 


22 


39 


.29006 


3.34377 


.31818 


3.14288 


.33751 


2.96288 


.35707 


2.80069 


21 


40 


.29938 


3.34023 


.81850 


3.13972 


.83783 


2.96004 


.85740 


2.79802 


20 


41 .29970 


3.33670 


.31882 


3.13656 


.33816 


2.95721 


.8rr72 


2.79545 


19 


42 .30C01 


3.33317 


.31914 


3.13341 


.33848 


2.95437 


.35805 


2.79289 


18 


43 


.30033 


3.32965 


.31946 


3.13027 


.33881 


2.95155 


.35838 


2.79033 


17 


44 


.80065 


3.32814 


.31978 


3.12718 


.33913 


2.94872 , 


.85871 


2.78778 


16 


45 


.30097 


3.32264 


.32010 


8.12400 


.33945 


2.94591 


.85904 


2.78523 


15 


46 .30128 


3.31914 


.32042 


3.12087 


.33978 


2.94309 


.35937 


2.78269 


14 


47 1 .30160 


3.31565 


.32074 


3.11775 


.34010 


2.94028 


.85969 


2.78014 


18 


48 .30192 


3.31216 


.32106 


8.11464 


.84043 


2.93748 


.36002 


2.77761 


12 


49 .30224 


3.30S68 


.32139 


8.11168 


.34075 


2.93468 


.36035 


2.77507 


11 


50 .30255 


3.30521 


.32171 


8.10642 


.84108 


2.93189 


.36068 


2.77854 


10 


51 ,30287 


3. '50174 


.32203 


8.10532 


.34140 


2.92910 


.36101 


2.77002 


9 


52 


.30319 


3.29829 


.32235 


3.10223 


.84173 


2.92632 


.36134 


2.76750 


8 


53 .30331 


3.29483 


.32267 


3.09914 


.34205 


2.92354 


.86167 


2.76498 


7 


54 .30382 


3.29139 


.32299 


8.09606 


.34238 


2.92076 


.86199 


2.76247 


6 


55 


.30414 


3.28795 


.32331 


8.09298 


.34270 


2.91799 


.36232 


2.75996 


5 


56 


.30146 


3.28462 


.82363 


3.08991 


.84303 


2.91523 


.36265 


2.75746 


4 


57 


.30478 


8.28109 


.82396 


3.08685 


.84335 


2.91246 


.86298 


2.75496 


3 


58 


.30509 


8.27767 


.32428 


8.08379 


.34368 


2.90971 


.368:31 


2.75246 


2 


59 


.30541 


8.27426 


.32460 


3.08073 


.34400 


2.90696 


.86364 


2.74997 


1 


60 
/ 


.30573 
Cotanf? 


3.27085 


.82492 


8.07768 


.84433 
Cotang 


2.90421 


.36397 


2.74748 





Tang 


Cotang 


Tang 


T'ang 


Cotang 


Tang 


73« 1 


720 ! 


7V 1 


7 


00 
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TABLE XXT.- TANGENTS AND COTANGENTS. 





20» 

Tan^ Cotui.j? 
.36;i97 2.74748 ' 


1 21*' ' 


22° ! 


1 23* I 


60 


' Tariff 
' .38386 


Cotuiiff 
2.00509 


Tang ' Cotanff 
.40403 2.47509 


! Tang 
.42447 


Cotang 


2.35585 


1 


.36430 


2.74499 


.38420 


2.60283 


.40436 


2.47302 


.4^482 


2.35395 


59 


2 


.36463 


2.74251 


.3ft453 


2.60057 ' 


.40470 


2.47095 , 


.42516 


2.35205 


58 


3 


.36496 


2.74004 


.38487 


2.59831 


.40504 , 2.46888 


.42551 


2.35015 


57 


4 


.36529 


2.73756 


.38520 


2.59606 


.40538 


2.46682 ' 


.42585 


2.34825 


56 


5 


.36562 


2.73509 


.38553 


2.59381 


.40572 


2.4(>4;6 


.42619 


2.a4636 


55 


6 


.36595 


2.73263 


.38587 


2.59156 


.40606 


2.46270 


.42654 


2.34447 


54 


7 


.36628 


2.73017 


.38020 


2.58932 


.40640 


2.46065 


.42688 


2.34258 


53 


8 


.36661 


2.72771 


.38054 


2.58708 


.40674 


2.45860 


.42722 


2.a4069 


52 


9 


.36694 


2.72526 


.38087 


2.58484 


.40707 


2.45655 


.42757 


2.33881 151 1 


10 


.36727 


2.72281 


.38721 


2.58261 


.40741 


2.45451 


.42791 


2.33693 


50 


11 


.36760 


2.720.36 


.38754 


2.58038 


.40775 


2.45246 


.43826 


2.33505 


49 


12 


.36793 


2.71792 


.38787 


2.571^^15 


.40809 


2.45043 


.42800 


2.33317 


48 


13 


.36826 


2.71548 


.38:121 


2.57503 1 


.40^43 


2.44839 


.42894 


2.33130 


47 


11 


.36a-)9 


2.71305 1 


.38ii54 


2.57371 


.40877 


2.44636 


.42929 


2.32043 46 


15 


.36892 


2.71082 


.38888 2.57150 ; 


.40911 


2.44438 


.42963 


2.32756 .45 


16 


.30925 


2.70819 1 


.38021 


2.56928 i 


.40945 


2.44230 


.42998 


2.32570 144 


17 


.3u953 


2.70577 , 


.3S3.55 


2.50707 1 


.40979 


2.44027 


.43032 


2.32383 


43 


18 


.36991 


2.70a35 


, .38088 


2.56487 


.41013 


2.43825 


.43067 


2.32197 


42 


19 


.37024 


2.70004 


.39022 


2.50206 


.41047 


2.43623 


.43101 


2.32012 41 


20 


.37057 


2.69853 


.39055 


2.56046 


.41081 


2.4*422 


.43136 


2.3182C 40 


21 


.37000 


2.69612 


.39089 


2.55827 


.41115 


2.43220 


.43170 


2.31641 39 


22 


.37123 


2.09371 ] 


, .39122 


2.55008 


.41149 


2.43019 


.43205 


2.31456 38 


23 


.37157 


2.0'J131 ' 


! .39156 


2.55iS0 , 


.41183 


2.42819 


.43230 


2.31271 37 


24 


.37190 


2.03802 


1 .39190 


2.55170 1 


.41217 


2.42618 


.43274 


2.31066 30 


25 


.37223 


2.G3G:'>3 


1 .39223 ' 2.Wy.52 i 


.41251 


2.42418 


.43308 


2.30902 35 


26 


.37256 


2.08414 


.30257 


2.54734 


.41285 


2.42218 , 


.43343 


2.30718 134 


27 


.37289 


2.08175 


.30200 
.30324 


2.54516 


' .41319 


2.42019 


.43378 


2.30534 33 


28 


.37322 


2 07037 


2.54299 


.41353 


2.41819 


.4a412 


2.30351 32 


29 


.37a55 


2.07700 


.393.-3r 


2.541)82 


.41387 


2.41620 


.43447 


2.30167 31 


30 


.37388 


2.07462 


.39391 


2.53865 


.41421 


2.41421 


.43481 


2.299S4 30 


31 


.37422 


2.67225 


.39425 


2.53(W8 


.41455 


2.41223 


.43516 


2.29801 29 


32 


.37455 


2.66989 


.39458 


2.5^432 


.41400 


2.41025 


.43550 


2.29619 28 


33 


.07488 


2.66752 


.39402 


2.5;i217 


.41524 


2.40827 


.43585 


2.29437 27 


34 


.37521 


2.66516 


.39526 


2.53001 


.41553 


2.40629 


.43620 


2.29254 26 


35 


.37554 


2.66281 


.39559 


2.52786 


.41592 


2.40432 


.43654 


2.29073 25 


36 


.3758S 


2.66046 


.39593 


2.52571 


.41626 


2.40235 


.43689 


2.28891 24 


37 


.r57fi21 


2.65811 


.30!326 


2.52357 


.41660 


2.40088 


.43724 


2.28710 2^3 


38 


.37651 


2.05576 


' .30600 


2.52142 


.41694 


2.39841 


.43758 


2.28528 2;^ 


39 


.37687 


2.65342 


.39694 


2.51929 


.41728 


2.39645 


.43793 


2.28348 21 


40 


.37720 


2.65109 


.39727 


2.51715 


.41763 


2.89449 


.43828 


2.28167 j20 


41 


.37754 


2.64875 


.39761 


2.51502 


.41797 


2.39253 


.43862 


2.27987 19 


42 


.37787 


2.01642 


.39705 


2.51289 


.41831 


2.3iK)58 


.43897 


2.27806 18 


48 


.3782.") 


2.64410 


.30829 


2.51076 , 


.41865 


2.38863 


.43932 


2.2762G 17 


44 


.37853 


2.64177 


.30oG2 


2.50864 


41899 


2.38668 


.43966 


2.27447 16 


45 


.37887 


2.63945 


.39896 


2.50652 


.41933 


2.38473 


.44001 


2.27267 15 


40 


.37020 


2.63714 


.39930 


2.50440 


.41968 


2.38279 


.44036 


2.27088 il4 


4r 


.37053 


2.63483 


.39963 




.42002 


2.38084 


.44071 


2.20909 13 


48 


. 3708(5 


2.03252 


, .39997 


2..50(M8 1 


.420:36 


2.37891 


.44105 


2.26730 12 


4!) 


.:1V20 


2.0.3021 


.40031 2.10807 


.42070 


2.37097 


.44140 


2.26552 11 


5<) 


.3^053 


2.62791 


, .40065 ' 2.40597 


.42105 


2.37504 


.441'J5 


2.26374 ,10 


51 


.38086 


2.62561 


1 .40098 ' 2.4a386 


i .42139 


2.37311 


.44210 


3.26196 


9 


5x; 


.38120 


2.02a« 


' .40132 2.10177 


.42173 2.37118 


.44:^44 


2.26018 


8 


53 


.'38153 


2.02103 


.40166 , 2.48967 


.42207 


2.30925 


.44279 


2.25840 


7 


5t 


.38186 


2.61874 


.40200 ; 2.48758 


.42242 


2.36:3:3 


.44314 


2.25663 6 


55 


.a8220 


2.61646 


.40234 2.48549 


.42276 


2.36541 


.44349 


2.254R6 


5 


56 


.38253 


2.61418 


.40267 2 48JM0 


.42310 


2.36349 


.44384 


2.25309 


4 


57 


.38286 


2.01190 


.4a301 : 2.48132 


.42345 


2.:36158 


.44418 


2.25130 


3 


58 


.3><320 


2.(509<W . 


.40335 ' 2.47024 ' 


.42379 2.35967 


i .44453 2.a4950 ' 2 


59 


.38.3.53 


2.()073»i 


.40369 2.47716  


1 .42413 2.35776 


.44488 1 2 24-^^ ! 1 


00 


.38386- 


2.60.-)i)9 


1 .40403 ' 2.47500  


, .42447 2.35585 i 


.44523 1 2.JM604 . 


J 


i 6 


"range ' 
9» 


Cotange Tang i 
68^ 


Cotang 1 Tang 


Cotang: Tang 


/ 


/ 


i 6 


70 1 


66» 
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"o 


24° I 


' 25° ' 


' 26° 1 


1 27° 


/ 


Tang 
.44523 


Cotang 


! Tang 
.40631 


Cotang 


1 Tang 

1 .48773 


Cotang 1 


Tang 
.5095:3 


Cotang 


2.24604 


2.14451 i 


2.05030 


1.96261 


60 


1 


.44558 


2.24428 


.40006 


2.14288 


.48809 


2.04879 


.50989 


1.96120 159 


2 


.44593 


2.24252 


.40702 


2.14125 


.48845 


2.04728 


.51020 


1.95979 58 


d 


.44627 


2.24077 


.46737 


2.13963 


.48881 


2.04577 


.51003 


1.95838 57 


4 


.44662 


2.23902 


.46772 


2.13801 


.48917 


2.04426 


.51099 


1.95698 56 


5 


.44097 


2.23727 


AGSm 


2.13039 


.48953 


2.04276 


.51136 


1.95557 55 


6 


.44732 


2.23553 


.46843 


2.13477 


.48989 


2.04125 


.51173 


1.95417 54 


7 


.44767 


2.23378 


.46879 


2.13316 


.49026 


2.03975 


.51209 


1.95277 53 


8 


.44802 


2.23204 


.46914 


2.13154 


.49002 


2.0;3[^25 


.51240 


1.95137 52 


9 


.44837 


2.23a30 


.46950 


2.12993 


.49098 


2.03675 


.51283 


1.94997 


51 


10 


.44872 


2.22857 


.40985 


2.12832 


.49134 


2.03526 


.51319 


1.94S58 


.50 


11 


.44907 


2.23683 


.47021 


2.12671 


.49170 


2.03376 


.51356 


1.94718 


49 


12 


.44942 


2.22510 


.47050 


2.12511 


.49:006 


2.03227 


.51393 


1.94579 


48 


13 


.41977 


2.22337 


.47092 


2.12350 


.49242 


2.03078 


.51430 


1.94440 


47 


14 


.45012 


2.22164 


.47128 


2.12190 


.49278 


2.02929 1 


.51467 


1.9-1301 40 


15 


.45047 


2.21992 


.47163 


2.12030 


.49315 


2.02780 ' 


.51503 


1.94162 '45 


16 


.45082 


2.21819 


.47199 


2.11871 


.49a51 


2.02631 


.51540 


1.94023 44 


17 


.45117 


2.21647 


.47234 


2.11711 


.49387 


2.02483 


.51577 


1.938a5 43 


18 


.45152 


2.21475 


.47270 


2.11552 


.49423 


2.02335 


.51614 


1.93740 42 


19 


.45187 


2.21304 


.47805 


2.11392 


.49459 


2.02187 


.51051 


1.93608 41 


20 


.45222 


2.21132 


.47341 


2.11233 


.49495 


2.02039 


.51088 


1.93470 40 


21 


.45257 


2.20961 


.47377 


2.11075 


.49532 


2.01891 


.51724 


1.93332 


39 


22 


.45292 


2.20790 


.47"412 


2.10916 


.49508 


2.01743 


.51761 


1.93195 


38 


23 


.45327 


2.20619 


.47448 


2.10758 


.49604 


2.01596 


.51798 


1.93057 37 


24 


.45363 


2.20449 


.47483 


2.10600 


.49640 


2.01449 


.51835 


1.92920 36 


25 


.45397 


2.20278 


.47519 


2.10442 


.49677 


2.01302 


.5187^2 


1.92782 


35 


26 


.45432 


2.20108 


.47555 


2.10284 


.49713 


2.01155 


.51909 


1.92645 


34 


27 


.45467 


2.10938 


.47590 


2.10126 


.497-49 


2.01008 , 


.51946 


1.92508 


33 


28 


.45502 


2.10709 


.47026 


2.09969 


.49786 


2.00802 


.51983 


1.92371 32 


29 


.45538 


2.19599 


.47062 


2.09811 


.49822 


2.00715 


.52020 


1.922a5 131 


30 


.45573 


2.19430 


.47098 


2.09654 


.49858 


2.00569 


.52057 


1.92098 30 


31 


.45608 


2.19261 


.47733 


2.09498 


.49894 


2.00423 


.52094 


1.91962 29 


32 


.45643 


2.19093 


.47769 


2.09341 


.49931 


2.00277 


.52131 


1.91826 28 


33 


.45678 


2.18923 


.47805 


2.09184 


.49967 


2.00131 


.52108 


1.91090 27 


34 


.45713 


2.18755 


.47840 


2.09028 


.50004 


1.99986 


.52205 


1.91554 


26 


35 


.45748 


2.18587 


.47876 


2.08872 


.50040 


1.99841 


.52242 


1.91418 


25 


36 


.45784 


2.18419 


.47912 


2.08716 


.50076 


1.99695 


.52279 


1.91282 


24 


37 


.45819 


2.18251 


.47948 


2.08560 


.50113 


1.99550 


.52316 


1.91147 


23 


38 


.45854 


2.18084 


.47984 


2.08405 


.50149 


1.99406 


.52353 


1.91012 


22 


39 


.45889 


2.17916 


.48019 


2.08250 


.50185 


1.99261 


.52390 


1.90876 


21 


40 


.45924 


2.17749 


.48055 


2.08094 


.50222 


1.99116 


.52427 


1.90741 


20 


41 


.45960 


2.17582 


.48091 


2.07939 


.50258 


1.98972 


.52464 


1.90607 


19 


42 


.45995 


2.17416 


.48127 


2.07785 


.50295 


1.98828 


.52501 


1.90472 


18 


43 


.46030 


2.17249 


.48163 


2.07630 


.50331 


1.98684 


». 52538 


1.903:37 


17 


44 


.46065 


2.17083 


.48198 


2.07476 


.50368 i 1.98540 


.52575 


1.90203 


16 


45 


.46101 


2.16917 


.48234 


2.07321 


.50404 1.98396 


.52613 


1.90009 


15 


46 


.46136 


2.16751 


.48270 


2.07167 


.50441 


1.98253 


.52650 


1.899:35 14 


47 


.46171 


2.16585 


.48306 


2.07014 


.50477 


1.98110 


.52687 


1.88801 


13 


48 


.46206 


2.16420 1 


.48342 


2.06860 


.50514 


1.97966 


.52724 


1.89667 


12 


49 


.46242 


2.10255 , 


.48378 


2.06706 


.50550 


1.97823 


.52761 


1.895:33 


11 


SO 


.46277 


2.10090 1 


.48414 


2.06553 


.50587 


1.97681 


.52798 


1.89400 


10 


51 


.46312 


2.15925 


.48450 


2.06400 


.50623 


1.97538 


.52a36 


1.8926b 


9 


52 


.46348 


2.15760 


.48486 


2.00247 


.50600 


1.97395 


.52873 


1.89i:33 


8 


53 


.46383 


2.15596 


.48521 


2.06094 


.50096 


1.97253 


.52910 


1.89000 


7 


54 


.46418 


2.15432 


.48557 


2.05942 


.50733 


1.97111 


.52947 


1.88867 


6 


55 


.46454 


2.15268 


.48593 


2.05790 


.50769 


1.96969 


.52985 


1.88734 


5 


56 


.46489 


2.15104 


.48629 


2.05037 


.50806 


1.96827 


.53022 


1.88602 


4 


67 


.46525 


2.14940 


.48065 


2.05485 


1 .50843 


1.96685 


.53059 


1.88469 


3 


58 


.46560 


2.147VV 


.48701 


2.053313 


.50879 


1.96544 


.53096 


1.88337 


2 


59 


.46595 


2.14614 


.48737 


2.05182 


, .50916 


1.96402 


.53134 


1.88205 


1 


60 
/ 


.46631 


2.14451 


.48773 


2.n.To:^ 


' .50953 
Cotang 


1.96261 


53171 
Cotang 


1.88073 





Cotang 


Taug 1 


Cotang 


Tang 


Tang 


Tang 


6 


6° 1 


6 


40 


1 G 


.8« 


6 


2» 
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28« 


29« 


30° 1 


31« 


t 


/ 


Tang 


Cotanff 


Tang 
.554:31" 


Cotang 


Tang 
.57735 


Cotang ' 


Tang 
.60086 


Cotanir 


"OiTMlTf 


1.88073 


1.80405 


1.73205 i 


1.66428 


6<I 


1 .53208 


1.87941 


.55469 


1.80281 


. 57774 


1.73089 


.60126 


1.66318 5.? 


2 .5;*J46 


1.87809 


.55507 


1.80158 


.57813 


1.72973 


.60165 


1.66209 i.V 


3 


.53283 


1.87677 


.55545 


1.80034 


.57851 


1.72857 


.60205 


: 1.66099 157 


4' .sa^jo 


1.87546 


.5558:3 


1.79i)ll 


.57890 


1.7^41 


.60245 


, 1.6.5990 r^5 


5. .53358 


1.87415 


.55621 


1.79788 


.57929 


1.72625 


.602&4 


1.65881 .55 


6 .53395 


1.87283 


.55659 


1.79605 


.57968 


1.72509 


.60324 


1.6.1772 54 


7 


.5»432 


1.87152 


.55697 


1.79542 


.58007 


1.72393 


.60364 


1.G5663 ,5- 


8 


.5^70 


1.87021 


.55736 


1.71M19 


.58046 


1.72278 


: .60403 


1.65564 5J 


9! .5;i507 


1.86891 


.55774 


1.79290 


.58085 


1.72163 


.60443 


1.65445 ,51 


10 


.53345 


1.86760 


.55813 


1.79174 


.58124 


1.72047 


.60483 


1.G5337 50 


11 


.53582 


1.86630 ' 


.55850 


1.79051 


.58162 


1.71932 


.60522 


1.65228 49' 


15> .536:20 


1.86499 


.55S88 


1.78929 


.58201 


1.71817 


.60562 


1.65120 ,4S 


13, .5:«)57 


1.86369 


.55926 


1.78807 


.58240 


1.71702 ; 


.00602 


1.65011 47 


14 .53694 


1.86239 


.55964 


1.786a5 


 .58279 


1.71588 


.60642 


1.64003 46 


15 1 .53732 


1.86109 


.56003 


1.7a'363 


.58318 


1.71473 


.60681 


1.64796 45 


16 .S^769 


1.85979 


.56041 


1.78441 


.58:357 


1.71358 


.60721 


1.04087 |44 


17 .53807 


1.85850 


.56079 


1.78319 


.58396 


1.71JJ44 


.60761 


1.G4579 43 


18 .5:3844 


1.85720 


.56117 


1.78198 


.5^435 


1.71129 


.60801 


1.04471 '42 


11) .r>:iS8:J 


1.85591 


.56150 


1.78077 


.58474 


1.71015 


.60841 


l.G4b03 :41 


;;:0| .53920 


1.85462 


.56194 


1.77955 


.58513 


1.70901 


1 .6C881 


l.(>4256 40 


21 


.53957 


1.85333 


.56232 


1.77834 


1 .58552 


1.70787 


.60921 


1.64148 '39 


22 


.53995 


l.a5204 


.56270 


1.77713 


.58591 


1.70673 


.00960 


1.&4041 c^ 


23' .&4a*J2 


1.85075 1 


.56309 


1.77592 


.58631 


1.70560 , 


.61000 


i.6S9a4 :3; 


24; .54070 


1.84946 


.56*47 


1.77471 


' .58670 


1.70446 


.61040 


1.63826 '36 


25, .51107 


1.84818 


.56385 


1.77351 


.58709 


1.70332 


.61080 


1.63719 135 


26 


.54145 


1.84089 


.56424 


1.77230 


.58748 


1.70219 


.61120 


1.63612 '31 


27' .54183 


1.&4561 


.56462 


1.77110 


1 .58787 


1.70106 


.61160 


1.63505 liJ 


281 .54-320 


1.8443;3 ! 


.56501 


1.76990 


.58820 


1.69992 


.61200 


1.63398 


32 


29! .51258 


1.84:305 


.56539 


1.70869 


1 .58865 


1.69879 


.61240 


1.63292 


31 


30 


.54296 


1.H4177 


.56577 


1.76749 


.58905 


1.69766 


.61280 


1.03185 j30 


81 


.54333 


1.84049 


.56616 


1.76629 


.58944 


1.69653 


.61320 


1.03079 '29 


32 1 .54371 


1.83922 


.56654 


1.76510 


1 .58983 


1.69541 


.01360 


1.C2972 28 


33, .54409 


1.8:3794 


.56093 


1.76390 


1 .59022 


1.69428 


.61400 


1.62866 27 


34 


.54446 


1.83067 . 


.56731 


1.76271 


.59061 


1.69316 


.61440 


1.62760 28 


35 


.54484 


1.83540 , 


.56769 


1.76151 


.59101 


1.69203 


.61480 


1.62654 25 


36 


.54522 


1.83413 ' 


.56808 


1.76032 


.59149 


1.69091 


.61520 


1.62548 24 


37' .54560 


1.83286 1 


.56846 


1.75913 


' .59179 


1.68979 


.61561 


1.62442 123 


38 .54597 


1.8:3159 


.56885 


1.75794 


.59218 


1.68866 


.61601 


1.62336 !22 


39 


.54635 


1.8:30:3:3 i 


.56923 


1.75675 


.59258 


1.68754 


.61641 


1.62230 


21 


40 


.54673 


1.82906 


.56962 


1.75556 


.59297 


1.68643 


.61681 


1.62125 


20 


41 


.54711 


1.82780 


.57000 


1.75437 


.59336 


1.68531 


.61721 


1.62019 


19 


42 


.54748 


1.82654 


.57039 


1.75319 


.59376 


1.68419 


.61761 


1.01914 '18 


43 


.51786 


1.82528 


.57078 


1. 75200 


.59415 


1.68308 


.61801 


1 61808 17 


44 


.54824 


1.82402 


.57116 


1.75082 


.59454 


1.68196 


.61842 


1.61703 ,16 


45 


.54862 


1.82276 


.57155 


1.74964 


.59494 


1.68085 


.61882 


1.61598 


15 


46 


.54900 


1.82150 


.57193 


1.74846 


, .59533 


1.67974 


.61922 


1.61493 


14 


47 


.54938 


1.82025 1 


.57232 


1.74728 


.59573 


1.67863 ! 


61962 


1.61388 


13 


48 .54975 


1.81899 


.5?271 


1.74610 


.59612 


1.6'.V52 


.62003 


1.61283 


12 1 


49 


.55013 


1.81774 ; 


.57309 


1.74492 


.59651 


1.67641 


.62043 


1.61179 111 


50 


.55051 


1.81649 


.57*48 


1.74375 


.59691 


1.67530 


.62083 


1.01074 10, 


51 


.55089 


1.81524 


.57386 


1.74257 


.59730 


1.67419 


.62124 


1.60970 


9 


52 .55127 1 


1.81399 1 


.57425 


1.74140 


.59770 


1.67309 


.62164 


1.60865 


8 


53 


.55165 


1.81274 


.57454 


1.74022 


1 .59809 


1.67198 


.62204 


1.60761 


7 


54 


.55203 


1.81150 


.57503 


1.73905 


; .59849 


1.67088 


.62245 


1.60657 


6 


55 


.55241 


1.81025 


.57541 


l.r3788 


.59888 


1.6697ff 


.62285 


1.60553 


5 1 


56 


.55279 


1.80901 


.57580 


1.73671 


1 .59928 


1.66867 


.62325 


1.60449 


4 


57 


.55317 


1.80777 1 


.57619 


1.73555 


.59907 


1.66757 


.62366 


1.60345 


S 


58! .55355 


1.80653 , 


.57657 


1.73438 


.60007 


1.66647 


.6^06 


1.60241 


2 


59 1 ..55.-393 


1.80529 ' 


.57696 


1.73321 


.60046 


1.66538 


.62446 


1.60187 


1 


60 1 .55481 


l.^<a405 1 


.57735 
Cotarn? 

6 


1.73205 
Taug 


.60086 
Cotang 1 


1.66428 


.62487 1 
Cotang 


1.60033 


_0l 


/ 


Coiang 


Tang 


Tang , 


Tang 


/ 




6 


V 1 


d 


d" 


5 


B» 



TABLE XXI.-TAXGP:XTS AND COTANGENTS. 



355 



32' 





1 

2 

3 
4 
5 
6 

7 

8 

9 

10 

11 
12 
13 
14 
15 

^5 

17 

18 
19 
20 

21 
22 
23 
24 
25 
26 
27 
28 
2a 
80 

31 
32 
33 
U 
35 
36 
37 
38 
39 
40 

41 
42 
43 
44 
45 
46 
47 
48 
49 
50 

51 
52 
53 
54 
55 
56 
57 
58 
59 
60 



Tang 
.62487 
.625;i7 
.62568 
.62608 
.62649 
.62689 
.62730 
.62770 
.62811 
.62852 
.62892 

.629S3 
.62973 
.63014 
.63055 
.63095 
.63136 
.63177 
.63217 
.03253 
.C3ii99 

.63^40 
.63380 
.6^121 
.6a462 
.63503 
.63544 
.63584 
.63625 
.63666 
.63707 

.63748 
.03789 
.63830 
.63871 
.63912 
.63953 
.63994 
.64035 
.64076 
.64117 

.64158 
.64199 
.64240 
.64281 
.64322 
.64303 
.64404 
.64446 
.64487 
.64528 

.64569 
.64610 
.64652 
.64693 
.64734 
.64775 
.64817 
.64858 
.64899 
.64941 



Cotan^ 



.OUOy^i 
.599:i0 
.59820 
.59723 
.59020 
.59517 
.59414 
.59311 
.59208 
.59105 
.59002 

.58900 
.587J7 
.58095 
.58593 
.58490 
.58388 
.58280 
.58184 
.5808:3 
.57981 

.57879 
.5i I i.S 
.57076 
.5<o<5 
.57474 
.57372 
.572^1 
.57170 
.57009 
.50969 

.50868 
.50707 
.50007 
.56566 
.56406 
.50300 
.56265 
.56105 
.56065 
.55966 

.55866 
.55766 
.55666 
.55567 
.55467 
.55368 
.55269 
.55170 
.55071 
.54972 

.54873 
.54774 
. 54075 
.54576 
.54478 
.54379 
.54281 
.54183 
.54085 
.53986 



1 


830 


Tang 


CotaHg 


.64941 


1.53980 


 


64982 


1.53888 


ii 


65024 


1.53791 




05U05 


1.58093 




65106 


1.53595 




65148 


1.5*497 




65189 


1.5*400 




65231 


1.53302 




65272 


1.53205 




65314 


1.53107 




05355 


1.53010 


1 


65397 


1.52913 




65438 


1.52816 




05480 


1.52719 




05521 


1.52622 




65563 


1.52525 




ft-SOOl 


1.5:M29 




65646 


1.52332 




05088 


1.52235 




65729 


1.52139 




65771 


1. 52043 




65813 


1.51946 




65854 


1.51850 




65896 


1.51754 




65938 


1.51058 




65980 


1.51502 




66021 


1.51460 




66003 


1.51370 




60105 


1.51275 




60147 


1.51179 




.601b9 


1.51084 




66230 


1.50988 




6627.3 


1.50893 




66314 


1.50797 




66356 


1.50702 




66398 


1.50007 




66440 


1.50512 




60482 


1.50417 




005 J 4 


1.50322 




00500 


1.50228 




60008 


1.50133 




.66650 


1.50038 




.60092 


1.49944 




.00734 


1.49849 




.66776 


1.49755 




66818 


1.49661 




66860 


1.49566 




.66902 


1.49472 




66944 


1.49378 




.66986 


1.49284 




.67028 


1.49190 




.67071 


1.49097 




.67113 


1.49003 




.67155 


1.48909 




.67197 


1.48816 


1 


.67239 


1.48722 


' 


.67282 


1.48629 




.67324 


1.4«5;30 




.67:366 


1.48442 




.67409 


1.48*49 




.67451 


1.482,56 



34^ 



Tang I Cotan^ 



.67451 
.67493 
.67536 
.67578 
.67620 
.67663 
.67705 
.67748 
.07790 
.07832 
.07875 

.67917 
.67900 
.68002 
.68045 
.08088 
.08130 
.G8171J 
.68215 
.68258 
.08301 

.68*43 
.08:386 
.68429 
.68471 
.08514 
.68557 
.68000 
.68042 
.08085 
.08728 

.68771 
.08814 
.68857 
.68900 
.08942 
.08985 
.69028 
.09071 
.69114 
.09157 

.69200 
.09243 
.69286 
.69329 
.69372 
.69416 
.69459 
.69502 
.69545 
.69588 

.69631 
.69675 
.69718 
.69761 
.09804 
.69847 
.09891 
.69934 
.09977 
.70021 



.48256 
.48103 
.48070 
.47977 
.47885 
.47792 
.47699 
.47607 
.47514 
.47422 
.47330 

.47238 
.47146 
.47053 
.40902 
.40870 
.40778 
.40086 
.46595 
.40503 
.464^ 

.46320 
.46229 
.40137 
.40046 
.45955 
.45864 
.45773 
.45682 
.45592 
.45501 

.45410 
.45320 
.45229 
.45139 
.45049 
.44958 
.44868 
.44778 
.44688 
.44598 

.44508 
.44418 
.44329 
.44239 
.44149 
.44000 
.43970 
.43881 
.4*792 
.43703 

.43614 
.43525 
.4*436 
.43*47 
.43258 
.43109 
.43080 
.42992 
.42903 
.42815 



re 



Cotang I Tang 
67^ 



Cotang I Tang Cotang I Tang 



56' 



55' 



35» 


/ 
60 


Tang 


Cotang 


.70021" 


1.42815 


.70064 


1.427^26 


59 


.70107 


1.42638 


58 


.701.:i 


1.42550 


57 


.70194 


1.42462 


56 


, .70238 


1.42374 


55 


.70281 


1.42286 


M 


.70325 


1.42198 


53 


.70:i(;8 


1.42110 


52 


.70412 


1.4 3022 '51 


.70455 


1.419*4 ,50 


.70499 


1.41817 


49 


.705-n 


1.41759 


48 


.70.-.: J 


1.41672 ;47 


.700^:9 


1.41584 148 


.70073 


1.41197 


45 


.70717 


1.41409 


44 


.70700 


1.41322 


43 


.70804 


1.41235 


42 


.70S4S 


1.41148 


41 


.70891 


1.41061 


40 


.70935 


1.40974 


30 


.70979 


1.40887. 


38 


.71023 


1.40?100 


37 


.71006 


1.40;i4 


36 


.71110 


1.40027 


*5 


.71154 


1.40540 


•J4 


.71198 


1.40 {54 


33 


.71:^2 


1.41367 


32 


.71285 


1.40281 


31 


.71329 


1.40195 


30 


.71373 


1.10109 


20 


.71417 


1.4()022 


28 


.71401 


i.:-:9936 


27 


.71505 


1.39850 


26 


.71549 


1.39704 


25 


.71593 


1.39079 


24 


.71637 


1.39593 


23 


.71681 


1.39507 


22 


.71725 


1.39421 


21 


.71709 


1.30336 


20 


.71813 


1.39250 


19 


.71857 


1.39165 


18 


.71901 


1.39079 


17 


.71946 


1.38994 


16 


.71990 


1.38909 


15 


.720*4 


1.38824 


14 


.72078 


1.38738 


13 


.72122 


1.38653 


12 


.72107 


1.3«568 


11 


.72211 


1.38484 


10 


.72255 


1.3R399 


9 


.72299 


1.38314 


8 


.72*44 


1.38229 


7 


.72388 


1.38145 


6 


.72432 


1.38060 


5 


.72477 


1.37976 


4 


.72521 


1.37891 


3 


.72505 


1.37-807 


2 


.72010 


1.37722 


1 


,72654 


1.37638 




t 


Cotang 


Tang 


5 


40 
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TABLE XX.-STNES AND COSINES. 







4a» 4i» 


42* 


43« 


44» 






Sine ' Cosin ' Sine 


Cosin' 
.75471 


Sine ' Cosin 


Sine 


Cosin 1 


Sine ' Cosin 


/ 




.64279 .76604, 


.65606 


706913 


.74314 


.68200 


.73135 


.69466 


.71934 60 




1 


.64301 . 76586 1 


.65628 


.75452, 


.66935 


.74295 


.68221 


.73116 


.69487 


.71914 59 




2 


.64323 .76567! 


.65650 


.75433 


.66956 


.74276 


.68242 


.73096 


.695081.71894 58 1 




3 


.64346 


.76548' 


.65672 


.75414 


.66978 


.74256 


.68264 


.73076 


.69529. 71873 


57 




4 


.04368 


.76530, 


.65694 


.75395, 


.66999 


.74237 


.68285 


.73056 


.69549 .71853 


56 




5 


.64390 


.76511 


.65716 


.75375 


1 .67021 


.74217 


.68306 


.73036 


.69570 


.71833 


55 




6 


.64412 


.76492 


.65738 


.753561 


.67043;. 74198 


.68327 


.73016 


.69591 


.71813 54 




7 


.64435 


.76473' 


.65759 


.753371 


.67064 


.74178 


.68349 


.72996 


.69612 


.71792. 53 




8 


.64457 .76455 


.65781 


.75318 


.67080 


.74159 


.68370 


.72976 


.69633 


.71772 52 




9 


.64479 .76436' 


.65803 


.75290 


.67107 


.74139 


.68391 


.72957 


.69654 


.71752 51 




10 


.64501 .76417 


.65825 


.75280 


1.67129 


.74120 


.68412 


.72937 


.69675 


.71732 


50 




11 


.64524 .76398 


.65847 


.75261 


.67151 


.74100 


.68434 


.72917 


:69696 


.71711 


49 




1^ 


.64546 .76380 


.65363 


.75041 


.67172 


.74080 


.68465;. 72897 


.69717 


.71691 


48 




13 


.64568 .76381 .65891 


.75222 


.67104 


.74061 


.68476 


.72877 


.09737 


.71671 


47 




14 


.64590,. 76342 .65913 


.75203 


.67215 


.74041 


.68497 


.72857 


.69758 


.71650, 46 




15 


.64612 .76323, .65935 


.75184 


.67237 


.74022 


.68518 


.72837 


.69779 


.71030 45 




16 


.646351.763041 


.65950 


.75165 


.67258 


.74002 


.68539 


.72817 


.69800 


.71610! 44 




17 


.646571.76336' 


.65978 


.75146 


.67280 


.73983 


.68561 


.72797 


.69821 


.71590 


43 




18 


.64679 


.76267 


.66000 


.75128 


.67301 


.73963 


.68582 


.727/7 


.69842 


.71569 


42 




19 


.64701 


.76248 .66022 


.75107, 


.67323 


.73944 


.68603 


.72757 


.69862 


.71549 


41 




20 


.64723 


.76(229 .660^ 


.75088, 


.67344 


.73924 


.68624 


.72737 


.69688 


.71529 


40 




21 


.64746 


.76210' 


.66066 


.75069 


.67366 


.73904 


.68645 


.72717 


.69904 


.71508 


39 




22 


.64768 


.76192 


.66033 


.75050] 


.67387 


.73885 


.68666 


.72697 


.699251.71488 


38 




23 


.64790 .76173, 


.63109 


.75030 


.67409 


.73865 


.68688 


. 72677 j 


.69946!. 71468:37 1 




24 


.64812.. 76154 .661311 


.75011 


.67430 


.73846 


.68709 


.72657 


.69966 


.71447 38 




25 


.648341.76135 


.66153 


.74932 


.67452 


.73826 


.68730 


.79637 


.69987 


.71427 35 




26 


.64856. 76116 


.66175 


.74973 


.67473 


.73806 


.68751 


.72617 


.70008 


.71407; 34 




27 


.64878 .76097 


.66197 


.74953, 


.67495 


.73787 


.68772 


.72597] 


.70029 


.71386 33 
.71366 32 




23 


.64901'. 76078 


.63218 


.74934 


.67516 


.73767 


.68793 


.72577; 


.70049 




29 


.649:23 .76059 


.68240 


.74915 


.67538 


.73747 


.68814 


.72557' 


.70070 


.71345 


31 




ao 


.64945 


.76041 


.66262 


.74896 

1 


.67559 


.73728 


.68835 


.725371 


.70091 


.71825 


30 




31 


.64967 


.76022' 


.66284 


.74876 


.67580 


.73708 


.68857 


.72517 


.70113 


.71305 


29 




S3 


.64989 .76003 1 


.68306 


.74857 


.67602 


.73688 


.68878 


.72497 


70132 


.71284 28 1 




33 


.65011 


.75984 


.66327 


.74838 


.67623 


.73669 


.68899 


.72477 


.70153 .71264 27 




34 .65033 


.75965 


.66349 


.74818 


.67645 


.73649 


.68920 


.72457 


.70174 .71243 26 




35 1.65055 


.75946 


.66371 


.74799 


.67666 


.73629 


.68941 


.7»437l 


.70195 


.71223; 35 




36 ! .65077 


.75927 


.66393 


.74780 


.67688 


.73610 


.68962 


.7241?; 


.7C215 


.71203 24 




87 .65100 


.75908 .664141 


.74760 


.67709 


.73590 


.68983 


.72397 


.70236 .71182 23 1 




88 .65122 .75889 1.664361 


.74741 


.67730 


73570 


.69004 


.72377 


.70257 


.71162 22 




39 


.65144 


.75870 1 .66453 


.74722 


.67752 


.78551 


.69025 


.72357 


.70277 


.71141 21 




40 


.65166 


.75851 


.66480 


.74703 1 


.67773 


.73531 


.69046 


.72337 


.70298 


.71121 20 




41 


.65188 


.75832' 


.66501 


.74683' 


.67795 


.73511 


.69067 


.72317 


.70319 


.71100 IS 




42 


.66210 


.75813 


.66523 


.74664 


.67816 


.73491 


.69088 


.72297 


.703391.71080 18 




43 


.65232 


.75794 


.66545 


.74644 


.67837 


.73472 


.69109 


.722'77 


.70360 .71 059 17 




44 


.65254 


.75775 


.66566 


.74625 


.67859 


.73452 


.69130 


.72257 


.70381 .71030 16 




46 


.65276 


.75756 


.66588 


.74606 


.67880 


.73432 


.69151 


.72236 


.704011.71019 15 




46 


.65298 


.75r38 


.66610 


.74586 


.67901 


.73413 


.69172 


.72216 


.704221.70938 14 




47 


.653i0i. 75719 


.66632 


.74567, 


.67923 


.73393 


.69193 


.72196 


.70443 .70978 13 




48 .65342; .75700, 


.66653 


.74548 


.67944 


.73373 


.69214 


.72176 


.70463 .700.571 12 




49 


.65364 


.75680 


.66675 .74538 


.67965 


.73353 


.69235 


.72156 


.704841.70337 11 




50 


.65386 


.75661 


.66697 .74509 


.67987 


.73333 


.69256 


.72136 


.70606 


.70916. 10 




51 


.65408 


.75642 


.66718 .74489 


.68008 


.73314 


.69277 


.72116 


.70525 


.70896! 9 




52 


.65430 


.75623 


.66740 .74470 


.68029 


.73294 


.69298 


.72095 


.70M6'. 7087.5 8 




53 


.654521. 756041 


.66762 .74451 


.68051 


.7;^4 


.69319 


.720751 


.70567'. 70a'>5 7 




54 


.65474 


.75585 


.66783 .744;^ 


.68072 


.73254 


.69340 


.72055 


.70587;. 70834' 6 




55 


.654961.75566, 


.66805 .74412 


.68093 


.73234 


.mm 


.72035 


.70608.70813 5 




56 


.65518 


.75547' 


.66827 .74392 


! .68115 


.73215 


.69382 


.72015 


.70628,. 70793 4 




57 


.65540 


.755281 


.66848 .74373 


' .68136 


.73195 


.69403 


.71995 


.70649 .70773 3 




58 


.65562 


.75509] 


.66870 .74353 


.68157 


.73175 


.69424 


.719741 


.70670 .70752 2 




69 


.65584 


.75490 


.66891 .74334 


.68179 


.73155 


.694451.71954: 


.70690.70731, 1 




60 

/ 


.66606 


.75471 1 
Sine 


.669131.74314 
Cosin Sine 


.68200 


.73135 


.69466 
Cosin 


.71934 


.70711 .70711, 




Cosin 


Cosin 


Sine 


Sine 


' Cosin 1 Sine j 


4 


e« 


480 


47* 


4 


go 1 


1 41 


5- 1 





Table xxi.-tangents and cotangents. 
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/ 

"o 


0* 1 


I'* ! 


1 2» 


S 


;• 


/ 


Tang 


Cotang 


Tang 
.01746 


Cotang 


Tang 
.03492 


Cotang 1 


1 Tang 
.05241 


Cotang 


.00000 


Inlinite. 


57.2900 


28.6363 


19.0611 


60 


1 


.00029 


3437.75 


.01715 


56.3506 


.03521 


28.3994 


.05270 


18.9755 59 


2 


.00058 


1718.87 


.01804 


55.4115 


.03550 


28.1004 


.05299 


18.8711 ,58 


3 


.0003? 


1145.92 


.01833 


54.5618 


.03579 


27.9372 


.053-28 


18.7678 57 


4 


.00116 


859.436 


.01802 


53.7036 


.03609 


27.7117 


.05357 


18.6656 ,56 


5 


.00145 


687.549 


.01891 


52.GS21 


.03638 


27.4899 


.05387 


18.5645 55 


6 


.00175 


572.957 


.01920 


62.C807 


.03067 


27.2715 


.05416 


18.4645 54 


7 


.00204 


491.106 


.01949 


61.C032 


.00096 


27.0506 


.05445 


18.3655 53 


8 


.00:233 


429.718 


.01978 


50.5485 , 


.03725 


26.8450 


.05474 


18.2677 152 


9 


.002G2 


381.971 


.02007 


49.8157 1 


.03754 


26.6367 


.05503 


18.1708 51 


10 .00-291 


343.774 


.02036 


49.1039 


.03788 


26.4316 


.05533 


18.0750 50 


11 .00320 


312.521 


.02006 


48.4121 


.03812 


26.2296 


.05562 


17.9802 


49 


12 .oaii9 


236.478 


.02095 


47.7395 


.03CA2 


26.0307 


.05501 


17.8863 


48 


13 .00373 


2i>4.441 


.02124 


47.0853 


.03871 


25.8348 


.05CCO 


17.7934 


47 


14 .00407 


245.552 


.02153 


46.4-189 


.03900 


25.6418 


.05649 


17.7015 


46 


15 1 .00130 


229.182 


.02182 


45.8294 


.03929 


25.4517 


.05678 


17.6106 


45 


Iv) .0O4G5 


214.858 


.02211 


45.2261 


.03958 


25.2644 


.05708 


17.5205 


44 


li', .00435 


lu2.2id 


.02240 


44.6386 


.03987 


25.0798 


.06737 


17.4314 43 


18 1 .005:^4 


190.984 


.02269 


44.0661 


.04016 


^.8978 


.05706 


17.8432 42 


19 .00553 


180.932 


.02298 


43.5081 


.04046 


24.7185 


.05795 


17.2558 '41 


20 


.005^2 


171.885 


.02328 


42.9641 


.04075 


24.5418 


.05824 


17.1698 


401 


21 


.00611 


163.700 


.02357 


42.4335 


.04104 


24.3675 


.05854 


17.0837 


39 1 


22 


.00040 


150.259 


.02386 


41.9158 


.04133 


24.1957 


.05883 


16.9990 38 


23 


.00Gu9 


149.465 


.02415 


41.4106 


.04162 


24.0263 


.05912 


16.9150 37 


fU 


.00098 


143.237 


.02444 


40.9174 


.04191 


23.8593 


.05941 


16.8319 


36 


25 


.007;37 


137.507 


.02473 


40.4358 


.04220 


23.6945 


.05970 


16.7496 


35 


26 


.00756 


132.219 


.02502 


39.9655 


.04250 


23.5321 


.05999 


16.6681 


34 


27 


.00785 


127.321 


.02531 


89.5059 


.04279 


23.3718 


.06029 


16.5874 


33 


28 


.00815 


122.774 


.02560 


39.0568 


.04308 


23.2137 


.06058 


16.5075 


32 


29 


.00844 


118.540 


.02589 


38.6177 


.04337 


23.0577 


.06087 


16.4283 


31 


30 


.00873 


114.589 


.02619 


38.1885 


.04366 


22.9038 


.06116 


16.3499 


30 


31 


.00902 


110.892 


.02648 


37.7686 


.04395 


22.7519 


.06145 


16.2722 


29 


S2 


.00031 


107.426 


.02677 


37.3579 


.04424 
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.43274 


2.31086 36 


25 


.37223 


2.GSG.>3 


, .39223 


2.W952 


.41251 


2.42418 1 


.43308 


2.30902 35 


26 


.37250 


2.6c8414 


.39257 


2.54734 


.41285 


2.42218 , 


.43343 


2.30718 34 


27 


.37289 


2.68175 


.30200 


2.54.M6 


.41319 


2.42019 


.43378 


2.30534 33 


28 


.37322 


2 67937 


.39324 


2.54299 


.41353 


2.41819 


.43413 


2.30351 32 


29 


.37355 


2.67700 


.39;3:>r 


2.54082 


.41387 


2.41620 


.43447 


2.30167 ,31 


30 


.37388 


2.67462 


.39391 


2.53865 


.41421 


2.41421 


.43481 


2.29984 ,30 


31 


.37423 


2.67225 


.39425 


2.53648 


.41455 


2.41223 


.43516 


2.29801 20 


32 


.37455 


2.66989 


.3945i 


2.5:3432 


.41490 


2.41025 


.43550 


2.29619 28 


33 


.G748S 


2.66752 


.39402 


2.5:3217 


.41524 


2.40827 


.43585 


2,29437 27 


84 


.37521 


2.66516 


, .39526 


2.53001 


.41558 


2.40629 


.43620 


2.29254 26 


35 


.37554 


2.66281 


1 .395;59 


2.52786 


.41592 


2.40432 


.43054 


2.29073 25 


86 


.37588 


2.66046 


.39593 


2.52571 


.41626 


2.40235 


.43689 


2.28891 24 


87 


..'^7621 


2.65811 


, .301326 


2.52357 


.41660 


2.40038 


.43724 


2.28710 2:3 


88 


.37654 2.65576 


.39500 


2.52142 


.41094 


2.39841 


.43758 


2.28528 22 


89 


.37687 


2.65S42 


.39694 


2.51929 


.41728 


2.39645 


.43793 


2.28^48 21 


40 


.37720 


2.65109 


.39727 


2.51715 


.41763 


2.39419 


.43828 


2.28167 ,20 


41 


.37754 


2.64875 


.39761 


2.51502 


.41797 


2.39253 


.48862 


2.27987 19 


42 


.37787 


2.64642 


.39705 


2.51289 


.41831 


2.39058 


.43897 


2.27806 iS 


43 


.37S2J 2.64410 1 


.30829 


2.51076 


.41865 


2.3886:3 


.43933 


2.27620 17 


44 


.37853 2.64177 i 


.30802 


2.50864 


41899 


2.38668 


.43966 


2.27447 16 


45 


.37887 


2.63945 


.39896 


2.50652 


.41933 


2.38473 


.44001 


2.27267 ,15 


40 


.'37020 


2.63714 


.39930 


2.50440 


.41968 


2.38279 


.44036 


2.27088 il4 


4r 


.379:)3 1 2.63483 


1 .39963 


2.50229 1 


' .42002 


2.38084 


.44071 


2.26909 13 


48 


.37iH.; 2.03-252 


.39997 


2.50(^8 


.420:36 


2.37891 


.44105 


2.26730 12 


4:) 


.3^)20 


2.63021 


.40031 


S. 40807 


.42070 


2.37697 


.44140 


2.26552 11 


50 


.oc^0.">3 


2.62791 


1 .40065 


2.40597 


.42105 


2.37504 


.44115 


2.26374 jlO 


51 


.38086 


2.62561 


.40098 


2.40386 


i .42139 


2.37311 


.44210 


3.26190 


9 


r.>; 


.3^120 


2.623:32 


.40132 


2.10177 


1 .42173 


2.37118 


.44^44 


2.26018 


8 


53 


.'i8J53 


2.62103 , 


.40166 


2.48067 


.42207 


2.36925 


.44279 


2.25&40 


7 


54 


.38186 2.61874 


.40200 


2.48758 


.42243 


2.36733 


.44314 


2.25663 


6 


55 


.aS22() 


2.61646 


.40234 


2.4.8.>49 


' .422'; 6 


2.36.541 


.44349 


2.25486 


5 


56 


.38253 


2.61418 


.40267 


2 483^40 


.42:310 


2.36349 


.44384 


2.25309 


4 


57 


.38280 


2.61190 


.40301 


2.48i:32 


.42:345 


2.36158 


.44418 


2.25133 


3 


58 


.3-^320 


2.(«>963 


.40335 


2.47924 


.42379 2.35967 


.44453 


2.^4950 


2 


59 


.3^3.53 ' 2.6(n3»> 


.40369 


2.47716 


.42413 2.35776 


.44488 


2 247K) 1 


60 


.aS386 ' 2.6;r)()9 


1 .40403 


2.47500 


1 .42447 2.:35585 


.44523 


2.»4604 


/ 


Cotaivif, Tanj^ 


Cotang 
6 


Tang 1 
8-? 


Cotangi Tang 


Cotang 


Tang 


/ 


6 


9° 1 


6 


70 


6 


e^ 



TABLE XXI.-TANGENTS AND COTANGENTS. 



353 





24° ! 


r 


Tang 
.44523 


Cotang 





2.24604 


1 


.44558 


2.24428 


2 


.44593 


2.34252 


3 


.44627 


2.24077 


4 


.44662 


2.23902 


5 


.44697 


2.23727 


6 


.447^32 


2.23553 


7 


.44767 


2.23378 


8 


.44802 


2.23204 


9 


.44837 


2.23030 


10 


.44872 


2.22857 


n 


.44907 


2.22683 


12 


.44942 


2.22510 


13 


.44977 


2.22a37 


14 


.45013 


2.22164 


15 


.45047 


2.21992 


16 


.45082 


2.21819 


17 


.45117 


2.21647 


18 


.45152 


2.21475 


19 


.45187 


2.21304 


20 


.45222 


2.21132 


21 


.45257 


2.20961 


2?, 


.45292 


2.20790 


23 


.45327 


2.20619 


24 .43362 


2.20449 


25 


.45397 


2.20278 


26 


.45432 


2.20108 


27 


.45467 


2.10938 


28 


.45502 


2.19769 


29 


.45538 


2.19599 


30 


.45573 


2.19430 


31 


.45608 


2.19261 


32 


.45643 


2.19092 


83 


.45678 


2.18923 


34 


.45713 


2.18755 


35 


.45748 


2.18587 


86 


.45784 


2.18419 


37 


.45819 


2.18251 


38 


.45854 


2.18084 


39 


.45889 


2.17916 


40 


.45924 


2.17749 


41 


.45960 


2.17582 


42 


.45995 


2.17416 


43 


.46030 


2.17249 


44 


.46065 


2.17083 


45 


.46101 


2.16917 


46 


.46136 


2.16751 


47 


.46171 


2.16585 ! 


48 


.46206 


2.16420 , 


49 


.46242 


2.1G255 


50 


.46277 


2.16090 


51 


.46312 


2.15925 


62 


.46348 


2.15760 


53 


.46383 


2.15596 


54 


.46418 


2.15432 


55 


.46454 


2.15268 


56 


.46489 


2.15104 


57 


.46525 


2.14940 


58 


.46560 


2.14777 


59 


.46695 


2.14614 


60 


.46631 
Cotang 


2.14451 


9 


Taug 1 




6 


6° 



25* 



26« 



27* 



Tang 

.46631" 

.46666 

.46702 

.46737 

.46772 

.46808 

.46843 

.46879 

.46914 

.46950 

.46985 

j .47021 

i .47056 

I .47092 

! .47128 

1 .47163 

.47199 

.47234 

.47270 

.47305 

.47341 

.47377 
.47-412 
.47448 
.47483 
.47519 
io,j5 
.47590 
.47626 
.47662 
.47698 

.47733 
.47769 
.47805 
.47840 

.47876 
.47912 
.47948 
.47984 
.48019 
.48055 

.48091 
.48127 
.48163 
.48198 
.48234 
.48270 
.48306 
.48342 
.48378 
.48414 

.48450 
.48486 
.4&521 
.4&557 
.48593 
.48629 
.48665 
.48701 
.48737 
.48773 



Cotang I Tang Cotang 



2.14461 
2.14288 
2.14125 
2.13963 
2.13801 
2.13639 
2.i;i477 
2.13316 
2.13164 
2.12993 
2.12832 

2.12671 
2.12511 
2.12350 
12190 
12a30 
11871 
11711 
2.11553 
2.11392 
2.11233 

2.11075 
2.10916 
2.10758 
2.10600 
2.10442 
2.10284 
2.10126 
2.09969 
2.09811 
2.09664 

2.09498 
2.09341 
2.09184 
2.09028 
2.08872 
2.08716 
2.08560 
2.08405 
2.08260 
2.08094 



07939 
07785 
07630 
07476 
07321 
07167 
07014 
2.06860 
2.06706 
2.06653 



06400 
06247 
06094 
05942 
05790 
05637 
05485 
053:53 
2.05182 
2.050;W 



Cotang Tang 

6? 



.48773 
.48809 
.48845 
.48881 
,48917 
.48963 
.48989 
.49026 
.49002 
.49098 
.49134 

.49170 
.49C06 
.49242 
.49278 
.49315 
.49351 
.49387 
.49423 
.494:)9 
.49495 

.49532 
.49508 
.49604 
.49640 
.49677 
.49713 
.49749 
.49786 
.49822 
.49858 

.49894 
.49931 
.49967 
.50004 
.50040 
.50076 
.50113 
.50149 
.50185 
.60222 

.50258 
.50295 
.50331 
.50368 
.50404 
.50441 
.50477 
.50514 
.50550 
.50587 

.50623 
.50600 
.50696 
.507aS 
.60769 
.50806 
.50843 
.60879 
.50916 
.50053 

Cotang 



2.06030 
2.04879 
2.04728 
2.04577 
2.04426 
2.04276 
2.04125 
2.03975 
2.0-3825 
2.03675 
2.03526 

2.03376 
2.03227 



2. 
2. 
2. 
2. 



03078 
,02929 
.02780 
02()31 
2.02483 
2.02335 
2.02187 
2.02039 

2.01891 
2.01743 
2.01596 
2.01449 
2.01302 
2.01166 
2.01008 
2.00862 
2.00715 
2.00669 

2.00423 
2.00277 
2.00131 



99986 
99841 
99695 
99550 
99406 
99261 
99116 



1.98972 



,98828 
.98684 
.98540 
.98396 
.98263 
.98110 
.97966 
.97823 
.97681 



97638 
97395 
97253 
97111 
96969 
1.96827 
1.96685 
1.96544 
1.96402 
1.96261 



J'ang 

.5095:f 

.60989 

.61026 

.51003 

.51099 

.51 136 

.51173 

.51209 

.51246 

.61283 

.51319 

.51356 
.51393 
.51430 
.51467 
.51503 
.51540 
.51577 
.51614 
.51G51 
.51088 

.51724 
.51761 
.51798 
.51836 
.51872 
.51909 
.51946 
.51983 
.52020 
.52057 

.52094 
.52131 
.52168 
.52205 
.52242 
.52279 
.52316 
.52353 
.52390 
.52427 

.52464 
.52501 
>. 52538 
.62675 
.52613 
.52650 
.52687 
.62724 
.62761 
.62798 

.52836 
.52873 
.52910 
.52947 
.52085 
.53022 
.53059 
.63096 
.63134 
63171 



Cotang 



Tang 



63« 



Cotang 



.96261 
.96120 
.95979 
.95838 
,95698 
.95557 
,96417 
,95277 
95137 
.94997 
,94858 



.933^32 
.93195 
.93057 
.92920 
.92782 
.92645 
.92508 
.92371 
.92236 



91962 
91826 
,91600 
91654 
91418 
91282 
91147 
91012 
90876 
,90741 

.90607 
.90472 
.903:^7 
.90203 
.90069 
.89935 
.8G801 
.89667 
.89533 
.89400 

.89266 
.89133 
.89000 
.88867 
.88734 
.88602 
.88469 
.88337 
.88205 
.88073 



60 
59 
58 
57 
66 
56 
64 
53 
52 
51 
50 



49 

48 
47 
46 



.94718 
.94579 
.94440 
.94301 
.94162 45 
.94023 44 
.93885 43 
.93746 42 
.03608 41 
.93470 40 



39 
38 
37 
36 
35 
34 
33 
32 
31 



,92098 ,30 



29 
28 
27 
26 
25 
24 
23 
22 
21 
20 

19 
18 
17 
16 
15 
14 
13 
12 
11 
10 

9 
8 
7 
6 
5 
4 
3 
2 
1 




Tang 



62<' 



3f)^ 



TABLE XXL— TANGENTS AND COTANGENTS. 



/ 


28° 


29° 


30° 1 


81° 


6<l 


Tang 


Cotang 


Tang 
.554:31" 


Cotang 


Tang 
.'57735 


Cotang 


Tang 
.60086 


Cotang 


"o 


.53171 


1.8807:3 


1.80405 


1.73205 ! 


1.6«428 


1 


.53208 


1.87941 


, .55469 


1.80281 




1.73069 


.60126 


1.06318 


5.} 


2 


.5:^6 


1.87809 . 


1 .55507 


1.80158 


.57^13 


1.729r3 


.60165 


1.66209 


0.^ 


3 


.53283 


1.87677 


.55545 


1.80034 


.57851 


1.72857 


.60205 


1.66099 


57 


4 


.53;i20 


1.87546 


.5558:3 


1.79911 


.57890 


1.72741 1 


.60245 


1.(55990 |50 


6 


.53358 


1.87415 


.55621 


1.79788 


.57929 


1.72625 


.60284 


1.65881 55 


6 


.53395 


1.87283 , 


.55659 


1.79665 


.57968 


1.72509 


.6a324 


1.65772 54 


7 


.53432 


1.87152 


.55697 


1.7a>42 


.58007 


1.72393 


.60364 


1.G5663 ;53 


8 


.53470 


1.87021 i 


.55736 


1.^9419 


.58046 


1.72278 


.60403 


1.65554 


5J 


9 


.5Ji507 


1.86891 


.55774 


1.7U296 


.58085 


1.72163 


.60443 


1.65445 


51 


10 


.53545 


1.86760 


.55812 


1.79174 


.58124 


1.72047 


.60483 


1.G5337 


50 


11 


.53582 


1.86630 


.55850 


1.79051 


.58162 


1.71932 


.60522 


1.65228 


49 


12 .53620 


1.86499 


.55888 


1.78U29 


1 .58201 


1.71817 i 


.60562 


1.6.5180 :4S 


13, .53657 


1.86369 


.55926 


l.';8807 


.58240 


1.71702 


1 .00602 


1.65011 47 


14' .53694 


1.86239 


.559(>4 


1.786&5 


; .58270 


1.71588 1 


.60642 


1.64003 45 


is; .53732 


1.86109 


.56003 


1.78563 


.58318 


1.71473 


.60681 


1.64795 45 


16, . 5:^769 


1.85979 


.56041 


1.78441 


.58357 


1.71358 


.60721 


1.C4087 44 


17' .53807 


1.85850 


.56079 


1.78319 


1 .58390 


1.71244 


.60761 


1.G4579 ,43 


18 .53844 


1.85720 


.56117 


1.78198 


.58435 


1.71129 


.60801 


1.04471 142 


]9, .5:^82 


1.K5591 


.56156 


1.78077 


.58474 


1.71015 


.60841 


l.C4b63 1 41 


20 


.53920 


1.85462 


.56194 


1.77955 


.58513 


1.70901 


.6C881 


1.G4256 


40 


21 


.53957 


1.853a3 


.56232 


1.77834 


' .58552 


1.70787 


.60921 


1.64148 


39 


22 


.53995 


l.a5204 


.56270 


1.77713 


: .58591 


1.70673 


.60960 


1.64041 |:es 


23 


.540532 


1.85075 ; 


.56309 


1.77592 


, .58631 


1.70560 


.61000 


1. 639^4 3r 


24 


.54070 


1.84946 1 


.56347 


1.77471 


.58670 


1.70446 


.61040 


1.63826 36 


25 .54107 


1.84818 


.56385 


1.77361 


' .58709 


1.70332 


.61080 


1.63719 35 


26 .54145 


1.84089 


.56424 


1.77230 


1 .58748 


1.70219 


.61120 


1.63612 31 


27 .54183 


1.R4561 


.56462 


1.77110 


i .58787 


1.70106 


.61160 


1.63505 3.3 


28' .54220 


1.84433 


.56501 


1.76900 


I .58820 


1.69992 


.61200 


1.03898 


32 


29 


.51258 


1.84305 


.56539 


1.70869 


.58865 


1.69879 


.61240 


1.63292 


31 


30 


.54296 


L&4177 


.56577 


1.76749 


.58905 


1.69766 


.61280 


1.03185 


30 


31 


.54333 


1.84049 


.56616 


1.76629 


.58944 


1.69653 


.61320 


l.aSOTO 


20 


32 


.54371 


1.83922 


.56654 


1.76510 


1 .58983 


1.69541 


.61360 


1.62972 


28 


33 


.54409 


1.813794 


.56693 


1.70390 


.59022 


1.69428 


.61400 


1.6286C 


27 


34 


.54446 


1.83667 


.56731 


1.76271 


.59061 


1.69316 


.61440 


1.62760 


26 


35 


.54484 


1.83540 


.56769 


1.76151 


1 .59101 


1.69203 


.61480 


1.62654 


25 


36 


.54522 


1.83413 


.56808 


1.76032 


. .59140 


1.69091 


.61520 


1.62548 


24 


37 


.54560 


l.a3286 1 


.56846 


1.75913 


.59179 


1.68979 


.61561 


1-62442 123 


38 .54507 


l.a3159 


.56885 


1.75794 


.59218 


1.68866 


.61601 


1.62336 122 


39 


.54C35 


1.830:33 . 


.56923 


1.75G75 


.59258 


1.68754 


.61641 


1.62230 


21 


40 


.54673 


1.82906 


.56962 


1.75556 


.59297 


1.68643 


.61681 


1.62125 


20 


41 


.54711 


1.82780 


.57000 


1.75437 


.59336 


1.68531 


.61721 


1.62019 


19 


42 


.54748 


1.82654 


.57039 


1.75319 


1 .59376 


1.68419 


.61761 


1.C1914 


18 


43 


.51780 


1.82528 


.57078 


1. 75200 


.59415 


1.68308 


.61801 


1 61808 *17 


44 


.54824 


1.82402 


.57116 


1.75082 


1 .59454 


1.68196 


.61842 


1.61703 16 


45 


.54862 


1.82276 


.57155 


1.74964 


; .59494 


1.68085 


.61882 


1.61598 


15 


46 


.54000 


1.82150 


.57193 


1.74846 


1 .59533 


1.67974 


.61922 


1.61493 


14 


47 


.54938 


1.82025 


.57232 


1.74728 


' .59573 


1.67863 


61962 


1.61388 


13 


48 


.54975 


1.81899 


.57271 


1.74610 


.59612 


1.67752 


.62003 


1.61283 


12 


49 


.55013 


1.81774 


.57309 


1.74492 


i .59651 


1.67641 


.62043 


i. 61179 11 


50 


.55051 


1.81649 


.57348 


1.74375 


; .59691 


1.C7530 


.62083 


1.61074 10 


51 


.55089 


1.81524 


.57386 


1.74257 


! .59730 


1.67419 


.62124 


1.60970 


9 


52 


.55127 


1.81399 


.57425 


1.74140 


.59770 


1.67309 


.62164 


1.60865 


8 


53 


.55165 


1.81274 


.57464 


1.74022 


.59809 


1.67198 


.62204 


1.60761 


1 


54 


.55203 


1.81150 


.57503 


1.73905 


.59849 


1.67088 


.62^45 


1.60657 


6 


55 


.55241 


1.81025 


.57541 


l.r3788 


.50888 


1.66978r 


.62285 


1.60553 


5 


56 


.55279 


1.80901 


.57580 


1.73671 


i .59928 


1.66867 


.62325 


1.60449 


4 


57! .55317 


1.80777 1 


.57619 


1.73555 


' .59967 


1.66757 


.62366 


1.60345 


3 


581 .55355 


1.80653 1 


.57657 


1.73438 


.60007 


1.66647 


.62406 


1.60241 


2 


59 .55393 


1.80529 


.57696 


1.73321 


.60046 


1.66538 


.62446 


1.60137 


1 


60 .55431 


1.H0405 1 


.57735 
Cotang 

6 


1.73205 
Tang 

0° 


.60086 
Cotang 


1.66428 


.6^487 
Cotang , 


1.60033 


_0 


/ 


Cotang 


Tang 


Tang 


Tang 


6 


V \ 


5 


9° 


5 


8° 
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355 



3S 


50 

Cotangr 1 1 


83* 1 34° 


35° 1 


60 


Tang 1 


Tang 
.04941 


Cotang 
1.5;39H(J 


Tang 1 Cotang' 1 
.67451 1.48256 


Tang 

~700;2r 


Cotang 


.6:2487 ; 1.60a:^J i 


1.42815 


1 .625;i7 


1.599;W 


.64982 


1.5;i8S8 1 


.67493 


1.48103 


.70064 


1.42?26 


59 


2 .62568 


1.59826 11 


.65024 


1.53; 91 


.67536 


1.48070 


.70107 


1.42638 


58 


3 .62608 


1.59723 


.050()5 


1.55093 


.67578 


1.47977 


.7'0151 


1.42550 '571 


4 .62&19 


1.59G20 


.65106 


1.53395 


.67620 


1.47885 


.70194 


1.42462 


56 


5 .62689 


1.59517 


.65148 


1.53497 


.67663 


1.47792 ! 


, .70238 


1.42374 


55 


6 .62730 


1.59414 


.65189 


1.53400 


.67705 


1.47699 1 


.70281 


1.42286 


54 


7 .62770 


1.59311 


.65231 


1.53302 


.67748 


1.47607 


.7a325 


1.42198 


53 


8 .62811 


1.59208 


.65272 


1.53205 ' 


.07790 


1.47511 


.7o;3(;8 


1.42110 52 


9 .62852 


1.59105 


.65314 


1.53107 


.07832 


1.47422 


.7an2 


1.4 2022 51 


10 .62892 


1.59002 


.('KVi^O 


1.53010 


.07875 


1.47330 


.70453 


1.41934 


50 


11 .629S3 


1.58900 


.65397 


1.52913 


.67917 


1.47238 


.70499 


1.41817 


49 


12 .62973 


1.587^7 


.654:38 


1.52816 


.67900 


1.47110 


.705-1 :; 


l.<1759 


48 


13 .63014 


1.58005 


.05480 


1.52719 


.08002 


1.47053 


 .70.-; J 


1.41672 


47 


14 .63055 


1.58593 


.0oo21 


1.52622 


.68045 


1.40962 


.700C9 


1.41584 16 i 


15 .63095 


1.58490 


.65503 


1.52525 


.08088 


1.46870 


.70673 


1.41197 


45 


16 .63I3G 


1.58388 


.65004 


1.52429 


.08130 


1.46778 


.70717 


1.41409 


44 


17, .63177 


1.58286 


.6'5646 


1.52332 


.08173 


1.46686 


.70700 


1.41322 


43 


18 .63217 


1.58184 


.65688 


1.52235 


.68215 


1.46595 


.70804 


1.41235 


42 


19, .03253 


1.58083 


.65729 


1.52139 


.08258 


1.40508 


.70848 


1.41148 


41 


20 .C32i>9 


1.57981 


.65771 


1.52043 


.08301 


1.464M 


.70891 


1.41061 


40 


21 .63340 


1.57879 


.65813 


1.51946 


.6a343 


1.46320 


.70935 


1.40974 


30 


22 .03380 


i.57;;,s 


.65854 


1.51850 


.08:386 


1.40229 


.70979 


1.40887. 


38 


23 .63421 


1.57676 


.65896 


1.51754 


.68429 


1.40137 


.71023 


1.40800 37 


2i .0346;? 


l.r.7575 


.65938 


1.51058 ' 


.68471 


1.40046 


.71006 


1.40714 '36 


23 .63503 


1.57474 


.65980 


1.51502 


.08514 


1.4.-.955 


.71110 


1.40027 


35 


26 .63544 


1.57372 


.60021 


1.51406 1 


.08557 


1.45864 


.71154 


1.40540 


•54 


27 .63584 


1.572^1 


.66003 


1.51370 


.08000 


1.45773 


.71198 


1.40:54 


33 


28 .63625 


1.57170 


.60105 


1.51275 


.68042 


1.45082 


.71242 


1.4; '367 


32 


29 .63666 


1.57009 


.60147 


1.5117-9 


.08(585 


1.45592 


.71285 


1 .40281 


31 


30 .63707 


1.56969 


.601b9 


1.51084 


.08728 


1.45501 


.71329 


1 .40195 


30 


31 .63748 


1.56868 


.66230 


1.50988 


.68771 


1.45410 


.71373 


1.40109 


29 


32 .03789 


1.50707 


.6627;2 


1.50893 


.08814 


1.45320 


.71417 


1.40022 


28 


33 .63830 


1.56007 


.66314 


1.50797 


.68857 


1.45229 


.71401 


l.:^')936 


27 


a4 .63871 


1.56566 


.66356 


1.50702 


.68900 


1.45139 


.71505 


l.:39850 


26 


35 .63912 


1.56466 


.66398 1.50007 


.08942 


1.45049 


.71549 


1.39704 


25 


36 .63953 


1.56366 


.00440 1.50512 


.08985 


1.44958 


.71593 


1.39079 


24 


37 .63994 


1.56265 


.6048^ 


1.50417 1 


.69028 


1.44868 


.71637 


1.39593 


23 


38 .64035 


1.56165 


.065J4 


1.50322 


.09071 


1.44778 


.71681 


1.39507 


22 


39 .64076 


1.56005 


.00506 


1.50228 


.69114 


1.44688 ' 


.71725 


1 .39421 


21 


40 .64117 


1.55966 


.60008 


1.50133 


.69157 


1.44598 


.71769 


1.39336 


20 


41 .64158 


1.55866 


.66650 


1.50038 


.69200 


1.44508 


.71813 


1.39250 


19 


42 .&4199 


1.55766 


.00092 


1.49944 


.09243 


1.44418 


.71857 


1.39165 


18 


43 .64240 


1.55666 


.00734 


1.49649 


.69286 


1.44329 


.71901 


1.39079 


17 


44 .64281 


1.55567 


.66776 


1.49755 


.69329 


1.44239 


.71946 


1.38994 


10 


45 ,64322 


1.55467 


.66818 


1.49601 


.69372 


1.44119 


.71990 


1.38909 


15 


46 .&4303 


1.55368 


.66860 


1.49566 


.69416 


1.44060 


.72034 


1.38824 


14 


47 .64404 


1.55269 


.66902 


1.49472 


.69459 


1.43970 


.72078 


1.38738 


13 


48 .64446 


1.55170 


.66944 


1.49378 


.09502 


1.43881 


.7'2122 


1.38653 


12 


49 .64487 


1.55071 


.66986 


1.49284 


.69545 


1.43792 


.72107 


1.38568 


11 


60 .64528 


1.54972 


.67028 


1.49190 


.69588 


1.43703 


.72211 


1.3S484 


10 


51 .64569 


1.54873 


.67071 


1.49097 


.69631 


1.43614 


.72255 


1.38399 


9 


52 .64610 


1.54774 


.67113 


1.49003 


.69675 


1.43525 


' .72299 


1.38314 


8 


53 .64662 


1.54675 


.67155 


1.48909 


.69718 


1. 4*430 


.72344 


1.38229 


7 


54 .64693 


1.54576 


1 .67197 


1.48816 


.69701 


1.43347 


.72388 


1.88145 


6 


55 .64734 


1.54478 


' .67239 


1.48722 


1 .69804 


1.43258 


.72432 


1.38060 


5 


56 .64775 


1. 54^^79 


.67282 


1.48029 1 .69847 


1.43109 


.72477 


1.37976 


4 


57 .64817 


1.54281 


.67324 


1.485:36 


.09891 


1.43080 


.72521 


1.37891 


3 


58 .64858 


1.54183 


.67366 


1.48442 


.09934 


1.42992 


.72505 


1.3;-807 


2 


59 .64899 


1.64085 


.67409 


1.48319 


.09977 


1.42903 


.72010 


1.37722 


1 


60 .64941 


1.53986 


.67451 
Cotang 


1.48256 


.70021 


1.42815 


.72054 
] Cotang 


1.37638 





Cotang 


Tang 


Tang 


Cotang 
I 


I Tang 


Tang 


• 


67» 


1 i 


56" 


1 54° 
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37' 



Taniar | Cotang 



Tanj? 



J^8« 



89< 



Cotang ' ' Tan^ ! Cotang 1 1 






.7265^1 




1 


.72699 




2 


.72743 




3 


.?2788 




4 


72832 




5 


.72877 




6 


.72921 




< 


.72966 




8 


.73010 




9 


.7:3055 




10 


.73100 




11 


.73144 




12 


.73189 




13 


.732;« 




14 


.73278 




15 


.73323 




16 


.73368 




17 


.7:M1;3 




18 






19 


.73502 




2C 


.73547 




21 


.73592 




22 


.73637 




23 


.■'(3681 




'l\ 


.73726 




25 


.73771 




26 


.73816 




27 


.73861 




28 


.73900 




29 


.73951 




30 


.73996 




31 


.74041 




32 


.74086 




33 


.74131 




34 


.74176 




35 


.74221 




36 


.74267 




37 


.74312 




38 


.74357 




39 


.744nf> 




40 






41 


.74492 




42 


.74538 




43 


.7458:3 




44 


.74628 




45 


.74674 




46 


.74719 




47 


.74764 




48 


.74810 




49 


.74855 




50 


.74900 




51 


.74946 




52 


.74991 




53 


/; 50:37 




54 


.75082 




55 


.75128 




56 


.75173 




57 


.75219 




58 


.75264 




59 


.75310 




60 


.75355 





.;376:>8 
.:37554 
.37470 
.37386 
.37:303 
.:37218 
.:37i:34 

:.:37o:)0 

.3«59<i7 
.:36KS3 
.36800 

.36716 
.36633 
.3()549 
.36166 
.:}6'38'5 
.36:300 
.36217 
.:3r)13t 

.;3()0.u 

.35968 

.35885 

.:C)719 
.:i-)637 
.35554 

.3r>47'2 
.35:k^9 



•^\'J(>7 



f>.» 



.a5:>24 
.35142 

.P5060 
.:U'.t78 
.-•ilSlJO 
.:34811 
.;i4732 
.^4650 
.31568 
.34487 
.31105 
.3-13J3 

.34343 
.34160 
.34079 
.33998 
.33916 
.33835 
.33754 
.33673 
.a3592 
.:J3511 

..3.^30 
.;i:3349 



.33187 
.33107 
..33026 

..3-2046 
.:32865 
.:32785 
.32704 



'Cotang Tang 
63° 



, .75:355 


l.\»7l>4 


.7.Vi01 


l.;}2624 


' .75447 


1.:32514 


.75492 


l.:3:m4 


, .75.>38 


1.32384 


.75.xSt 


1.32:304 


. .75(329 


l.:32234 


. 75675 


1.32144 


75T'>1 


l.:32064 


.75767 


1.319H4 


.75812 


1.31904 


.75858 


1.31825 


.75904 


1.31745 


.7.j<)50 


1.31666 


.75!^J6 


1.31586 


.76043 


1.31507 


.76088 


1.31427 


.761.34 


1.3i:W8 


.76180 


1.31269 


.76226 


1.31190 


.76278 


1.31110 


.76318 


1.31031 


.76:304 


1.30952 


.7(>410 


1.30873 


.76456 


1.30795 


.76502 


1.30716 


.76548 


1.30637 


.76594 


1.30558 


.76640 


1.30480 


.76086 


1.30401 


.76733 


i. 30323 


.76779 


1.30344 


.76825 


1.30166 


.7(5(S71 


1.300i>7 


.76918 


1.30009 


.769(U 


1.29931 


.77010 


1.298,53 


.77057 


1.29775 


.77103 


1.29696 


.77149 


1.39618 


.77196 


1.29541 


.77313 


1.30163 


.7r.-?o:) 


l.lw-.'l.k^ 


. .77:3a) 


\X,Uil 


.77382 


1.20229 


1 .77138 


1.C9152 


.7? 175 


1.29074 


.77521 


l.iJ8997 


.77568 


1.28919 


.77615 


l.\?ftR42 


.71001 


1.2^764 


.77708 


1. 5^8687 


.77754 


1.28010 


.V/-01 


1.28533 


.778-18 


1.2^456 


,77895 


1.2a379 


.77fMl 


1.28:302 


.7:'>''8 


1.28225 


.780:35 


1.28148 


.78082 


1.28071 


.78129 
Cotang 


1.27994 


Tang 


6 


2« 



.78129 
.78175 
.78222 
.78269 
.78316 
.7836:5 
.78410 
.7K457 
.7h.'304 
.785.51 
.78598 

.78645 
.78692 
.78739 
.78786 
.78834 
.78881 
.78928 
.T897'5 
.79022 
.79070 

.79117 
.791(>4 
.79212 
.79259 
.79306 
.79354 
.79401 
.79449 
.79496 
.79544 

.79591 
.79639 
.796'^> 
.79734 
.79781 
.70829 
.79877 
.79924 
.79972 
.80020 

.80067 
.80115 
.80163 
.80211 
.80258 
.80306 
.80354 
.80402 
.801.50 
.r0JJ8 

.80546 
.80594 
.80(3 12 
.80690 
.80738 
.80786 

.808;u 

.80882 
.809:30 
.80978 

Cotang 



.27994 
.27917 
.27841 
.27764 
.27688 
.27611 
.27535 
.27458 
.27:382 
.27306 
.27230 

.37153 
.27077 
.27001 
.26925 
.26849 
.26774 
.26698 
.26622 
.26546 
.20471 

.26395 
.26319 
.26344 
.26169 
.26093 
.26018 
.25943 
.25867 
.25792 
.25717 

.25642 
.25567 
.25492 
.25417 
.25343 
.25268 
.25193 
.25118 
.25044 
.24969 

.24895 
.24820 
.1^746 
.24672 
.24597 
.24523 
.24449 
.24375 
.24,301 
.24227 

.24153 
.24079 
.24005 
.'23931 
.23858 
.23784 
.23710 
.23637 
.23563 
.23490 



Tang I Cotang 
.80978 



Tang 



.81027 
.81075 
.81123 
.81171 
.81230 
.81268 
.81:316 
.81364 
.81413 
.81461 

.811510 
.81558 
.81606 
.81655 
.81703 
.81752 
.81800 
.81849 
.81898 
.81&46 

.81995 
.82044 
.82092 
.82141 
.82190 
.82238 
.82287 
.82336 
.82885 
.8^34 

.82483 
.82531 
.82580 
.82629 
.82678 
.82727 
.82776 
.82825 
.82874 
.82923 

.82972 

.83022 
.83071 
.83^120 
.83169 
.8:3218 
.83268 
.83317 
.83366 
.83415 

.83465 

.83514 
.83564 
.83613 
.83662 
.83712 
.83761 
.83811 
.83860 
.83910 



2;i49(^ 
2^16 
23343 
23270 
23196 
23123 
23050 
22977 
22904 
22831 
22758 



22031 



19611 
19740 
19669 
19599 
19528 
19457 
19387 
19316 
19246 
19175 



60 
59 
58 
57 
66 
55 
54 
53 
52 
51 
50 



22685 

22612 

225.39 

2*467 

23394 

22321 

22249 

22176 "42 

22104 41 



49 
48 
47 
46 
45 
44 
43 



40 



210.59 39 

21886 38 

21814 

21742 

21670 

21598 

21526 

21454 

21388 

21310 



37 
36 
35 
^ 
33 
32 
31 
30 



21238 
21166 
21094 
21023 
20951 
20879 
20608 
20736 
20665 
20593 

20523 
204.51 
20379 
20306 
30237 
20160 
20095 
20024 
10953 
19882 10 



29 
28 
27 
26 
25 
24 
23 
22 
21 
20 

19 
18 
17 
16 
15 
14 
13 
12 
11 



9 
8 
7 
6 
5 
4 
8 
2 
1 




51' 



Cotang Tang 
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y^ 



f 

"o 


40* 


i AV ! 


42° 1 


43° 


/ 

60 


Tang 1 Cotang 


1 Tang 
^86929^ 


Cotang 


Tang 
.90040 


Cotang 


Tang 
.93252 


Cotang 


.83910 


1.19175 


1.15037 


1.11061 


1.07237 


1 


.83960 


1.19105 


.86980 


1.14969 


.90093 


1.10996 


.93306 


1.07174 


59 


2 


.84009 


1.19035 


.87031 


1.14902 


.90146 


1.10931 


.93360 


1.07112 


58 


S 


.84059 


1.18964 


.87082 


1.14834 


.90199 


1.10867 


.93415 


1.07049 


57 


4 


.84108 


1.18894 


.87133 


1.14767 


.90261 


1.10802 


.93469 


1.06987 


56 


5 


.84158 


1.18824 


.87184 


1.14699 


.90304 


1.10737 


.93524 


1.06925 


55 


6 


.84208 


1.18754 


.87236 


1.14632 


.90357 


1.10672 


.93578 


1.06862 


51 


7 


.84258 


1.18684 


.87287 


1.14565 


.90410 


1.10607 


.93633 


1.06800 


5:3 


8 


.84307 


1.18614 


.87338 


1.14498 


.90463 


1.10543 


.93688 


1.06738 


52 


9 


.84357 


1.18544 


.87389 


1.14430 


.90516 


1.10478 


.93742 


1.06676 


51 


10 


.84407 


1.18474 


.87441 


1.14363 


.90569 


1.10414 


.93797 


1.06613 


50 


11 


.84457 


1.18404 


.87492 


1.14296 


.90621 


1.10349 


.93852 


1.06551 


40 1 


12 


.84507 


1.18334 


.87543 


1.14229 


.90674 


1.10285 


.93906 


1.06489 \4H 


13 


.84566 


1.18264 


.87595 


1.14162 


.90727 


1.10220 


.93961 


1.06427 4;- 


14 


.84606 


1.18194 


.87646 


1.14095 


.90781 


1.10156 


.94016 


1.06365 40 


15 


.84656 


1.18125 


.87698 


1.14028 


.90834 


1.10091 


.94071 


1.06303 145 


16 


.84706 


1.18055 


.87749 


1.13961 1 


.90887 


1.10027 


.94125 


1.06241 44 


17 


.84756 


1.17986 


.87801 


1.13894 ' 


.90940 


1.09963 


.94180 


1.06179 43 


18 


.84S06 


1.1T916 


.87852 


1.13828 


.90993 


1.09899 


.94235 


1.06117 4'3I 


19 


.84856 


1.17846 


.87904 


1.13761 


.91046 


1.09834 


.94290 


1.06056 41 1 


ao 


.84906 


1.17777 


.87955 


1.13694 


.91099 


1.09770 


.94345 


1.05994 40, 


21 


.84956 


1.17708 


.88007 


1.13627 


.91153 


1.09706 


.94400 


1.05932 39 


22 


.86006 


1.17638 


.88059 


1.13561 


.91206 


1.09642 


.94455 


1.05870 38 


23 


.85057 


1.17569 


.88110 


1.13494 


.91259 


1.09578 


.94510 


1.05809 ;3r 


24 


.85107 


1.17500 


.88162 


1.13428 


.91313 


1.09514 


.94565 


1.05747 36 


25 


.85157 


1.17430 


.88214 


1.13361 


.91366 


1.09450 


.94620 


1.05685 i3o 


26 


.85207 


1.17361 


.88265 


1.13295 


.91419 


1.09386 


.94676 


1.05624 34 


27 


.85257 


1.17292 


.88317 


1.13228 


.91473 


1.09322 


.94731 


l.a5562 :33 


28 


.85308 


1.17223 


.88369 


1.13162 


.91526 


1.09258 


.94786 


1.05501 32 


29 


.85358 


1.17154 


.88421 


1.13096 


.91580 


1.09195 


.94841 


1.05439 31 


30 


.85408 


1.17085 


.88473 


1.13029 


.91633 


1.09131 


.94896 


1.05378 30 


81 


.85458 


1.17016 


.88524 


1.12963 


.91687 


1.09067 


.94952 


1.05317 29 


82i 


.85509 


1.16947 


.88576 


1.12897 


.91740 


1.09003 


.96007 


1.05255 28 


33 


.85559 


1.16878 


.88628 


1.12831 


.91794 


1.08940 


.95062 


1.051JW 


27 


34 


.85609 


1.16809 


.88680 


1.12765 


.91847 


1.08876 


.95118 


1.05133 


26 


35 


.85660 


1.16741 


.88732 


1.12699 


.91901 


1.08813 


.95173 


1 .05072 


25 


86 


.86710 


1.16672 


.88784 


1.12633 


91955 


1.08749 


.95229 


1.05010 


24 


37 


.85761 


1.16603 


.88836 


1.12567 


.92008 


1.08686 


.95284 


1.04949 


23 


38 


.85811 


1.16535 


.88888 


1.12501 


.92062 


1.08622 


.95340 


1.04888 


22 


89 


.85862 


1.16466 


.88940 


1.12435 1 


.92116 


1.08559 


.95395 


1.04827 


21 


40 


.85912 


1.16398 


.88992 


1.12369 1 


.92170 


1.08496 


.95451 


1.04706 


20 


41 


.85963 


1.16329 


.89045 


1.12303 


.92224 


1.08432 


.95506 


1.04705 


19 


42 


.86014 


1.16261 


.89097 


1.12288 


.92277 


1.08369 


.95562 


1.04644 


18 


43 


.86064 


1.16192 


.89149 


1.12172 


.92331 


1.08306 


.95618 


1.04583 


17 


44 


.86115 


1.16124 


.89201 


1.12106 


.92385 


1.08243 


.95673 


1.04522 


16 


46 


.86166 


1.16056 


.89253 


1.12041 


.92439 


1.08179 


.95729 


1.04461 


15 


46 


.86216 


1.15987 


.89306 


1.11975 


.92493 


1.08116 


.95785 


1.04401 


14 


47 


.86267 


1.15919 


.89358 


1.11909 


.92547 


1.08053 


.95841 


1.04a40 


13 


48 


.86318 


1.15851 


.89410 


1.11844 


.92601 


1.07990 1 


.95897 


1.04279 


12 


49 


.86368 


1.15783 


.89463 


1 11778 


.92655 


1.07927 1 


.95952 


1.04218 


11 


50 


.86419 


1.15715 


.89515 


1.11713 


.92709 


1.07864 


.96008 


1.04158 


10 


51 


.86470 


1.15647 


.89567 


1.11648 


.92763 


1.07801 


.96064 


1.04097 


9 


52 


.86521 


1.15579 


.89620 


1.11582 


.92817 


1.07738 


.96120 


1.04036 


8 


53 


.86572 


1.15511 


.89672 


1.11517 


.92872 


1.07676 


.96176 


1.03976 


7 


54 


.86623 


1.15443 


.89725 


1.11452 


.92926 


1.07613 1 


.96232 


1.03915 


6 


55 


.86674 


1.15375 


.89777 


1.11387 


.92980 


1.07550 ' 


.96288 


1.03855 


5 


56 


.86725 


1.15308 


.89830 


1.11321 


.93034 


1.07487 


.96344 


1.08794 


4 


57 


.86776 


1.15240 


.89883 


1.11256 


.93088 


1.07425 


.96400 


1.03734 


3 


58 


.86827 


1.15172 


.89935 


1.11191 


.93143 


1.07362 


.96457 


1.0:3674 


2 


59 


.86878 


1.15104 


.89988 


1.11126 


.93197 


1.07299 


.96513 


1.03613 


1 


60 

/ 


.86929 
Cotang 


1.15037 


.90040 


1.11061 


.93252 
Cotang 


1.07237 


.96569 
Cotang 


1.03553 




» 


Tang 


Cotang 


Tang 


Tang 


Tang 


4 


S' 


48° 


47° 1 


46° 



35<S 



TABLE XXI.— TANGENTS AND COTANGENTS. 




1 
2 
3 
4 
5 
6 
7 
8 
9 
10 

11 
12 
13 
14 
15 
16 
17 
18 
19 
20 



44. 



44. 



Tang Cotang ! 



.96569 
.96625 
.96681 
.96738 
.9071M 
.96850 
.96907 
.96963 
.97020 
.97D76 
.9713:3 

.97189 
.97246 
.97302 
.97359 
.97416 
.97472 
.97529 
.97586 
.97643 
.97700 



1.03553 
1.0ai93 
1.0343:3 
1.03372 
1.0a312 
1.03252 
1.03192 
1.03132 
1.03072 
1.03012 
1.02952 

1.02892 
1.02832 
1.02772 
1.02713 
1.02653 
1.02.593 
1.0253:3 
1.02474 
1.02414 
1.02:355 



Cotang I Tang 
46« 



60 

59 

58 

57 

56 

55 

54 

5:3 ! 

52 , 

51 , 

50 

49 
48 
47 
46 
45 
44 
43 
42 
41 
40 



i 20; 

21 

22 

' 23' 

I 24 I 
' 25 

26 

27 

28 

29 

30 

31 
32 
:33 
34 
35 
36 
37 
38 
39 
40 



Tang j Cotang 



.97700 
.97756 
.97813 
.97870 
.97927 
.97984 
.98041 
.98098 
.98155 
.98213 
.98270 

.98327 

.98384 
.9^41 
.98499 
.98556 
.98613 
.98671 
.98728 
.98786 
.98843 



Cotang 



1 
1 

1, 
1. 
1 



.02355 
.02295 
.022:36 
.02176 
.02117 
1.02057 
1.01998 
1.019:39 
1.01879 
1.01820 
1.01761 

1.01702 
1.01642 
1.01583 



.01524 
.01465 



1.01406 



01347 

01288 
01229 
01170 



Tang 



II 



/ i. / 



,40 40 
39 41 

 38 42 
37 43 
36 44 
a5 45 
34 
33 
32 
31 

,30 



20 

28 



'>7 



45< 



44c 



46 

47 
48 
49 
50 



51 
52 
53 
26;. 54 
25 55 
24 56 
23 57 
22 59 
21 ' 59 
20 60 



■■■1^ 



Tang Cotang 



.96843 
.98901 
.98968 
.99016 
.99073 
.99131 
.99189 
.99247 
.99304 
.99362 
.99420 

.99478 
.99536 
.99594 
.99652 
.99710 
.99768 
.99826 
.99884 
.99942 
1.00000 



Cotang 



1.01170 
1-01112 
1.01053 
1.00994 
1.00935 
1.00876 
1.10818 
1.00759 
1.00701 
1.00642 
1.00583 

1.00525 
1.00467 
1.00108 
1.00:i50 
1.00291 
1.00233 
1.00175 
1.00116 
1.00058 
1.00000 



Tang 



20 
19 
18 
17 
16 
15 
14 
13 
12 
11 
10, 



6 
5 
4 
3 
2 
1 




4^< 



TABLE XXII.-VERSINES AND EXSECANTf;. 



r^fio 



0- 



Vers. Exsec. 




1 
2 

3 

4 
5 
6 
7 
8 
9 
10 

11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

21 
22 
23 
24 
25 
26 
27 
28 

20 ; 

30 

31 
32 
33 
34 
35 
30 
37 
38 
39 
40 

41 
42 

43 
44 
45 
46 
47 
48 
49 
50 

51 

52 
53 
54 
55 
56 
57 
58 
59 
60 



.00000 
.00000 
.00000 
.00000 
.00000 
.00000 
.00000 
.00000 
.00000 
.00000 
.00000 

.00001 
.00001 
.00001 
.00001 
.00001 
.00001 
.00001 
.00001 
.00002 
.00002 

.00002 
.00002 
.00002 
.00003 
.00003 
.00003 
.00003 
.00003 
.00004 
.00004 

.oooai 

.00004 
.00005 
.00005 
.00005 
.00005 
.00006 
.00006 
.00006 
.00007 

.00007 
.00007 
.00006 
.00008 
.00009 
.00009 
.00009 
.00010 
.00010 
.00011 

.00011 
.00011 
.00012 
.00012 
.00013 
.00013 
.00014 
.00014 
.00015 
.00015 



Vers. 



.00000 
.00000 
.00000 
.00000 
.00000 
.0.1000 
.00000 
.00000 
.00000 
.00000 
.00000 

.00001 
.00001 
.00001 
.00001 
.00001 
.00001 
.00001 
.00001 
.00002 
.00003 

.00002 
.00002 
.00002 
.00002 
.00003 
.00003 
.00003 
.00003 
.00004 
.00004 

.00004 
.00004 
.00005 
.00005 
.00005 
.00005 
.00006 
.00006 
.00006 
.00007 

.00007 
.00007 
.00008 
.00008 
.00009 
.00009 
.00009 
.00010 
.00010 
.00011 

.00011 
.00011 
.00012 

.00012 ;; 

.00013 ji 

.00013 I 
.00014 
.00014 

.OilOl.') I 

.00015 I 



.00015 
.00016 
.00016 
.00017 
.00017 
.00018 
.00018 
.00019 
.00020 
.00020 
.00021 

.00021 
.00022 
.00023 
.00023 
.00024 
.00024 
.00025 
.00026 
.00026 
.00027 

.00028 
.00028 
.00029 
.00030 
.00081 
.00031 
.00032 
.00033 
.00034 
.00034 

.00035 
.00036 
.00037 
.00037 
.00038 
.00039 
.00040 
.00041 
.00041 
.00042 

.00043 
.00014 
.00045 
.00046 
.00017 
.00018 
.00048 
.00049 
.000.50 
.00051 

.00052 
.00053 
.00054 
.00055 
.(KX)56 
.000.57 
.00058 
.00059 
.00060 
.OOOCl 



Exsec. 



.00015 
.00016 
.00016 
.00017 
.00017 
.00018 
.00018 
.00019 
.00020 
.00020 
.00021 

.00021 
.00022 
.00023 
.00023 
.00024 
.00024 
.00025 
.00026 
.00026 
.00027 

.00028 
.00028 
.00029 
.00080 
.00031 
.00031 
.00032 
.00033 
.00034 
.00034 

.00035 
.00036 
.00037 
.00037 
.00088 
.00039 
.00040 
.00041 
.00041 
.00042 

.00043 
.00044 
.00045 
.00046 
.00047 
.00048 
.00048 
.00049 
.00050 
.00051 



Vers. 



I' 



.00052 , 
.00053 I' 
.00054 y 
.00055 I 
.00056 I 
.00057 
.00058 
.00059  
.00060 , 
.OlXXil . 



.00061 
.00062 
.00063 
.00064 
.00065 
.00066 
.00067 
.00068 
.00069 
.00070 
.00071 

.00073 
.00074 
.00075 
.00076 
.00077 
.00078 
.00079 
.00081 
.00082 
.00083 

.00084 
.00085 
.00087 
.00088 
.00089 
.00090 
.00091 
.00093 
.00091 
.00095 

.00090 
.00093 
.00099 
.00100 
.00102 
.00103 
.00104 
.00106 
.00107 
.00108 

.00110 
.00111 
.00112 
.00114 
.00115 
.00117 
.00118 
.00119 
.00121 
.00122 

.00124 
.00125 
.00127 
.00128 
.00130 
.00131 
.00133 

Amu 

.00136 
.00137 



Exsec. I 

.00061 
.00062 
.00063 
.00064 
.00065 
.00066 i 
.00067 I 
.00068 I 
.00069 I 
.00070 I 
.00072 

.00073 

.00074 

.00075 I 

.00076 

.00077 

.00078 

.00079 

.00081 

.00082 

.00083 

.00084 
.00085 
.00087 
.00088 
.00069 
.00090 
.00091 
.00093 
.00094 
.00095 

.00097 
.00098 
.00099 
.00100 
.00102 
.00103 
.00104 
.0010(> 
.00107 
.00108 

.00110 
.00111 
.00113 
.00114 
.00115 
.00117 
.00118 
.00120 
.00121 
.00122 

.00124 
.00125 
.00127 
.00128 
.00130 
.00131 

.ooi;« 

.00i:W 
.00130 
.00137 



9 


«> 


/ 


Vers. 

• 


Exsec. 




.00137 


.00137 





.00139 


00139 


1 


.00140 


.00140 


2 


.00142 


.00142 


3 


.00143 


.00143 


4 


.00145 


.00145 


5 


.00146 


.00147 





.00148 


.00148 


7 


.00150 


.00150 


8 


.00151 


.00151 


9 


.00153 


.00153 


10 


.00154 


.0015.5 


11 


.00156 


.00150 


13 


.00158 


.00158 


13 


.00159 


.00159 


14 


.00161 


.00161 


15 


.00168 


.00163 


16 


.00164 


.00164 


17 


.00166 


.00166 


18 


.00168 


.00168 


10 


.00169 


.00169 


20 


.00171 


.00171 


21 


.00173 


.00173 


23 


.00174 


.00175 


23 


.00176 


.00176 


34 


.00178 


.00178 


35 


.00179 


.00180 


26 


.00181 


.00182 


27 


.00183 


.00183 


28 


.ooia5 


.00185 


29 


.00187 


.00187 


30 


.00188 


.00180 


31 


.00190 


.00190 


33 


.00192 


.00192 


33 


.00194 


.00191 


34 


.00196 


.00190 


35 


.00197 


.00198 


30 


.00199 


.00200 


87 


.00^)1 


.00201 


88 


.00J03 


.0(W03 


39 


.00205 


.00205 


40 


.00207 


.00207 


41 


.00208 


.00200 


42 


.00210 


.00211 


43 


.00212 


.00213 


44 


.00214 


.00215 


45 


.00210 


.00210 


46 


.00218 


.00218 


47 


.00220 


.00220 


48 


.00222 


.00222 


49 


.00224 


.00224 


50 


.00226 


.00226 


51 


.00228 


.00228 


52 


.00230 


.00230 


53 


.00232 


.00232 


54 


.00234 


.00234 


5,5 


.00236 


.00236 


50 


.00233 


.00238 


67 


.00240 


.00240 


58 


.00242 


.00242 


r 


.00244 


.00:^44 





360 



TABLE XXII.— VERSINES AND EXSECANTS. 



Vers. 




1 
2 
3 
4 
5 
6 
7 
8 
9 
10 

11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

21 
22 
23 
24 
25 
26 
27 
28 
29 
30 

31 
82 
33 
34 
35 
36 
37 
38 
39 
40 

41 
42 
43 
44 
45 
46 
47 
48 
49 
50 

51 
52 
53 
54 
55 
56 
57 
58 
59 
60 



.00244 
.00246 
.00248 
.00250 
.00252 
.00254 
.00250 
.00258 
.00260 
.00262 
.00264 

.00266 
.00269 
.00271 
.00273 
.00275 
.00277 
.00279 
.00281 
.00284 
.00286 

.00288 
.00200 
.00293 
.00295 
.00297 
.00299 
.00301 
.00304 
.00:306 
.00308 

.00311 
.00313 
.00315 
.00317 
.00320 
.00322 
.00324 
.00.327 
.00329 
.00332 

.00334 
.00336 
.00a39 
.00341 
.00343 
.00346 
.00348 
.00351 
.00353 
.00356 

.00358 
.00361 
.00363 
.00365 
.00368 
.00370 
.00373 
.00375 
.00378 
.00381 



Exsec. ' 

I 

.00244 ! 

.00246 I 

.00248 

.00250 

.00252 ; 

.00254 i 

.00257 I 

.00259 

.00261 

.00263 

.00265 

.00267 
.00269 
.00271 
.00274 
.00276 
.00278 
.00280 
.00282 
.00284 
.00287 

.00289 

.00291 ' 

.00293 

.00296 

.00298 

.00300 

.00302 

.00305 

.00307 

.00309 

.00312 
.00314 
.00316 
.00318 
.00321 
.00323 
.00326 
.00328 
.00330 
.00333 

.00335 

.00337 

.00340 

.00342 

.00345 

.00347 

.0a350 

.00352 '■ 

.00354 

.00357 

.00359 
.00362 
.00364 
.00367 
.00369 
.0a372 
.0a374 
.00377 
.00379 
.00382 



Vers. Exsec. 



.00881 
.00383 

.oo:«6 

.00391 
.0a393 
.00396 
.00398 
.00401 
.00404 
.00406 

.00409 
.00412 
.00414 
.00417 
.00420 
.00422 
.00425 
.00428 
.00430 
.00433 

.00430 
.00438 
.00441 
.00444 
.00447 
.00449 
.00452 
.00455 
.00458 
.00460 

.00463 
.00466 
.00469 
.00472 
.00474 
.00477 
.00480 
.00483 
.00486 
.00489 

.00492 
.00494 
.00497 
.00500 
.00603 
.00506 
.00509 
.00512 
.00515 
.00518 

.00521 
.00524 
.00527 
.00530 
.00533 
.00536 
.00539 
.00542 
.00545 
.00548 



00382 : 

00:385 ! 
00387 
00390 
00392 

00:395 , 

0O397 ! 

00400 ; 

00403 i 

004O5 I 

00408 I 

00411 I 

00413 I 

00416 1 

00419 ' 

00421 I 

00424 ; 
00427 
00429 

00432 I 

00435 j 

00438 I 
00440 
00443 i 
00446 
00449 
00451 I 
00454 ! 
00457 
00460 
00463 i 

00465 i 
00468 

00471 I 

00474 j 

00477 I 

00480 j 

00482 ' 

00485 I 
00488 
0O491 

00494 
0O497 
00500 
00503 
00506 
005i)9 
00512 
00515 
00518 
00521 

00524 
0O527 
00530 
00533 
00536 
00539 
00542 
0O545 
00548 
00551 



6 


«» 


Vers. 


Exsec. 


.00648 


.00561 


.00551 


.00554 


.00554 


.00557 


.00557 


.00560 


.00560 


.00563 


.00563 


.00566 


.00566 


.00569 i 


.00569 


.00573 


.00572 


.00576 1 


.00576 


.00579 


.00579 


.00582 


00582 


.00585 


.00585 


.00588 


.00588 


.00592 


.00591 


.00595 


00594 


..00598 


.00598 


.00601 


.00601 


.00604 


00604 


.00608 


.00607 


.00611 


.00610 


.00614 


.00614 


.00617 


.00617 


.00621 


.00620 


.00624 


.00623 


.00627 


.00626 


.00630 


.00630 


.00634 


.00633 


.00637 


.00636 


.00640 


.00640 


.00644 


.00643 


.00647 


.00646 


.00650 


.00649 


.00654 


.00653 


.00657 


.00656 


.00660 1 


.00659 


.00664 1 


.00663 


.00667 


.00666 


.00671 


.00669 


.00674 ' 


.00673 


.00677 ; 


.00676 


.00681 


.00680 


.00684 


.00683 


.00688 


.00686 


.00691 


.00690 


.00695 


.00693 


.00698 


.00697 


.00701 


.00700 


.00705 


.00703 


.00708 


.00707 


.00712 


.00710 


.00715 


.00714 


.00719 


.00717 


.00722 


.00721 


.00726 


.1/0724 


.00730 


.00728 


.00733 


.00731 


.00737 


.00735 


.00740 


.00738 


.00744 


.00742 


.00747 


.00745 


.00751 



Vers. 



.00745 
.00749 
.00752 
.00756 
.00760 
.00763 
.00767 
.00770 
.00774 
.00778 
.00781 

.00785 
.00789 
.00792 
.00796 
.00800 
.00803 
.00807 
.00811 
.00814 
.00818 

.00822 
.00825 
.00829 
.008a3 
.00837 
.00840 
.00844 
.00848 
.00852 
.00856 

.00859 
.00863 
.00867 
.00871 
.00675 
.00878 
.00882 
.00886 
.00890 
.00894 

.00898 

.00902 

.00906 

.00909 

00913 

00917 

.00921 

.00925 

00929 

.00933 

.00937 
.00941 
.00945 
.00949 
.00953 
.00957 
.00961 
.00965 
.00969 
.00973 



Exsec. 



.00751 ; 
.00755 I 
.(10758 I 
.00762 
.00765 I 
.00769 

.oorrs 

.00776 
.00780 
.00784 
.00787 

.00791 
.00795 
.00799 
.00802 
.00806 
.00810 
.00813 
.00817 
.00821 
.00825 

.00828 
.00832 
.00836 
.00840 
.00844 
.00848 
.00851 
.00855 
.00859 
.00663 

.00667 
.00871 
.00875 
.00878 
.00882 
.00886 
.00890 
.00894 
.00898 
.00902 

.00906 
.00910 
.00914 
.00918 
.00922 
.00926 
.00930 
.00934 
.00988 
.00942 

.00946 
.00950 
.00954 
.00958 
.00962 
.00966 
.00970 
.00975 
.00979 
.00983 



' 38 

I 39 

40 



Table xxu.— veRsii^es ANb exsecants. 



361 






8» 


9* 


10» 


11* 


1 


Vers. 


Exsec. 


Vers. 


Exsec. 


Vers. 


Exsec. 


Vers. 


Exsec. 


r 


.00973 


.00983 


.01231 


.01247 


.01519 


.01543 


.01837 


.01872 


___. 


1 


.00977 


.00987 


.01236 


.01251 


.01,524 


.01548 


.01843 


.01877 


1 


2 


.00981 


.00991 1 


.01240 


.01256 


.01529 


.01553 


.01848 


.01883 


2 


3 


.00985 


.00995 I 


.01245 


.01201 


.01534 


.01558 


.01854 


.01889 


3 


4 


.00989 


.00999 


.01249 


.01265 


.01540 


.01564 


.01860 


.01895 


4 


5 


.00994 


.01004 


.01254 


.01270 


.01545 


.01569 


.01865 


.01901 


5 


G 


.00998 


.01008 


.01259 


.01275 


.01550 


.01574 


.01871 


.01906 


6 


7 


.01002 


.01012 


.01263 


.01279 


.01555 


.01579 


.01876 


.01912 


7 


8 


.01006 


.01016 


.01268 


.01284 


.01560 


.01585 


.01882 


.01918 


8 





.01010 


.01020 


.01272 


.01289 


.01565 


.01590 


.01888 


.01924 


9 


10 


.01014 


.01024 


.01277 


.01294 


.01570 


.01595 


.01893 


.01930 


10 


11 


.01018 


.01029 


.01282 


.01298 


.01575 


.01601 


.01899 


.01936 


11 


1^ 


.01022 


.01033 


.01286 


.01303 


.01580 


.01606 


.019M 


.01941 


12 


13 


.01027 


.01037 


.01291 


.01308 


.01586 


.01611 


.01910 


.01947 


13 


li 


.01031 


.01041 


.01296 


.01313 


.01591 


.01616 


.01916 


.01953 


14 


15 


.01035 


.01046 


.01300 


.01318 


.01596 


.01622 


.01921 


.01959 


15 


16 


.01039 


.01050 


.01305 


.01322 


.01601 


.01627 


.01927 


.01965 


16 


17 


.01043 


.01054 


.01310 


.01327 


.01606 


.01633 


.01933 


.01971 


17 


18 


.01047 


.01059 


.01314 


.01332 


.01612 


.01638 


.01939 


.01977 


18 


19 


.01052 


.01063 


.01319 


.01337 


.01617 


.01643 


.01944 


.01983 


19 


20 


.01056 


.01067 


.01324 


.01342 


.01622 


.01649 


.01950 


.01989 


20 


21 


.01060 


.01071 


.01329 


.01346 


.01627 


.01654 


.01956 


.01995 


21 


22 


.OlOGl 


.01076 


.01333 


.01351 


.01632 


.01659 


.01961 


.02001 


22 


23 


.01069 


.01080 


.01338 


.01356 


.01638 


.01665 


.01967 


.02007 


23 


24 


.01073 


.01084 


.01343 


.01361 


.01643 


.01670 


.01973 


.02013 


24 


25 


.01077 


.01089 


.01348 


.01366 


.01648 


.01676 


.01979 


.02019 


25 


28 


.01081 


.01093 


.01352 


.01371 


.01653 


.01681 


.01984 


.02025 


26 


27 


.01086 


.01097 ' 


.01357 


.01376 


.01659 


.01687 


.01990 


.02031 


27 


28 


.01090 


.01102 1 


.01362 


.01381 


.01664 


.01692 


.01996 


.02037 


28 


29 


.01094 


.01106 ' 


.01367 


.01386 


.01669 


.01698 


.02002 


.02043 


29 


30 


.01098 


.01111 


.01371 


.01391 


.01075 


.01703 


.02008 


.02049 


30 


31 


.01103 


.01115 


.01376 


.01395 


.01680 


.01709 


.02013 


.02055 


31 


32 


.01107 


.01119 


.01381 


.01400 


.01685 


.01714 


.02019 


.02061 


32 


3:3 


.01111 


.01124 


.01386 


.01405 


.01690 


.01720 


.02025 


.02067 


33 


34 


.01116 


.01128 


.01391 


.01410 


.01696 


.01?25 


.02031 


.02073 


34 


35 


.01120 


.01133 1 


.01396 


.01415 


.01701 


.01731 


.02037 


.02079 


35 


36 


.01124 


.01137 ' 


.01400 


.01420 


.01706 


.017m 


.02042 


.02085 


36 


37 


.01129 


.01142 


.01405 


.01425 


.01712 


.01742 


.02048 


.02091 


37 


33 


.01133 


.01146 


.01410 


.01430 


.01717 


.01747 


.02054 


.02097 


38 


33 


.01137 


.01151 


.01415 


.01435 


.01723 


.01753 


.02060 


.02103 


39 


40 


.01142 


.01155 


.01420 


.01440 


.01728 


.01758 


.02066 


.02110 


40 


41 


.01146 


.01160 


.01425 


.01445 


.01733 


.01764 


.(fe072 


.02116 


41 


42 


.01151 


.01164 


.01430 


.01450 


.01739 


.01769 


.02078 


.02122 


42 


43 


.01155 


.01169 


.01435 


.01455 


.01744 


.01775 


.02084 


.02128 


43 


44 


.01159 


.01173 1 


.01439 


.01461 


.01750 


.01781 


.02090 


.02134 


44 


45 


.01164 


.01178 


.01444 


.01466 


.01755 


.01786 


.02095 


.02140 


45 


46 


.01168 


.01182 1 


.01449 


.01471 


.01760 


.01792 


.02101 


.02146 


46 


47 


.01173 


.01187 1 


.01454 


•01476 


.01766 


.01798 


.02107 


.02153 


47 


48 


.01177 


.01191 i 


.01459 


.01481 


.01771 


.01803 


.02113 


.02159 


48 


49 


.01182 


.01196 


.01464 


.01486 


.01777 


.01809 


.02119 


.02165 


49 


50 


.01186 


.01200 


.01469 


.01491 


.01782 


.01815 


.02125 


.02171 


50 


51 


.01191 


.01205 ' 


.01474 


.01496 


.01788 


.01820 


.02131 


.02178 


51 


52 


.01195 


.01209 


.01479 


.01501 


.01793 


.01826 1 


.02137 


.02184 


52 


5.3 


.01200 


.01214 


.01484 


.01506 


.01799 


.01832 


.02143 


.02190 


53 


54 


.01204 


.01219 


.01489 


.01512 


.01804 


.01837 


.02149 


.02196 


54 


55 


.01209 


.01223 


.01494 


.01517 


.01810 


.01843 


.02155 


.02203 


55 


56 


.01213 


.01228 


.01499 


.01522 


.01815 


.01849 


.02161 


.02209 56 


57 


.01218 


.01233 , 


.01504 


.01527 


.01821 


.01854 


.02167 


.02215 57 


58 


.01222 


.01237 


.01509 


.01532 


.01826 


.01860 


.02173 


.02221 58 


59 


.01227 


.01242 


.01514 


.01537 


.01832 


.01866 


.02179 


.02x^28 


59 


60 


.oiaii 


.01247 


.01519 


.01543 


.01837 


.01872 1 


.02185 


.02234 


80 



\Cy 



TABLE XXII.-VERSINES aND EXSECaKTS. 



12* 



13' 



Vers. I Exsec. 



Vers, 



Exsec. 



.oei8o 

. 02191 
.02197 
.02203 
.02210 
.02210 
.02222 
.02228 
.022:U 
.02240 
.02246 

.02252 
.02258 
.02205 
.02271 
.02277 
.02283 
.02289 
.02205 
.02302 
.02308 

.02314 
.02320 
.02:527 
.02333 
.02:^39 
.02345 
.02352 
.02358 
.02:JG4 
.02370 

.02377 
.02383 
.02389 
.02396 
.03402 
.02408 
.02415 
.02421 
.02427 
.0)^134 

.02440 
.02447 
.02453 
.02459 
.02466 
.0^472 
.02479 
.02485 
.0JM92 
.02498 

.02504 
.02511 
.02517 
.02584 
.02530 
.02537 
.02543 
.02550 
.02,')56 
.02563 



02234 
02240 
02247 
02253 
02259 
02266 
02272 
02279 
02285 
02291 
02298 

02304 
02311 
02317 
02323 

O2;i30 

()r>Mj 

t)2.U3 
02349 
Ov'356 
02362 

02369 
02375 
02382 
C2.]i-« 
02395 
(.2402 
02408 
02415 
02121 
02428 

02435 

02441 
0!^48 
02454 
02461 
02468 
0^74 
02481 
02188 
02494 

02501 
02508 
02515 
02521 
02528 
02535 
02(>42 
02548 
02555 
02562 

02509 
02576 
02582 
02589 
02596 
02(ia3 
02r.l0 
02017 
0202-t 
02630 



.02563 
.02570 
.02576 
.02583 
.02589 
.02596 
.02002 
.02609 
.02616 
.02022 
.02629 

.02635 
.02642 
.02649 
.02055 
.02602 
.02609 
.02675 
.02682 
.02089 
.02696 

.02702 
.02709 
.02716 
. 02722 
.02729 
.02730 
.02743 
.02749 
.02756 
.02763 

.02770 
.02777 
.02783 
.027^0 
.02797 
.02804 
.02811 
.02818 
.02824 
.02831 

.02838 
.02845 
.02852 
.02&59 
.02866 
.02873 
.02880 
.02887 
.02894 
.02900 

.02007 
.02014 
.02021 
.02028 
.02035 
.020.42 
.02049 
.02056 
.021K>3 
.02070 



02630 
02637 
02644 
02651 
02658 
02665 
02672 
02679 
C2686 
02693 
02700 

02707 
02714 
02721 
02728 
02735 
02742 
02749 
02756 
02763 
02770 

02777 
02784 
02791 
02799 
02806 
02813 
02820 
02827 
02834 
02842 

02849 
02856 
02863 
02870 
02878 
02885 
02802 
02809 
02007 
02914 

02921 
02928 
02936 
02943 
02950 
02958 
02965 
02072 
02080 
02987 

02904 
03002 
03009 
0:3017 
03024 
03032 
03039 
08046 
03054 
03061 



14<= 



Vers. 



.02970 

.02977 
.02985 
.02992 
.02999 
.03006 
.03013 
.03020 
.03027 
.030:i4 
.03041 

.03048 
.03055 
.03063 
.03070 
.03077 
.03064 
.03091 
.03098 
.03106 
.03113 

.03120 
.03127 
.03134 
.03142 
.03149 
.03156 
.03163 
.03171 
.03178 
.03185 

.03193 
.03200 
.03207 
.03214 
.03222 
.03229 
.03236 
.03244 
.03251 
.03258 

.03266 
.03273 
.03281 
.03288 



Exsec. 



.03061 
.03069 
.03076 
.08084 
.03091 
.03099 
.03106 
.03114 
.03121 
.03129 
.03137 

.03144 
.03152 
.03159 
.03167 
.03175 
.03182 
.03190 
.03198 
.03205 
.03213 

.03221 
.03228 
.03236 
.03244 
.03251 
.03259 
.03267 
.03275 
.03282 
.03290 

.a3298 
.03306 
.03313 
.03321 
.03329 
.03337 
.03345 
.03353 
.03360 
.03368 

.03376 
.0a384 
.03392 
.03400 



.03205 


.03408 


.03303 


.03416 


.03:^0 


.03424 


.03318 


.03432 


.03:325 


.03430 


.03333 


.03447 


.03340 


.03455 


.03;:U7 


.03463 


.a3355 


.03471 


.0a362 


.03479 


.03370 


.03487 


.03377 


.03495 


.a3385 


.oa'jas 


.03302 


.03512 


.0;3J()0 


.0:3520 


.03407 


.03528 



16« 


/ 


Vers. 


Exsec. 




.03407 


.03528 


"o" 


.03415 


.03536 


1 


.03422 


.03544 


2 


.03430 


.03552 


3 


.03438 


.03500 


4 


.03445 


.03568 


5 


.03453 


.08576 


6 


.03460 


.03584 


7 


.03168 


.03592 


8 


.03476 


.03601 


9 


.03483 


.03609 


10 


.03491 


.03617 


11 


.03498 


.03625 


12 


.03506 


.03633 


13 


.03514 


.03642 


14 


.03521 


.03650 


15 


.03529 


.03658 


16 


.03537 


.03666 


17 


.03544 


.03674 


18 


.03552 


.03683 


19 


.03560 


.03691 


20 


.03567 


.03699 


21 


.03575 


.03708 


22 


.03583 


.03716 


23 


.03590 


.03724 


24 


.03598 


.03732 


25 


.03006 


.03741 


26 


.03614 


.03749 


27 


.03621 


.03758 


28 


.03629 


.03766 


29 


.03637 


.C3774 


30 


.03645 


.03783 


31 


.03653 


.03791 


32 


.03660 


.03799 


33 


.03668 


.03808 


M 


.03676 


.08816 


.35 


.03684 


.03825 


30 


.03692 


.03833 


3^ 


.03699 


.03842 


38 


.03707 


.08850 


a9 


.08715 


.03858 


40 


.03723 


,03867 


41 


.03731 


.03875 


42 


.03739 


.03884 


43 


.03747 


.0J3892 


44 


.03754 


.03901 


45 


.03762 


.03909 


46 


.03770 


.03918 


47 


.0377« 


.03027 


48 


.03786 


.031^35 49 


.03794 


.03944 


50 


.03802 


.03952 


51 


.03810 


.03961 


52 


.03818 


.03969 


53 


.03826 


.03978 


54 


.03834 


.03987 


55 


.03842 


.08995 


56 


.03850 


.(V40O4 


57 


.03a58 


.04013 


58 


.03866 


.04021 


59 


.03874 


.04030 


60 



TAfi'LE XXn.-VERSiNES AND fiXSECANTS. 
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16« 



ir 



Vers. 



Exsec. 



Vers. 




1 
2 
3 
4 
5 
6 
7 
8 
9 
10 

11 

12 

13 

14 

15 

16 1 

17 

18 

19 

20 

21 
22 
23 
2i 
25 
26 
27 
28 
29 
30 

31 
32 
33 
34 
35 
36 
37 
38 
39 
40 

41 
42 
43 
44 
45 
46 
47 
48 
49 
50 

51 
53 
53 

53 
56 
57 
68 
59 
60 



03874 
0S882 
03890 
03898 
03906 
03914 
03922 
03930 
03938 
03946 
03954 

03963 
03971 
03979 
0:^987 
03995 
04003 
04011 
O1019 
04028 
04036 

04044 
04052 
04060 
04069 
04077 
04085 
04093 
04102 
04110 
04118 

04126 
04135 
04143 
04151 
04159 
04168 
04176 
04184 
04193 
04201 

04209 
04218 
04226 
04234 
04243 
04251 
04260 
04268 
0J276 
04285 

W293 
04302 
04310 
04319 
04827 
04336 
04314 
04353 
048()1 
04370 



.04030 

.04039 

.04047 1 

.04056 ' 

.04065 

.04073 

.04062 

.04091 

.04100 

.04108 

.04117 

.04126 
.04135 
.04144 
.04152 
.04161 
.04170 
.04179 
.04188 
.04197 
.04206 

.04214 

.04223 I 

.04232 

.04241 

.04250 

.04259 I 

.04268 

.04^7 

.04286 

.04295 

.04304 
.04313 
.04322 
.04331 
.04340 
.04349 
.04358 
.04367 
.04376 
.04386 

.04394 
.04403 
.04413 
.04422 
.04431 
.04440 
.04449 
.04458 
.04468 
,044rr 

.04486 
.01495 
.04504 
.04514 
.0452:3 
.045:32 
.04541 
.04551 
.045(50 
.04509 



Exsec. 



.04370 
.04378 
.04387 
.04395 
.04404 
.04412 
.04421 
.04429 
.04438 
.04446 
.04455 

.04464 
.04472 
.04481 
.04489 
.04498 
.04507 
.04515 
.04524 
.04533 
.04541 

.04550 
.04559 
.04567 
.04576 
.04585 
.04593 
.04602 
.04611 
.04620 
.04628 

.04637 
.04646 
.04655 
.04663 
.04672 
.04681 
.04690 
.04699 
.04707 
.04716 

.04725 
.04734 
.04743 
.04752 
.04760 
.04769 
.04778 
.04787 
.04796 
.04805 

.04814 

.04823 

.04832 

.04841 

.04a')0 

.04858 

.04867 

.04876 ; 

.04885 I 

.04894 I 



.04569 
.04578 
.04588 
.04597 
.04606 
.04616 
.04625 
.04635 
.04644 
.04653 
.04603 

.04672 
.04682 
.04091 
.04700 
.04710 
.04719 
.04729 
.04738 
.04748 
.04757 

.04767 
.04776 
.04786 
.04795 
.04805 
.04815 
.04824 
.04834 
.04843 
.04853 

.04863 
.04872 
.04882 
.04891 
.04901 
.04911 
.04920 
.04930 
.04940 
.04950 

.04959 
.04969 
.04979 
.04989 
.04998 
.05008 
.05018 
.05028 
.O50:« 
.05047 

.05057 
.05067 
.05077 
.05087 
.0*5097 
,05107 I 
.05116 
.05126 I 
.05136 ! 
.05146 , 



18- 


19» 





Vers. 


Exsec. 


Vers. 


Exsec. 


.04894 


.05146 


.05448 


.05762 


.04903 


.05156 


.05458 


.05773 


1 


.04912 


.05166 


.05467 


.05783 


2 


.04921 


.05176 


.054?r 


.06794 


3 


.04930 


.05186 


.05486 


.05805 


4 


.04939 


.05196 1 


.05496 


.05815 


5 


.04948 


.05206 


' .05505 


.05826 


6 


.04957 


.05216 


.05515 


.05836 


7 


.04967 


.05226 


.05524 


.05847 


8 


.04976 


.05236 


' .05534 


.05858 


9 


.04985 


.05246 


.05543 


.05869 


10 


.04994 


.05256 


.05553 


.05879 


11 


.05003 


.05266 


.05562 


.05890 


12 


.05012 


.05276 


.05572 


.05901 


13 


.05021 


.05286 


.05582 


.05911 


14 


.05030 


.05297 


.05591 


.05922 


15 


.05039 


.05307 


.05601 


.05933 


16 


.05048 


.05317 


.05610 


.05944 


17 


.05057 


.05327 


.05620 


.05955 


18 


.05067 


.06337 


.05630 


.05965 


19 


.05076 


.05347 


.05639 


.05976 


20 


.05085 


.05357 


.05649 


.05987 


21 


.05094 


.05367 


.05658 


.05998 


22 


.05103 


.05378 


.05668 


.06009 


23 


.05112 


.05388 


.05678 


.06020 


24 


.05122 


.05398 


1 .05687 


.06030 


25 


.05131 


.05408 


' .05697 


.06041 


26 


.05140 


.05418 


.05707 


.06052 


27 


.05149 


.05429 


.05716 


.06063 


28 


.05158 


.05439 


.05726 


.06074 


29 


.05168 


.05449 


.05736 


.06085 


30 


.05177 


.06460 


.05746 


.06096 


31 


.05186 


.05470 1 


.05755 


.06107 


32 


.05195 


.05480 


.05765 


.06118 


33 


.05205 


.05490 


.05775 


.06129 


34 


.05214 


.05501 


.05785 


.06140 


85 


.05223 


.05511 


.05794 


.06151 


36 


.05232 


.05521 


.05804 


.06162 


37 


.05242 


.05532 


.05814 


.06173 


38 


.05251 


.05542 


.05824 


.06184 


39 


.05260 


.05552 


.05833 


.06195 


40 


.05270 


.05563 


.05843 


.06206 


41 


.05279 


.05573 , 


.05853 


.06217 


42 


.05288 


.05584 


.05863 


.0<i228 


43 


.05298 


.05594 


.05873 


.06239 


44 


.05307 


.05604 


.05882 


.06250 


45 


.05316 


.05615 


.05892 


.06261 


46 


.05326 


.05625 


.05902 


.06272 


47 


.05335 


.05636 1 


.05912 


.06283 


48 


.05344 


.05646 


.05922 


.0()295 


49 


.05354 


.05657 


.05932 


.06306 


50 


.05363 


.05667 


.05942 


.06317 


51 


.05373 


.05678 


.05951 


.06328 52 1 


.05382 


.05688 


.05961 


.06339 


53 


.05391 


.05699 


.05971 


.06350 


54 


.0.5401 


.05709 


.05981 


.06362 


55 


.05410 


.0.5720 


.05991 


.06373 


56 


.05420 


.05730 


.06001 


.06384 


57 


.05429 


.05741 


.06011 


.06395 


58 


.05439 


.05751 


.06021 


.06407 


59 


.05448 


.05762 


.06031 


.06418 


60 





t 


rABLK 


XXII.-VERSINES AKD EJT.SECANTS. 








J 


20» 


2V 


22« 


28« 


/ 





w 


Vers. 


FiX.sec. 


Vers. 


Ezsec. 


Vers. 


-Exsec. 


Vers. 


Ezsec. 







.00031 


.06418 


.0G(>42 


.07115 


.07282 


.07853 


.07950 


.06636 


1 


.00041 


.0<3429 : 


.0<ki52 


.07126 


.07293 


.07866 


.07961 


.06649 


1 




o 


.00051 


.0&44O 


' .06063 


.07138 


.07303 


.07879 


.07972 


.06663 


2 




3 


.OGOCl 


.06452 


.060;3 


.07150 


.07314 


.07892 


.07984 


.06676 


8 




4 


.06071 


.0646;i 


.06084 


.07162 


.07325 


.07904 


.07995 


.06690 


4 




5 


.06081 


.06474 


.06694 


.07174 


.07336 


.07917 


.08006 


.06703 


5 




6 


.06091 


.06486 


.06705 


.07186 


.07347 


.07930 


.08018 


.06717 


6 




7 


.06101 


.0W97 


.06715 


.07199 


; .07358 


07943 


.06029 


.06730 


7 


1 


8 


.06111 


.06508 


.06726 


.07211 


' .07369 


.07955 


.06041 


.06744 


8 




9 


.06121 


.06520 


.06736 


.07223 


.07380 


.07968 


.06052 


.08757 


9 


10 


.06131 


.06531 


.06747 


.07235 


.07391 


.07961 


.08064 


.08771 


10 


11 


.06141 


.06542 


.06757 


.07247 


.07402 


.07994 


.06075 


.08784 


11 


1:3 


.06151 


.06554 


.06768 


.07259 


.07413 


.08006 


.06066 


.08798 


12 




13 


.06161 


.06565 


.06778 


.07271 


.07424 


.08019 


.06096 


.06811 


13 




11 


.061T1 


.06577 


.06781) 


.0?283 


.07435 


.06032 


.06109 


.06825 


14 




15 


.06181 


.06588 


.06799 


.0?295 


1 .07446 


.06045 


.06121 


.08839 


15 




U} 


.00191 


.06600 


.06810 


.07307 


.07457 


.06058 


.06132 


.06852 


16 




> 1 


.06201 


.06611 


.06820 


.07320 


.07468 


.08071 


.08144 


.06866 


17 




H 


.06211 


.06622 


.06831 


.07332 


.07479 


.06084 


.08155 


.08680 


18 




li) 


.06221 


.00634 


.06841 


.07344 


.07490 


.08097 


.08167 


.08893 


19 




ao 


.06231 


.06045 


.06852 


.07356 


.07501 


.08109 


.08178 


.06907 


20 




21 


.06241 


.06657 


.06863 


.07368 


.07512 


.06122 


.06190 


.06021 


21 






.06252 


.06668 


.06873 


.07380 


.07523 


.08135 


.06201 


.06934 


i&i 




2J 


.06262 


.06680 


.06884 


.07393 


.07534 


.08148 


.06213 


.06948 


23 




5W 


.06272 


.06691 


.0689^4 


.07405 


.07545 


.06161 


.06225 


.06962 


2i 




25 


.06282 


.06703 


.06905 


.07417 


.07556 


.06174 


.06286 


.08975 


25 




20 


.06292 


.06715 


.06916 


.07429 


.07568 


.06187 


.06248 


.06989 


26 




27 


.06302 


.06720 


.06926 


.07442 


.07579 


.06200 


.06259 


.09003 


27 




2S 


.06312 


.06738 


.06937 


.07454 


.07590 


.06213 


.06271 


.09017 


28 




2'J 


.06323 


.06749 


.06948 


.07466 


.07601 


.06226 


.06282 


.09030 


2D 




ao 


.00333 


.00761 


.00958 


.07479 


.07612 


.08239 


.08294 


.09044 


SO 




31 


.06343 


.06773 


.06969 


.07491 


.07623 


.08252 


.06306 


.09058 


81 




3-2 


.00353 


.06784 


.06980 


.07503 


.07634 


.08265 


.08317 


.09072 


32 




33 


' .06363 


.06790 


.06990 


.07516 


.07645 


.08278 


.08329 


.09086 


83 




31 


.06374 


.06807 


.07001 


.07528 


.07657 


.08291 


.06340 


.09099 


84 




35 


.06384 


.06819 


.07012 


.07540 


1 .07668 


.08305 


.06352 


.09113 


85 




30 


.06394 


.06831 


.07022 


.07553 


' .07679 


.06318 


.06364 


.09127 


36 




37 


.06404 


.0684^3 


.07033 


.07565 


1 .07690 


.08331 


.06375 


.09141 


37 




3.S 


.00415 


.068M 


.07044 


.07578 


.07701 


.08344 


.08387 


.09155 


38 




39 


.0(5125 


.06866 


.07055 


.07590 , 


.07713 


.08357 


.08399 


.09169 


89 




40 


.00435 


.06878 


.07065 


.07602 


.07724 


.08370 


.08410 


.09183 


40 




41 


.06445 


.06889 


.07076 


.07615 


.07735 


.08383 


.06422 


.09197 


41 




42 


.00450 


.06901 


.07087 


.07627 


.07746 


.08397 


.06434 


.09211 


42 




43 


.otuoe 


.06913 


.07098 


.07640 , 


.07757 


.08410 


.06445 


.09224 


43 




44 


.06476 


.06925 


.07108 


.07652  


.07769 


.08423 


.06457 


.09288 


44 




45 


i .06486 


.06936 


.07119 


.07665 


.07780 


.08436 


.06469 


.09252 


45 




40 


.06497 


.06948 


.07130 


.07677 


.07791 


.06449 


.08481 


.09266 


46 




47 


.06507 


.06960 


.07141 


.07690 


.07802 


.08463 


.06492 


.09280 


47 




48 


.0<3517 


.06972 


.07151 


.07702 


.07814 


.08476 


.08504 


.09294 


48 




49 


.06528 


.06984 


.07162 


.07715 


.07825 


.08489 


.06516 


.09808 


49 




50 


.00.5.38 


.00995 


.07173 


.07727 


.07836 


.08503 


.06528 


.09323 


50 




51 


.06548 


.07007 


.07184 


.07740 


.07848 


.08516 


.06539 


.09337 


61 




b2 


.00559 


.07019 


.07195 


.07752 


; .07859 


.08529 


.08551 


.09351 


62 




5:3 


.06569 


.07031 


.07206 


.07765 


.07870 


.08542 


.06563 


.09865 


63 




5t 


.06580 


.07043 


.07216 


.07778 


.07881 


.08556 


.08575 


.09379 


54 




55 


.06590 


.07055 


.07227 


.07790 


.07893 


.06569 


.06586 


.09893 


55 




50 


.06600 


.07067 


.07238 


.07803 


.07904 


.08582 


.06598 


.0M07 


56 




57 


.06611 


.07079 


.07249 


.07816 


.07915 


.08596 


.06610 


.09421 


67 




58 


.00621 


.07091 


.07260 


.07828 


.07927 


.08609 


.08622 


.09435 


58 




59 


.0<;032 


.07ia3 ' 


.07271 


.07841 


.07938 


.08623 


.06634 


.09449 


59 




60 


.06042 


.07115 1 


.07282 


.07853 


1 .07950 


.08636 


.06645 


.09464 


«»j 





tABLEJ XXiL-VeRSIKES aKD feXSKCANTS. 



365 



1 



240 


26*» 


26* 


27* 




Vera. 


Exsec. 


Vera. 
.09369 


1 

Exsec. 


Vera. 


Exsec. 


Vera. 


Exsec. 


.08645 


.09464 


.10338 1 


.10121 


.11260 


.10899 


.12233 


1 


.08657 


.09478 


.09382 


.10353 1 


.10133 


.11276 1 


.10913 


.12249 


1 


2 


.08669 


.09492 


.09394 


.10368 ! 


.10146 


.11292 


.10926 


.12266 


2 


3 


.08681 


.09506 


.09406 


.10383 


.10159 


.11308 


.10939 


.12283 


3 


4 


.08693 


.09520 


.09418 


.10398 


.10172 


.11323 


.10952 


.12299 


4 


5 


.08705 


.09535 


.09431 


.10413 


.10184 


.11339 


.10965 


.12316 


5 


6 


.08717 


.09549 


.09443 


.10428 


.10197 


.11355 


.10979 


.12333 


6 


7 


.06728 


.09568 


.09455 


.10443 


.10210 


.11371 


.10992 


.12349 


7 


8 


.08740 


.09577 


.09468 


.10458 


.10223 


.11387 


.11005 


.12366 


8 


9 


.08752 


.09592 


.09480 


.10473 


.10236 


.11403 


.11019 


.12383 


9 


10 


.08764 


.09606 


.09498 


.10488 


.10248 


.11419 


.11032 


.13400 


10 


11 


.08776 


.09620 


.09505 


.10503 


.10261 


.11435 


.11045 


.12416 


11 


12 


.08788 


.09635 


.09517 


.10518 


.10274 


.11451 


.11058 


.12433 


12 


13 


.08800 


.09649 


.09530 


.10533 


.10287 


.11467 


.11072 


.12450 


13 


14 


.08812 


.09663 


.09542 


.10549 


.10300 


.11483 


.11085 


.12467 


11 


15 


.08824 


.09678 


.09554 


.10564 


.10313 


.11499 


.11098 


.12484 


1") 


16 


.08836 


.09692 


.09567 


.10579 


.10326 


.11515 


.11112 


.1^01 


10 


17 


.06848 


.09707 


.09579 


.10594 


.10338 


.11531 


.11125 


.12518 


17 


18 


.08860 


.09721 


.09592 


.10609 


.10351 


.11547 


.11138 


.12534 


18 


19 


.08872 


.09735 


.09604 


.10625 


.10364 


.11563 


.11152 


.12551 


19 


ao 


.06881 


.09750 


.09617 


.10640 


.10377 


.11579 


.11165 


.12568 


20 


81 


.08896 


.09r64 


.09629 


.10655 


.10390 


.11595 


.11178 


.12585 


21 


22 


.08908 


.09779 


.09642 


.10670 


.10403 


.11611 


.11192 


.12602 


22 


23 


.06920 


.09793 


.09654 


.10686 


.10416 


.11627 


.11205 


.12619 


'23 


24 


.08932 


.09808 


.09666 


.10701 


.10429 


.11643 


.11218 


.12636 


24 


25 


.06944 


.09622 


.09679 


.10716 


.10442 


.11659 


.11232 


.12653 


25 


26 


.08956 


.0983r 


.09691 


.10731 


.10455 


.11675 


.11245 


.12670 


26 


27 


.08968 


.09851 


.09704 


.10747 


.10468 


.11691 


.11259 


.12687 


27 


28 


.08980 


.09866 


.09716 


.10762 


.10481 


.11708 


.11272 


.12704 


28 


29 


.08992 


.09880 


.OOT^ 


.10777 


.1041U 


.117^ 


.11285 


.12721 


29 


30 


.09004 


.09895 


.09741 


.10793 


.10507 


.11740 


.11299 


.12738 


30 


81 


.09016 


•09909 


.09754 


.10806 


.10520 


.11756 


.11312 


.12755 


31 


82 


.09028 


.09921 


.09767 


.10824 


.10533 


.lliV2 


.11326 


.12772 


32 


33 


.09040 


.09939 


.09779 


.10839 


.10546 


.11789 


.11339 


.12789 


33 


34 


.09052 


.00953 


.09792 


.10654 


.10559 


.11805 


.11353 


.12807 


34 


85 


.09064 


.09968 


.09804 


.10870 


.10572 


.11821 


.11366 


.12824 


35 


86 


.09076 


.09982 


.09817 


.10885 


.10585 


.11838 


.11380 


.12841 


36 


37 


.09069 


.09997 


.09829 


.10901 


.10598 


.118M 


.11393 


.12858 


37 


38 


.09101 


.10012 


.09642 


.10916 


.10611 


.11870 


.11407 


.12875 


3(3 


89 


.09113 


.10026 


.09854 


.10932 


.10624 


.11880 


.11420 


.12892 


39 


40 


.09125 


.10041 


.09867 


.10947 


.10037 


.11903 


.11434 


.12910 


40 


41 


.09137 


.10055 


.09880 


.10963 


.10650 


.11919 


.11447 


.12927 


41 


42 


.09149 


.10071 


.09892 


.10978 


.10663 


.11936 


.11461 


.12944 


42 


43 


.09161 


.10085 


.09905 


.10994 


.10676 


.11952 


.11474 


.12961 


43 


44 


.09174 


.10100 


.09918 


.11009 


.10689 


.11968 


.11488 


.12979 


44 


45 


.09186 


.1011b 


.09930 


.11025 


.10702 


.11985 


.11501 


.12996 


45 


46 


.09196 


.10130 


.09943 


.11041 


.10715 


.12001 


.11515 


.13013 


46 


47 


.09210 


.10144 


.09955 


.11056 


.10728 


.12018 


.11528 


.13031 


47 


48 


.09222 


.10159 


.09968 


.11072 


.10741 


.12034 


.11542 


.13048 


48 


49 


.09234 


.10174 


.09981 


.11087 


.10755 


.12051 


.11555 


.13065 


49 


60 


.09247 


.10189 


.09993 


.11103 


.10768 


.12067 


.11569 


.13083 


50 


51 


.09259 


.10204 


.10006 


.11119 


.10781 


.12084 


.11583 


.13100 


51 


52 


.09271 


.10218 


.10019 


.11134 


.10^-94 


.12100 


.11596 


.13117 


52 


53 


.09283 


.10233 


.10032 


.11150 


.10807 


.12117 


.11610 


.13135 


53 


54 


.09296 


.10248 


.10044 


.11166 


.10820 


.12133 


.11623 


.13152 


54 


55 


.09308 


.10263 


.10057 


.11181 


.10833 


.12150 


.11637 


.13170 


55 


56 


.09320 


.10278 


.10070 


.11197 


.10847 


.12166 


.11651 


.13187 


56 


67 


.09832 


.10293 


.10082 


.11213 


.10860 


.12183 


.11664 


.13205 


57 


68 


.09345 


.10308 


.10095 


.11229 


.1087:i 


.12199 


.11678 


.13222 


58 


60 


.09357 


.10323 


.10108 


.11244 


.10886 


.12216 


.11692 


.13240 




60 


.09369 


.10888 


.10121 


.11260 


.10899 


.12233 


.11705 


.1325^ 





^66 



Table xXri — VERstNtes aJjC exsecants. 



/ 


2S^ 




Vers. 


1 
Exsec. 





.11705 


.13257 1 


1 


.11719 


.13275 


2 


.11733 


.13292 ; 


8 


.11746 


.13310 1 


4 


.11760 


.13327 , 


5 


.11774 


.1:3345 


6 


.11787 


.13362 


7 


.11801 


.13380 


8 


.11815 


.13398 


9 


.11828 


.13415 


10 


.11*42 


.13433 


11 


.11856 


AM51 


12 


.11870 


.13408 


13 


.11883 


.13486 i 


14 


.11897 


.13504 1 


15 


.11911 


.13521 


16 


.11925 


.13539 


17 


.11938 


.13557 


18 


.11952 


.13575 


19 


.11966 


.13593 


20 


.11980 


.13610 


21 


.11994 


.13628 


22 


.12007 


.13646 


23 


.13021 


.13664 


24 


.13035 


.13682 


25 


.13049 


.13700 


26 


.12063 


.13718 


27 


.12077 


.13735 


28 


.12091 


.13753 


29 


.12104 


.13771 


30 


.12118 


.13789 


31 


.12132 


.13807 


32 


.12146 


.13825 


33 


.12160 


.13843 


34 


.12174 


.13861 


35 


.12188 


.13879 


36 


.12202 


.13897 


37 


.12216 


.13916 


38 


.12230 


.13934 


89 


.12244 


.13952 


40 


.13257 


.13970 


41 


.12271 


.13988 


42 


.12285 


.14006 


43 


.12299 


.14024 


44 


.12313 


.14042 


45 


.12327 


.14061 


46 


.12341 


.14079 


47 


.12355 


.14097 


48 


.12309 


.14115 


49 


.12383 


.14134 


50 


.12397 


.14152 


51 


.12411 


.14170 


52 


.12425 


.14188 


53 


.12439 


.14207 


54 


.12454 


.14225 


55 


.12468 


.14243 


56 


.12482 


.14262 


57 


.12496 


.14280 


68 


.12510 


.14299 


"q 


.12524 


.14317 




.12538 


.14335 



29* 


Vers. 


Exsec. 


.12538 


.14335 


.12552 


.14354 


.12566 


.14372 


.12580 


.14391 


.12595 


.14409 


.12609 


.14428 


.12623 


.14446 


.126:37 


.14465 


.1-2651 


.14483 


.12665 


.14502 


.12679 


.14521 


.12604 


.14539 


.12708 


.14558 


.12722 


.14576 


.12736 


.14595 


.12750 


.14614 


.12765 


.14632 


.1277'9 


.14651 


.12793 


.14670 


.12807 


.14689 


.12822 


.14707 


.12836 


.14726 


.12850 


.14745 


.12864 


.14764 


.12879 


.14782 


.13893 


.14801 


.12907 


.14820 


.12921 


.14839 


.12936 


.14858 


.12950 


.14877 


.12964 


.14896 


.12979 


.14914 


.12993 


.14933 


.13007 


.1495.^ 


.13022 


.14971 


.13036 


.14990 


.13051 


.15009 


.13065 


.15028 


.13079 


.15047 


.13094 


.15066 


.13108 


.15085 


.13122 


.15105 


.13137 


.15124 


.13151 


.15143 


.13166 


.15162 


.13180 


.15181 


.13195 


.15200 


.13209 


.15219 


.13223 


.15239 


.13238 


.152.'38 


.13252 


.15277 


.13267 


.15296 


.13281 


.15315 


.13296 


.15335 


.13310 


.15354 


.13325 


.15373 


.13339 


.15393 


.13354 


.15412 


.13368 


.15431 


.13383 


.15451 


.13397 


.15470 



30*= 



Vers. J Exsec. 



13397 
13412 
13427 
13441 
13456 
13470 
13485 
13499 
13514 



13543 

13558 
13573 
13587 
13602 
13616 
13631 
13646 
13660 
13675 
13690 

13705 
13719 
13734 
13749 
13763 
13778 
13793 
136C8 
13822 
13837 

13852 
13867 
13881 
13896 
13911 
13926 
13941 
13955 
13970 
13985 

14000 
14015 
14030 
14044 
14059 
14074 
14089 
14104 
14119 
14134 

14149 
14164 
14179 
14194 
14208 
14223 
14238 
14253 
14268 
14283 



5470 
5489 

5509 
5528 
5548 
5567 
5587 
5606 
5626 
5645 
5665 

5684 
5704 
5724 
5743 
5763 
5782 
5802 
5822 
5841 
5861 

5881 
5901 
5920 
5940 
5960 
5980 
6000 
6019 
6039 
6059 

6079 
6099 
6119 
6139 
6159 
6179 
6199 
6219 
6239 
6259 

6279 
6299 
6319 
6339 
6359 
6380 
6400 
6420 
6440 
6460 

6481 
6501 
6521 
6541 
6562 
6582 
6602 
6623 
6643 
6663 



• 

3P 


Vers. 


Exsec. 


.14283 


.16663 


.14298 


.16664 


.14313 


.16704 


.14328 


.16725 


.14343 


.16746 


.14358 


.16766 


.14373 


.16786 


.14388 


.16806 


.14403 


.16827 


.14418 


.16848 


.14433 


.16868 


.14449 


.16889 


.14464 


.16909 


.14479 


.16930 


.14494 


.16950 


.14509 


.16971 


.14524 


.16992 


.14539 


.17012 


.14554 


.17033 


.14569 


.17054 


.14584 


.17075 


.14599 


.17095 


.14615 


.17116 


.14630 


.17137 


.14646 


.17158 


.14660 


.17178 


.14675 


.17199 


.14690 


.17220 


.14706 


.17241 


.14721 


.17262 


.14736 


.17283 


.14751 


.17304 


.14766 


.17325 


.14782 


.17*46 


.14797 


.17367 


.14812 


.17388 


.14827 


.17409 


.14843 


.17430 


.14858 


.17451 


.14873 


.17472 


.14888 


.17493 


.14904 


.17514 


.14919 


.17535 


.14934 


.17556 


.14949 


.17577 


.14965 


.17598 


.14980 


.17620 


.14995 


.17641 


.15011 


.17662 


.15026 


.17683 


.15041 


.17704 


A5057 


.17^ 


.15072 


.17747 


.15087 


.17768 


.15103 


.17790 


.15118 


.17811 


.15134 


.17838 


.15149 


.17854 


.15164 


.17875 


.15180 


.17896 


.15195 


.17918 





1 

2 
3 
4 
5 
6 
7 
8 
9 
10 

11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

21 
22 
23 
24 
25 
26 
27 
28 
29 
30 

31 
33 
33 
34 
35 
36 
87 
38 
39 
40 

41 
42 
43 
44 
45 
46 
47 
48 
49 
50 

51 
52 
63 
54 
55 
56 
57 
58 
59 
60 



TABLfi XXII.-VfiRSINteS ANt) EXSECANTS. 



30 



1 


32* 


w — 


Vers. 


Ezsec. 





15195 


.17918 


1 


.15211 


.17939 


2 


15226 


.17961 


3 


.15241 


.17982 


4 


.15257 


.18004 


5 


.15272 


.18085 


6 


15288 


.18047 


7 


.15303 


.18068 


8 


.15819 


.18090 


9 


15334 


.18111 


10 


.15350 


.18133 


11 


15365 


.18155 


12 . 


15381 


.18176 


13 


15396 


.18198 


14 


15412 


.18220 


15 


15427 


.18241 


16 . 


.15443 


.18263 


17 . 


15458 


.18285 


18 


15474 


.18307 


19 , 


15489 


.18328 


20 


.15505 


.18350 


21 . 


15520 


.18372 


22 . 


.15536 


.18394 


23 . 


.15552 


.18416 


24 . 


.15567 


.18437 


25 . 


15583 


.18459 


26 . 


15598 


.18481 


27 . 


15614 


.18503 


28 . 


15630 


.18525 


29 . 


15645 


.18547 


30 . 


15661 


.18569 


31 . 


15676 


.18591 


32 . 


15693 


.18613 


33 . 


15708 


.18635 


34 . 


15723 


.18657 


35 . 


15739 


.18679 


,36 . 


15755 


.18701 


37 . 


i5rro 


.18723 


38 . 


15786 


.18745 


39 . 


15802 


.18767 


40 . 


15818 


.18790 


41 . 


15833 


.18812 


42 


15849 


.18834 


43 . 


15865 


.18856 


44 


15880 


.18878 


45 . 


15896 


.18901 


46 


15912 


.18923 


47 


15923 


.18945 


48 


15943 


.18967 


49 


15959 


.18990 


50 


15975 


.19012 


51 


15991 


.19034 


52 


16006 


.19057 


53 


16022 


.19079 


54 


16038 


.19102 


55 


16054 


.19124 


56 


i6oro 


.19146 


57 


.16085 


.19169 


58 


.16101 


.19191 


59 


.16117 


.19214 


60 


.16133 


.19236 , 



33* 



Vers. 



61 %3 
6149 
6165 
6181 
6196 
6212 
6228 
6244 
6260 
6276 
6292 

6308 
6324 
6340 
6355 
6371 
6387 
6403 
6419 
6435 
6451 

6467 
6483 
6499 
6515 
6531 
6547 
6563 
6579 
6595 
6611 

6627 
6644 
6660 
6676 
6692 
6708 
6?24 
6740 
6756 
6772 

6788 
6805 
6821 
6837 
6853 
6869 
6885 
6902 
6918 
6934 

6950 
6966 
698:3 
6999 
7015 
7031 
7047 
7064 
7060 
7096 



Exsec. 



.192;^ 
.19259 
.19281 
.19304 
.19327 
.19349 
.19372 
.19394 
.19417 
.19440 
.19463 

.19485 
.19508 
.19531 
.19554 
.19576 
.19599 
.19622 
.19645 
.19668 
.19691 

.19713 
.19736 
.19759 
.19782 
.19805 
.19828 
.19851 
.19874 
.19897 
.19920 

.19944 
.19967 
.19990 
.20013 
.20036 
.20059 
.20083 
.20106 
.20129 
.20152 

.20178 
.20199 
.20222 
.20246 I 
.20269 
.20292 
.2C316 , 
.20339 
.20363 i 
.20386 ■• 

.20410 

.20433 

.20457 

.20480 

.20504 

.20527 

.20551 

.20575 i 

.20.598 I 

.20622 I 



SI" 



Vers. 



7096 
7113 
7129 
7146 
7161 
7178 
7194 
7210 
7227 
7243 
7259 

7276 
7292 
7308 
7325 
7341 
7357 
7374 
7390 
7407 
7423 

7439 
7456 
7472 
7489 
7505 
7522 
7538 
7554 
7571 
7587 

7604 
7620 
7637 
7653 
7670 
7686 
7703 
7719 

rr36 

7752 

7769 
7786 
7802 
7819 
7835 
7852 
7868 
7885 
7902 
7918 

7935 
7952 
7968 
7985 
8001 
8018 
8035 
8051 
8068 
8085 



Exsec. 



.20622 
.20645 
.20669 
.20693 
.20717 
.20740 
.20764 
.20788 
.20812 
.20836 
.20859 

.20883 
.20907 
.20931 
.20955 
.20979 
.21003 
.21027 
.21051 
.21075 
.21099 

.21123 
.21147 
.21171 
.21195 
.21220 
.21244 
.21268 
.21292 
.21316 
.21341 

.21365 
.21389 
.21414 
.21438 
.21462 
.21487 
.21511 
.21585 
.21560 
.21584 

.21609 
.21633 
.21658 
.21682 
.21707 
.21731 
.21756 
.21781 
.21805 
.21830 

.21855 
.21879 
.21904 
.21929 
.21953 
.21978 
.22003 
.22028 
.22053 
.22077 



SS'' 


Vers. 


Exsec. 


.18085 


.22077 


.18101 


.22102 


.18118 


.22127 


.18185 


.22152 


.18152 


.22177 


.18168 


.2220^ 


.18185 


.22227 


.18202 


.22252 


.18218 


.22277 


.18235 


.22302 


.18252 


.22327 


.18269 


.22352 


.18286 


.22377 


.18302 


.22402 


.183^9 


.22428 


.18336 


.22453 


.18353 


.22478 


.18369 


.22503 


.18386 


.22528 


.18403 


.22554 


.18420 


.22579 


.18437 


.22604 


.18454 


.22629 


.18470 


.22655 


.18487 


.22680 


.18504 


.22706 


.18521 


.22731 


.18588 


.22756 


.18555 


.22782 


.18572 


.22807 


.18588 


.22833 


.18605 


.22858 


.18622 


.22884 


.18639 


.22909 


.18656 


.22985 


.186i"3 


.22960 


.18690 


.22986 


.18707 


.23012 


.18724 


.23037 


.18741 


.28063 


.18758 


.23069 


.18775 


.23114 


.18792 


.23140 


.18809 


.23166 


.18826 


.23192 


.18843 


.23217 


.18860 


.23243 


.188r7 


.23269 


.18894 


.23295 


.18911 


.23321 


.18928 


.23347 


.18945 


.23373 


.18962 


.23399 


.18979 


.23424 


.18996 


.23450 


.19013 


.23476 


.19030 


.23502 


.19047 


.23529 


.19064 


.23555 


.19081 


.23581 


.19098 


.23607 



/ 






TAbLE XXII.-VERSIXES ASD EXSECaKTS. 



se« 



87« 



880 



ii 
11 



39« 



Vera. 



Ezsec. 



Vers. 



ElzBec. I Vers. .Exsec 



.19098 

.19115 

.19183 

.19150 ' 

.19167 

.1918! 

.199C1 

.19318 

.19235 

.19252 

.19270 

.19287 
.19904 
.19321 
.19338 
.19356 
.19873 
.19390 
.19407 
.19424 
.19442 

.19159 
.19476 
.19493 
.19511 
.19528 
.19545 
.19562 
.19580 
.19597 
.19614 

.19683 
A9M9 
.19666 
.ld684 
.19701 
.19718 
.19736 
.19753 
.19770 
.19788 

.19805 
.19822 
.19840 
.19857 
.19875 
.19892 
.19909 
.19927 
.19944 
.19962 

.19979 
.19997 
.20014 
.20032 
.20049 
.20066 
.200R4 
.20101 
.20119 
.20136 



.23607 
.23638 
.23659 
.23685 
.23ni .■ 
.23738 ' 
.23764 
.23790 ; 
.23816 I 
.23843 ,1 
.23860 ! 



.23895 
.23922 
.23948 
.23975 I 
.34001 
.24028 
.24054 , 
.24081 i 
.^4107 
.24134 I 

.24160 

.24187 , 

.24213 , 

.24240 

.24267 

.24293 

.24320 

.24347 

.24373 

.24400 

.24427 

.24454 

.»4481 

.24508 

.^4534 

.24561 

.24588  

.24615 ' 

.24&42 

.24669 

.24696 
.24?23 
.24750 
.24777 
.24804 
.24832 
.24859 
.^4886 
.^913 
.24940 

.24967 
.24995 
.25022 
.25049 
.25077 
.25104 
.25131 
.25159 
.25186 
.25214 



.201S6 • 

.20154 I 

.20171 

.20189 

.20207 

.20^94 

.20242 

.20259 

.20277 

.20294 

.20312 

.20829 
.20347 
.20QG5 
.20382 
.20400 
.20417 
.20435 
.20453 
.20470 
.20488 

.20506 
.20523 
.20541 
.20559 
.20576 
.20594 
.20612 
.20629 
.20647 
.20665 

.20682 
.20700 
.20718 
.20736 
.20753 
.20771 
.20789 
.20807 
.20834 
.20842 

.20860 
.20878 
.20895 
.20918 
.20931 
.20949 
.20967 
.20985 
.21002 
.21020 

.21038 
.21056 
.21074 
.21092 
.21109 
.21127 
.21145 
.21163 
.21181 
.21199 



25214 
25241 
25269 
25296 
2S324 
25351 
25379 
2&I06 
254^4 
25462 
25489 

25517 

25545 

25572 

25600 I 

25628 ' 

25656 , 

25688 

25711 

25739 

25767 

25795 

^823 

25851 

^879 

25907 

25935 ' 

25963 

25991 

26019 

26047 I 

36075 , 

26104 

26132 

26160 i 

26188 ' 

26216 ' 

26245 

26273 

26301 

26330 

26358 

26387 

26415 

26443 

26472 

26500 I 

26529 I 

26557 I 

26586 

26615 

26^8 
26672 
26701 
26729 
26758 
26787 
26815 
26844 
26873 
26902 



.21190 


.26902 ' 


.21217 


.26831 


.21235 


.26960 


.21253 


.26068 


.2i2n 


.27017 


.21280 


.27016 


.21807 


.27ore 


.21324 


.27104 


.21»42 


.27133 


.21360 


.27162 


.21378 


.27191 


.21806 


.27a41 


.21414 


.27250 


.21432 


.itiiTiV 


.21450 


.27308 


.21468 


.27337 


.21486 


.27366 


.21504 


.27396 


.21522 


.27425 


.21540 


.27454 


.21558 


.27483 


.21576 


.27513 


.21595 


.27512 1 


.21613 


.27572 


.21631 


.27601 


.21649 


.27630 


.21667 


.27660 


.21685 


.27689 


.21703 


.27719 


.21?21 


.27748 


.21730 


,2i iiS 


.21757 


.27807 


.21775 


.27837 


.21794 


.27867 


.21812 


.27896 


.21880 


.27926 


.21&48 


.27956 


.21866 


.27985 


.21884 


.28015 


.21902 


.28045 


.21921 


.28075 


.21939 


.28105 


.21957 


.28134 


.21975 


.28164 


.21993 


.28194 


.22012 


.28224 


.22030 


.28254 


.22048 


.28284 


.22060 


.28314 


.22084 


.28344 


.22103 


.28374 


.22121 


.28404 


.22139 


.28434 


.22157 


.28464 


.22176 


.28495 


.22194 


.28525 


.22212 


.28555 


.22231 


.28585 


.22iJ49 


.28615 


.22267 


.28646 


.22285 


.28676 



Vera. 


Exsec. 

1 1 


.22285 


.28676 


.22804 


.28706 


.22aJ2 


.28737 


.1^340 


.28767 


.22359 


.28797 


.2®7r 


.28828 


.22395 


.28858 


.22414 


.28880 


.224^ 


.28919 


.22450 


.28950 


.22460 


.28980 


.22487 


.29011 


.22506 


.29042 


.22524 


.29072 


.22542 


.29103 


.22561 


.29133 


.22579 


.29164 


.22598 


.29195 


.22616 


.29226 


.22634 


.29256 


.22653 


.29287 


.22671 


.29318 


.22690 


.29349 


.22703 


.29380 


.22?27 


.29411 


.22745 


.29442 


.^764 


.29473 


.22782 


.29504 


.22801 


.29535 


.22819 


.29566 


.22838 


.20597 


.22856 


.29628 


.22875 


.29650 


.22898 


.29690 


.22912 


.29721 


.22930 


.29752 


.22949 


.29784 


.22967 


.29815 


.22966 


•.29846 


.23004 


.29877 


.23023 


.29909 


.23041 


.29940 


.23060 


.29971 


.23079 


.30003 


.23097 


.30034 


.23116 


.80066 


.28134 


.80097 


.23158 


.30129 


.23172 


.30160 


.23190 


.80192 


.23209 


.30223 


.23228 


.80255 


.23246 


.80287 


.23265 


.80318 


.23283 


.30350 


.23802 


.30382 


.23821 


.30413 


.23839 


v30445 


.23358 


.30477 


.28377 


.80509 


.23396 


.30541 





1 

2 
3 
4 
5 
6 
7 
8 
9 
10 

11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

21 
22 
23 
21 
25 
28 
27 
28 
29 
30 

31 

32 

33 

34 

35 

86' 

37 

as 

3f) 
40 

41 
42 
43 

44 
45 

43 
47 
43 
49 
50 

51 
52 
53 
54 
55 
56 
57 
53 
59 
6C 



TABLE XXII — VERSINES AND EXSECANTS. 



369 



/ 




40* 


Vers. 


Exsec. 


.23396 


.30541 


1 


.23414 


.30573 


2 


.23433 


.80605 


3 


.23462 


.30636 


4 


.23470 


.30668 


6 


.23489 


.30700 


6 


.23508 


.30782 


7 


.23527 


.30764 


8 


.23545 


.30796 


9 


.23564 


.30829 


10 


.23583 


.30861 


11 


.23602 


.30693 


12 


.23620 


.30925 


13 


.23689 


.30957 


14 


.23658 


.30989 


15 


.23677 


.31022 


16 


.23696 


.31054 


17 


.23714 


.31086 


18 


.23733 


.31119 


19 


.23752 


.31151 


20 


.23771 


.31183 


21 


.23790 


.31216 


22 


.23808 


.81248 


23 


.23827 


.31281 


24 


.23846 


.31313 


26 


.23805 


.81346 


26 


.23884 


.31378 


27 


.23903 


.31411 


28 


.23922 


.31443 


29 


.23941 


.31476 


80 


.23959 


.31509 


31 


.23978 


.31541 


33 


.23997 


.31574 


33 


.»4016 


.31607 


84 


.24035 


.31040 


85 


.24054 


.31072 


36 


.IM073 


.31705 


87 


.24092 


.31738 


88 


.24111 


.317ri 


89 


.24130 


.31804 


40 


.^149 


.31837 


41 


.24168 


.31870 


42 


.24187 


.31903 


43 


.24206 


.31936 


44 


.24225 


.31969 


45 


.24)^4 


.32002 


46 


.1^62 


.32035 


47 


.24281 


.32068 


48 


.24300 


.82101 


49 


.24320 


.32134 


60 


.24339 


.32168 


61 


.24358 


.82201 


62 


.1^377 


.32234 


53 


.24396 


.32267 


54 


.34415 


.32301 


65 


.24434 


.32334 


56 


.34453 


.32368 


67 


.24472 


.33401 


68 


.24491 


.33434 


69 


.24510 


.33468 


60 


.24529 


.32501 



41° 


Vers. 


Exsec, 


.24529, 


.32501 


.24548 ( 


.32535 


.24567 


.32568 


.24586 


.32602 


.24605 


.32636 


.24625 


.32669 


.24644 


.32703 


.24663 


.32737 


.24682 


.32'riO 


.24701 


.33804 


.24720 


.82838 


.24739 


.32873 


.34759 


.32905 


.24778 


.32939 


.24797 


.32973 


.24816 


.33007 


.24835 


.33041 


.34854 


.33075 


.24874 


.33109 


.24893 


.33143 


.24912 


.33177 


.24931 


.33211 


.24950 


.83245 


.24970 


.33279 


.24989 


.33314 


.25008 


.33348 


.25027 


.33382 


.25047 


.33^16 


.250C6 


.33451 


.35085 


.33485 


.25104 


.33519 


.25124 


.33554 


.25143 


.33588 


.35163 


.33622 


.35182 


.33657 


.35201 


.33691 


.35330 


.33726 


.35340 


.33760 


.35259 


.33795 


.25278 


.33830 


.25297 


.33864 


.25317 


.33899 


.25336 


.33934 


.25356 


.33968 


.25375 


.34003 


.35394 


.34038 


.35414 


.34073 


.25433 


.34108 


.25452 


.34143 


.25472 


.84177 


.25491 


.34212 


.25511 


.34247 


.25530 


.34282 


.25549 


.34317 


.25569 


.34353 


.35588 


.34387 


.25608 


.34423 


.25627 


.34458 


.25647 


.34493 


.35666 


.34528 


.35686 


.34563 



42' 



Vers, 



25686 
25705 
25734 
25744 
25703 
25; 83 
25802 
25822 
25841 
25861 
25880 

25900 
35920 
259S9 
35959 
35978 
35998 
36017 
26037 
36056 
26076 

36096 
36115 
26135 
26154 
26174 
26194 
26213 
26283 
26253 
262^ 

26393 
26313 
26331 
36351 
26371 
36390 
26410 
36430 
26449 
26469 

26489 
26509 
26528 
36548 
36568 
26588 
26607 
26627 
26047 
26667 

26686 
26706 
26726 
26746 
36766 
36785 
26805 
36835 
26845 
26865 



Exsec. 



.34563 
.34599 
.34634 
.34669 
.34704 
.34740 
.84775 
.34811 
.84846 
.34882 
.34917 

.84953 
.34988 
.35034 
.35060 
.35095 
.35131 
.85167 
.35203 
.35238 
.35274 

.35310 
.35346 
.35382 
.35418 
.35454 
.35490 
.35526 
.35562 
.35598 
.35634 

.35670 
.35707 
.35743 
.35779 
.35815 
.35853 
.35888 
.35924 
.35961 
.35997 

.36034 
.36070 
.36107 
.36143 
.36180 
.36217 
.36253 
.36290 
.30327 
.36363 

.36400 
.36487 
.36474 
.36511 
.36548 
.36585 
.36622 
.36659 
.36696 
.36733 



48» 





Vers. 


Exsec. 


.36865 


.86738 


.26884 


.86770 


1 


.26904 


.86807 


2 


.36934 


.86844 


3 


.26944 


.36881 


4 


.26964 


.36919 


6 


.26984 


.86956 


6 


.37004 


.36993 


7 


.37024 


.87080 


8 


.37043 


.87068 


9 


.27068 


.87105 


10 


.27083 


.87143 


11 


.37103 


.87180 


12 


.27123 


.87218 


13 


.27143 


.87255 


14 


.27168 


.87293 


15 


.27183 


.87330 


16 


.27203 


.37368 


17 


.27333 


.37406 


18 


.27343 


.37443 


19 


.27263 


.37481 


20 


.27283 


.37519 


21 


.37303 


.37556 


32 


.37333 


.37594 


23 


.27343 


.37632 


34 


.37363 


.37670 


35 


.37383 


.37708 


86 


.37403 


.37746 


37 


.37423 


.37784 


28 


.37443 


.87822 


29 


.27463 


.37860 


SO 


.37488 


.37898 


31 


.27508 


.87936 


33 


.27538 


.37974 


33 


.27543 


.38013 


34 


.27563 


.38051 


35 


.27583 


.88089 


36 


.27603 


.88137 


37 


.27623 


.88165 


88 


.27643 


.38304 


80 


.27663 


.88342 


40 


.27683 


.38280 


41 


.27703 


.88319 


42 


.27728 


.88357 


43 


.27743 


.88396 


44 


.27764 


.88434 


45 


.27784 


.88473 


40 


.27804 


.38513 


47 


.27824 


.88650 


43 


.27844 


.38589 


49 


.27864 


.88638 


60 


.27884 


.38668 


61 


.37905 


.38705 


62 


.87935 


.38744 


53 


.37945 


.88783 


64 


.37965 


.38822 


65 


.37985 


.38860 


56 


.38005 


.38899 


57 


.28026 


.38938 


58 


.38046 


.38077 


t 


.28066 


.39016 





i:o 




TABLE 


XXII.-VERSINF.S AND 


KXSECANTS. 






/ 


440 

1 


1 1 

45- 


46* 


470 









Vers. 


Exsec. 


1 Vers. 
.29289 


Exsec. ^ 


Vers. 


Exsec. 


Vers. 


Exsec. 







.28066 


.39016 


.41421 


.305;^ 


.43956 


.31800 


.46628 




1 


.28086 


.89055 


.29310 


.41463 


.30555 


.43999 


.31821 


.46674 


1 




3 


.28106 


.39095 


.29330 


.41504 , 


.30576 


.44042 


.31W3 


.46719 


2 




3 


.28127 


.391^ 


.29351 


.41545 


.30597 


.44086 1 


.31864 


.46765 


3 




4 


.28147 


.39173 


.29372 


.41586 


.30618 


.44129 


.31885 


.46811 


4 


1 


5 


.28167 


.39212 


.29392 


.41627 


! .30639 


.44173 ! 


.31907 


.46857 


5 




C 


.28187 


.39251 


.2W13 


.41669 


.30660 


.44217 1 


.31928 


.46903 


6 




7 


.28208 


.39291 


.29433 


.41710 


.30681 


.44260 ' 


.31949 


.46»49 


7 




8 


.28228 


.39330 


.29454 


.41752 


.30702 


.44304 


.31971 


.46995 


8 1 


9 


.28248 


.39369 


.29175 


.41793 


.30723 


.44347 


.31992 


.47041 


9 




IJ 


.23203 


.39409 


.29495 


.41835 


.30744 


.44391 


.32013 


.47087 


10 




n 


.28289 


.39448 


.29516 


.41876 


.30765 


.44435 


.32035 


.47134 


11 




u 


.28309 


.39487 


.29537 


.41018 


.30786 


.44479 


.32056 


.47180 


12 




13 


.28323 


.39527 


.29557 


.41959 


.30807 


.44523 


.32077 


.47226 


13 




14 


.28350 


.39566 


.29578 


.42001 


.30828 


.44567 


.32099 


.47272 


14 




15 


.28370 


.39606 


.29509 


.42042 


.30849 


.44610 


.32120 


.47319 


15 




13 


.28390 


.39646 


.29019 


.42084 


.30870 


.44654 


.32141 


.47365 


16 




17 


.28410 


.39685 


.29640 


.42126 


.30891 


.44696 


.32163 


.47411 


17 




18 


.28431 


.39725 


.29661 


.42108 


.30912 


.44742 


.32184 


.47458 


18 




19 


.2^51 


.39764 


.29681 


.42210 


.3093;i 


.44787 


.R22a) 


.47504 


19 




^ 


.28471 


.39804 


.29702 


.42251 


.30954 


.44831 


.32227 


.47551 


20 




21 


.28493 


.39844 


.29723 


.42293 


.30975 


.44875 


.32248 


.47598 


21 




23 


.28512 


.39884 


.29743 


.42335 


.30998 


.44919 


.32270 


.47&14 


22 




23 


.28532 


.39924 


.29764 


.42377 


.31017 


.44963 


.32291 


.47691 


23 




24 


.28553 


.39963 


.29785 


.42419 


.31038 


.45007 


.32312 


.47738 


2i 




25 


.28573 


.40003 


.29805 


.42461 


.31059 


.45052 


.32334 


.47784 


25 




26 


.28503 


.40043 


.29826 


.42503 


.31080 


.45096 


.32355 


.47831 


26 




27 


.28614 


.40083 


.29847 


.42545 


.31101 


.45141 


.32377 


.4^78 


27 




28 


.28634 


.40123 


.29868 


.42587 


.31122 


.45185 


.32398 


.47925 


28 




29 


.28655 


.40163 


.29888 


.42630 


.31143 


.45229 


.32120 


.47972 


29 




30 


.28675 


.40203 


.29909 


.42672 


.31105 


.45274 


.3^441 


.48019 


30 




31 


.28695 


.40243 


.29930 


.42714 


.31186 


.45319 


.82462 


.48066 


31 




32 


.28716 


.40283 


.29951 


.42756 


.31207 


.45363 


.32484 


.48113 


32 




33 


.28736 


.40324 


.29971 


.42799 


.31228 


.45408 


.32505 


.48160 


33 




34 


.28757 


.401564 


.29992 


.42841 


.31^9 


.45452 


.32527 


.48207 


34 




35 


.28777 


.40404 


.30013 


.42883 


.31270 


.45497 


.32548 


.48254 


35 




36 


.28797 


.40444 


.30034 


.42926 


.31291 


.45542 


.32570 


.48301 


36 




37 


.28818 


.40^185 


.30054 


.42968 


.31312 


.45587 


.325i91 


.48319 


37 




38 


.28833 


.40525 


.30075 


.43011 


.31334 


.45631 


.32613 


.48398 


38 




39 


.28859 


.40565 


.30096 


.43053 


.31355 


.45676 


.32634 


.48443 


39 




40 


.28879 


.40606 


.30117 


.43096 


.31376 


.45721 


.32656 


.48491 


40 




41 


.28900 


.40646 


.30138 


.43139 


.31397 


.45766 


.32677 


.4a538 


41 




42 


.28920 


.40687 


.30158 


.43181 


.31418 


.45811 


.32699 


.48586 


42 




43 


.28941 


.40727 


.30179 


.43224 


.31439 


.45856 


.32720 


.48633 


43 




44 


.28961 


.40768 


.30200 


.43267 


.31461 


.45901 


.32742 


.48681 


44 




45 


.28981 


.40808 


.30221 


.43310 


.31482 


.45946 


.32763 


.48728 


45 




46 


.29002 


.40849 


.30242 


.43352 


.31503 


.45992 


.32785 


.48776 


46 




47 


.29022 


.40890 


.30263 


.43395 


.31524 


.46037 


.32806 


,48824 


47 




48 


.29043 


.40930 


.30283 


.43438 


.81545 


.46082 


.32828 


.488n 


48 




49 


.29063 


.40971 


.30304 


.43481 


.31567 


.46127 


.32849 


.48919 


49 




50 


.29064 


.41012 


.30325 


.43524 


.31588 


.46173 


.32871 


.48967 


50 




51 


.29104 


.41053 


.30346 


.43567 


.31609 


.46218 


.32893 


.49015 


51 




52 


.29125 


.41093 


.30367 


.43610 


.31630 


.46263 


.82914 


.49063 


52 




53 


.29145 


.41134 


.30388 


.43653 


.31651 


.46309 


.82936 


.49111 


53 




54 


.29166 


.41175 


.30409 


.43696 


.31673 


.46354 


.32957 


.49159 


54 




55 


.29187 


.41216 


.80430 


.43739 


.31694 


.46400 


.32979 


.49207 


55 




56 


.29207 


.41257 


.30451 


.43783 


.31715 


.46445 


1 .83001 


.49255 


56 




57 


.29228 


.41298 


.30471 


.43826 


.31736 


.46491 


' .33022 


.49303 


67 




58 


.29248 


.41339 i 


.30492 


.43869 ; 


.31758 


.46537 


1 .83044 


.49:]51 


58 




59 


.29269 


.41380 


.30513 


.43912 


.3IVV9 


.46582 


.83065 


.49399 


50 




60 


.29289 


.41421 


.30534 


.43956 


.31800 


.46628 


.33087 


.49448 


60 





TABLE XXII.— VERSINES AND EXSECANTS. 



371 



§ 


48*» 


w 


Vers. 


Exsec. 





.33087 


.49448 


1 


.33109 


.49496 


2 


.33130 


.49544 


8 


.33152 


.49593 


4 


.33173 


.49641 


5 


.33195 


.49690 


6 


.33217 


.49738 


7 


.33238 


.49787 


8 


.33260 


.49835 


9 


.33282 


.49884 


10 


.33303 


.49933 


11 


.33325 


.49981 


12 


.33^7 


.50030 


13 


.33368 


.50079 


14 


.33390 


.50128 


15 


.33412 


.50177 


16 


.33434 


.50226 


17 


.33455 


.50275 


18 


.33477 


.50324 


19 


.33499 


.50373 


20 


.33520 


.50422 


21 


.33542 


.50471 


22 


.335^4 


.50521 


23 


.33586 


.50570 


24 


.33607 


.50619 


25 


.33629 


.50669 


26 


.33651 


.50718 


27 


.33673 


.50767 


28 


.33694 


.50817 


29 


.33716 


.50866 


30 


.33738 


.50916 


31 


.33760 


.50966 


32 


.33782 


.51015 


33 


.33803 


.51065 


34 


.33825 


.51115 


35 


.83847 


.51165 


36 


.33869 


.51215 


87 


.33891 


.51265 


88 


.&3912 


.51314 


39 


.33934 


.51364 


40 


.33956 


.51415 


41 


.33978 


.51465 


42 


.34000 


.51515 


43 


.34022 


.51565 


44 


.34044 


.51615 


45 


.34065 


.51665 


46 


.34067 


.51716 


47 


.34109 


.51766 


48 


.34131 


.51817 


49 


.34153 


.51867 


50 


.34175 


.51918 


61 


.34197 


.51968 


52 


.34219 


.52019 


53 


.34241 


.52069 


54 


.34262 


.52120 


55 


.34284 


.52171 


56 


.34306 


.52222 


57 


.34328 


.52273 


58 


.34350 


.52323 


59 


.34372 


.52374 


60 


.84394 


.52425 1 



49« 



Vers. 



.34394 
.34416 
.34438 
.84460 
.34482 
.34604 
.34526 
.34548 
.34570 
.34592 
.^4614 

.34630 
.34658 
.34680 
.34702 
.34?^ 
.34746 
.34768 
.34790 
.34812 
.34834 

.34856 
.34878 
.34900 
.34923 
.34945 
.84967 
.84989 
.35011 
.35033 
.35055 

.35077 
.35099 
.35122 
.35144 
.85166 
.35188 
.35210 
.35232 
.35254 
.35277 

.35299 
.35321 
.35343 
.35365 
.35388 
.36410 
.35432 
.35454 
.35476 
.35499 

.35521 
.35543 
.35565 
.a5588 
.35610 
.35632 
.35654 
.35677 
.35699 
.35721 



Exsec. 



60« 



Vers. 



Exsec. 



.52425 
.52476 
.52527 
.52579 
.52630 
.52681 
.52732 
.52784 
.52835 
.52886 
.52938 

.52989 
.53041 
.53092 
.53144 
.53196 
.53247 
.53299 
.53351 
.53403 
.53455 

.53507 
.53559 
.53611 
.53663 
.53715 
.53768 
.53820 
.53872 
.53924 
.53977 

.54029 
.54082 
.54134 
.54187 
.54240 
.54292 
.54845 
.54398 
.54451 
.54504 

.54557 
.54610 
.54663 
.54716 
.54769 
.54822 
.54876 
.54929 
.54982 
.55036 

.55089 
.65143 
.55196 
.55250 
.55303 
.55357 
.55411 
.55465 
.5.5518 
.55572 



.35721 
.35744 
.35766 
.35788 
.35810 
.35833 
.35855 
.35877 
.35900 
.33922 
.35944 

.35967 
.35989 
.86011 
.3603t 
.36056 
.36078 
.36101 
.36123 
.36146 
.36168 

.36190 
.36213 
.36235 
.86258 
.36280 
.36302 
.36325 
.36347 
.36370 
.36392 

.36415 
.36437 
.36460 
.36482 
.36504 
.36527 
.36549 
.36572 
.36594 
.36617 

.36639 
.36662 
.366^1 
.36707 
.36729 
.36752 
.36775 
.36797 
.36820 
.36842 

.36865 
.36887 
.36910 
.36932 
.36955 
.36978 
.37000 
.37023 
.37045 
.87008 



.55572 
.55626 
.55680 
.55ri4 
.55789 
.55843 
.55897 
.55951 
.56005 
.56060 
.56114 

.56169 
.56223 
.5627'8 
.56332 
.56387 
.56442 
.56497 
.56551 
.56606 
.56661 

.56716 
.50771 
.56826 
.56881 
.56937 
.56992 
.57047 
.57103 
.57158 
.5?213 

.57^9 
.57324 
.57380 
.57436 
.57491 
.57547 
.57603 
.57659 
.57715 
.57771 

.57827 
.57883 
.57939 
.57995 
.58051 
.58108 
.58164 
.58221 
.58277 
.58333 

.58390 
.58447 
.58503 
.58560 
.58617 
.58674 
.58731 
.58788 
.58845 
.58902 



51' 


f 


Vers. 


Exsec. 




.37068 


.58902 





.37091 


.58959 


1 


.37113 


.59016 


2 


.37136 


.59073 


3 


.37158 


.59130 


4 


.37181 


.59188 


5 


.37204 


.59245 


6 


.37226 


.59302 


7 


.37249 


.59360 


8 


.37272 


.59418 


9 


.37294 


.59475 


10 


.37317 


.59533 


11 


.37340 


.59590 


12 


.37362 


..59648 


13 


.37385 


.59706 


14 


.37408 


.59764 


15 


.37430 


.59822 


10 


.37453 


.59880 


17 


.37476 


.59938 


18 


.37498 


.59996 


19 


.37521 


.60054 


20 


.87544 


.60112 


21 


.37667 


.60171 


22 


.37589 


.60229 


23 


.37612 


.60287 


24 


.37635 


.60346 


25 


.37658 


.60404 


26 


.37680 


.60463 


27 


.37703 


.60521 


28 


.37726 


.60580 


29 


.87749 


.60639 


30 


.37771 


.60698 


81 


.37794 


.60756 


32 


.37817 


.60815 


83 


.37840 


.60874 


84 


.37862 


.60933 


85 


.37885 


.60992 


30 


.37908 


.61051 


37 


.37931 


.61111 


38 


.3^51 


.61170 


39 


.37976 


.61229 


40 


.37999 


.61288 


41 


.38022 


.61348 


42 


.38045 


.61407 


43 


.38068 


.61467 


44 


.38091 


.61526 


45 


.38113 


.61586 


46 


.38136 


.61646 


47 


.38159 


.61705 


48 


.38182 


.61765 


49 


.38205 


.61825 


50 


.38228 


.61885 


51 


.38251 


.61945 


52 


.38274 


.62005 


53 


.38296 


.62065 


54 


.88319 


.62125 


55 


.88342 


.62185 


56 


.38365 


.62246 


57 


.38388 


.62806 


f'^ 


.8^11 


.62366 


.88434 


.6242^ 








TABLE XXTI.- VERSINES AND EXSECANTS. 



/ 


62« 




Vers. 


Exsec. 





.38434 


.62427 


1 


.3&457 


.62487 


o 


.3S480 


.62548 


3 


.38503 


.62609 


4 


.38526 


.62669 


5 


.38549 


.02730 


G 


.38571 


.G2791 


i 


.38594 


.62852 


8 


.38617 


.62913 


9 


.38640 


.62974 


10 


.38663 


.63035 


11 


.38686 


.63096 


12 


.38709 


.63157 


13 


.38732 


.63218 


14 


.38755 


.63279 


15 


.38778 


.63341 


IG 


.38801 


.63402 


17 


.38824 


.63464 


18 


.38847 


.63525 


19 


.38870 


.63587 


20 


.38893 


.63&48 


21 


.38916 


.63710 


22 


.38939 


.6S772 


23 


.38962 


.63834 


24 


.38985 


.63895 


25 


.39009 


.63957 


26 


.39032 


.64019 


27 


.39065 


.64081 


28 


.39078 


.64144 


29 


.39101 


.64206 


30 


.39124 


.64268 


31 


.39147 


.&4330 


82 


.39170 


.64398 


33 


.39193 


.64455 


34 


.39216 


.64518 


35 


.39289 


.64580 


36 


.392G2 


.64043 


37 


.39286 


.64705 


38 


.39309 


.64768 


39 


.39332 


.64831 


40 


.39355 


.01894 


41 


.89378 


.64957 


42 


.39401 


.65020 


43 


.39424 


.65083 


44 


.39447 


.65146 


45 


.39471 


.65209 


46 


.39494 


.65272 


47 


.39517 


.65336 


48 


.39540 


.65399 


49 


.39563 


.65462 


50 


.39586 


.65526 


51 


.39610 


.65589 


52 


.39633 


.65653 


53 


.39656 


.65717 


54 


.39679 


.65780 


55 


.39702 


.65844 


56 


.39726 


.65908 


57 


.39749 


.65972 


58 


.39772 


.66036 


59 


.39795 


.66100 


60 


.89619 


.66164 1 



63< 



Vers. Exsec. 



.39619 

.39842 
.39865 
.39888 
.39911 
.39935 
.39958 
.39981 
.40005 
.40028 
.40051 

.40074 
.40098 
.40121 
.40144 
.40168 
.40191 
.40214 
.40237 
.40261 
.40284 

.40307 
.40331 
.40354 
.40878 
.40401 
.40424 
.40448 
.40471 
.40494 
.40518 

.40541 
.40565 
.40588 
.40611 
.40635 
.40658 
.40682 
.40705 
.40728 
.40752 

.40775 
.40799 
.40822 
.40846 
.40869 
.40893 
.40916 
.40939 
.40963 
.40966 

.41010 
.41033 
.41057 
.41080 
.41104 
.41127 
.41151 
.41174 
.41198 
.41221 



.06164 
.60228 
.66292 
.66857 
.66421 
.66486 
.66550 
.66615 
.66679 
.66744 
.66809 

.66873 
.66938 
.67003 
.67068 
.67133 
.67199 
.67264 
.67329 
.67394 
.67460 

.67525 
.67591 
.67656 
.67722 
.67788 
.67853 
.67919 
.67985 
.68051 
.68117 

.68183 
.68250 
.68316 
.68882 
.68449 
.68515 
.68582 
.68648 
.68715 
.68782 

.68848 
.68915 
.68982 
.69049 
.69116 
.69183 
.69250 
.69318 
.69385 
.69452 

.69520 
.69587 
.69655 
.69723 
.69790 
.69858 
.69926 
.69994 
.70062 
.70130 



64« 



55< 



Vers. 


Exsec. 


1 .41221 


.70130 1 


.41245 


.70198 


.41269 


.70367 


.41292 


.70885 


.41816 


.70408 


.41339 


.70472 


.41863 


.70540 


.41386 


.70609 


.41410 


.70677 


.41433 


.70746 


.41457 


.70815 


.41481 


.70884 


.41501 


.70953 


.41528 


.71022 


.41651 


.71091 


.41575 


.71160 


.41599 


.71229 


.41622 


.71298 


.41646 


.71368 


.41670 


.71437 


.41693 


.71506 


.41717 


.71576 


.41740 


.71646 


.41764 


.71715 


.41788 


.71785 


.41811 


.71855 


.41885 


.71925 


.41859 


.71996 


.41882 


.73065 


.41906 


.72185 


.41930 


.72206 


.41953 


.72275 


.41977 


.72846 


.42001 


.72416 


.42024 


.72487 


.42048 


.72657 


.42072 


.72628 


.42096 


.72698 


.42119 


.72769 


.42148 


.72840 i 


.42167 


.72911 


.42191 


.72982 


.42214 


.73058 


.42238 


.78124 


.42262 


.73195 


.42285 


.73267 ' 


.42309 


.73838 


.42338 


.73409 


.42357 


.78481 


.42381 


.73552 


.42404 


.73624 


.42428 


.73696 


.42452 


.73768 


.42476 


.73840 


.42499 


.73911 ; 


.42523 


.73988 


.42547 


74056 


.42571 


.74128 


.42595 


.74200 


.42619 


.74272 


.42642 


.74345 1 



Vers. 



.42642 
.42666 
.42090 
.42714 
.42738 
.42762 
.42785 
.42809 
.42883 
.42857 
.42881 

.42905 
.42929 
.42953 
.42976 
.43000 
.43024 
.43048 
.43072 
.43096 
.48120 

.48144 
.43168 
.43192 
.43216 
.43240 
.48264 
.48287 
.43311 
.43335 
.43350 

.43388 
.48407 
.48431 
.43455 
.48479 
.43503 
.43527 
.43551 
.43575 
.43599 

.43623 
.43647 
.43671 
.43695 
.43720 
.43744 
.43768 
.43792 
.43816 
.43840 

.43864 
.43888 
.43912 
.43936 
.48960 
.43984 
.44008 
.44032 
.44057 
.44081 



Exsec. 



.74345 
.74417 
.74490 
.74562 
.74635 
.74708 
.74781 
.74854 
.74927 
.75000 
.75073 

.75146 
.75219 
.75293 
.75866 
.76440 
.75513 
.75587 
.76661 
.75784 
.75808 

.75882 
.75956 
.76081 
.76105 
.76179 
.76253 
.76828 
.76402 
.76477 
.76662 

.78626 
.76701 
.76776 
.76851 
.76926 
.77001 
.77077 
.77152 
.77227 
.77303 

.77378 
.77464 
.77530 
.77606 
.77681 
.77757 
.77833 
.77910 
.77986 
.78062 

.78138 
.78215 
.78291 
.78868 
.78445 
.78521 
.78596 
.78675 
.78758 
.78829 




1 
2 
3 
4 
5 
6 
7 
8 
9 
10 

11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

21 
22 
28 
24 
25 
26 
27 
28 
29 
80 

31 
S2 
83 
34 
35 
36 
37 
38 
39 
40 

41 
42 

43 
44 
45 
46 
47 
48 
49 
50 

51 
62 
53 

54 , 

55 I 
S6 
57 
68 
SO . 

eoj 



^ 






TART.K»XXII 


-VERSINES AND EXSECANTS 


• 
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/ 



w 


hV 


58- 


69° 







Vers. 


Exsec. 


Vers. 


Exsec. 


1 

1 Vers. 


1 Exsec. 


Vers. 

1 


! Exsec. 




.44081 


.78829 


.45536 


.83608 


.47008 


.88708 


.48496 


.94100 




1 


.44105 


.78906 


.45560 


.83690 


; .47033 


.88796 


.48521 


.94254 


1 


' 


2 


.44129 


.78984 


.45585 


i . 83773 


.47057 


.88884 


.48546 


.94349 


2 




3 


.44153 


.79061 


.45009 


1 .8:3855 


i .47082 


.88972 


.48571 


.94443 


3 




4 


.44177 


.791138 ' 


.45634 


.83938 


' .47107 


.89060 


. .48596 


.94537 


4 




5 


.41201 


.79216 


.45058 


.84020 


; .47131 


.89148 


.48621 


.94632 


5 


* 


6 


.44225 


.79293 


.45(3a3 


.84103 , 


.47156 


.89237 


.48646 


.94726 


6 


. i 7 


.44250 


.79371 


.45707 


.84186 1 


.47181 


.89325 


.48671 


.&4821 


7 


8 


.44274 


.79449 


.45731 


.84209 


.4?206 


.89414 


.48696 


.94916 


8 


9 


.44298 


.79527 


.45756 


.84352 ' 


.47230 


.89503 


.48721 


.95011 


9 


: i 10 


,44322 


.79604 


.45780 


.844^ 


.47255 


.89591 


.48746 


.95106 


10 




11 


.44346 


.79682 


.45805 


.84518 , 


.47280 


.89680 


\ .48771 


.95201 


11 


-' 


12 


.44370 


.79761 


.45829 


.84601 i 


.47304 


.897(59 


] .48796 


.95296 


12 


i 1 13 


.44395 


.79839 


.45854 


.84685 


.47329 


.89858 


I .48821 


.95392 


13 


14 


.44419 


.79917 


.45878 


.84708 


.47354 


.89948 


.48^46 


.9M87 


14 




15 


.44413 


.79995 


.45903 


.84852 


.47379 


.90037 


.48871 


.95583 


15 


.■» 


16 


.444G7 


.80074 


.45927 


.849:35 


.47403 


.90126 


.48896 


.95678 


16 


17 


.44491 


.80162 


.45951 


.85019 


.47428 


.90216 


.48921 


.95774 


17 


; 1 18 


.44516 


.80231 


.45J76 


.85103 


.47453 


.903a-> 


.48046 


.95870 


18 


19 


.44540 


.80309 


.40000 


.a5187 


.47478 


.90:395 


.48971 


.95966 


19 


• 


20 


.44504 


.80388 


.40025 


.85271 


.47502 


.90485 


.48996 


.96062 


20 


.* 


21 


.44588 


.80467 


.46049 


.85355 


.47527 


.90575 


.49021 


.96158 


21 


* 


23 


.44012 


.80546 


.40074 


.&>4;J9 


' .47553 


.90605 


.49046 


.96255 


22 


• 


23 


.44037 


.80625 1 


.46098 


.85523 


.47577 


.90755 


.49071 


.96351 


23 


, 


24 


.44661 


.807(M ; 


.46123 


.85608 ' 


' .47001 


.90^45 


.49096 


.96448 


24 


• 


25 


.44685 


.80783 ! 


.46147 


.85092 , 


.47626 


.90935 


.49121 


.96544 


25 


- 


26 


.44709 


.80802 


.46172 


.85777 


.47051 


.91026 


.49146 


.96641 


26 


• 


27 


.44734 


.80942 


.46196 


.85861 


.47676 


.91116 


.49171 


.96738 


27 


 


28 


.447.58 


.81021 


.46221 


.85946 


.47701 


.91207 


.49196 


.96a35 


28 


' 


29 


.44782 


.81101 


.46246 


.b6031 


.47725 


.91297 


.49221 


.96932 


29 




ao 


.44806 


.81180 


.46270 


.86116 j 


.47750 


.91388 


.49246 


.97029 


30 




31 


.44831 


.81260 


.46295 


.86201 , 


.47775 


.91479 


.49271 


.97127 


31 


' 


82 


.44855 


.81340 


.46319 


.86286 ! 


.47800 


.91570 


.49296 


.97224 


32 




83 


.44879 


.81419 


.46344 


.86371 


.47825 


.91061 


.49321 


.97322 


33 




S4 


.44903 


.81199 


.46308 


.86457 


.47849 


.91752 


.49346 


.97420 


34 




35 


.44928 


.81570 


.46393 


.86542 


.47874 


.91844 


.49372 


.97517 


35 




36 


.44952 


.81659 ! 


' .46417 


.86627 ; 


.47899 


.91935 


.49397 


.97615 


36 




37 


.44976 


.81740 


.46442 


.86713 


.47924 


.92027 


.49422 


.97713 


37 




83 


.45001 


.81820 


.46466 


.86799 


.47949 


.92118 


.49447 


.97811 


38 




39 


.45025 


.81900 


.40401 


.80885 


.47974 


.92210 


.49472 


.97910 


39 


f 


40 


.45049 


.81981 


.46516 


.80990 


.47998 


.92302 


; .49497 


.98008 


40 


• 


41 


.45073 


.82061 


.46540 


.87056 


.48023 


.92394 


.49522 


.98107 


41 


• 


42 


.45098 


.8;>142 


.46)05 


.87142 


.48048 


.92486 


.49517 


.98205 


42 


« 


43 


.45122 


.82222 


.46589 


.87229 


.48073 


.92578 


.49572 


.98304 


43 


> 


44 


.45146 


.82303 


.46614 


.87315 


.48098 


.92670 


.49597 


.98403 


44 


• 


45 


.45171 


.82384 


.46639 


.87401 


.48123 


.92762 


.49623 


.98502 


45 


• 


46 


.45195 ' 


.82465 


.46603 


.87488 


.48148 


.92855 


.49648 


.98601 


46 


• 


47 


.45219 ; 


.82546 


.46688 


.87574 ; 


.48172 


.92(M7 


.49673 


.98700 


47 


« 


48 


.45244 1 


.82627 


.46712 


.87661 


.48197 


.93040 


.49698 


.98799 


48 


• 


49 


.45268 


.82709 


.46737 


.87748 1 


.48222 


.93133 


.49723 


.98899 


49 


• 


60 


.45292 ' 


.82790 


.46762 


.87834 


.48247 


.93226 


.49748 


.98998 


50 




51 


.46317 


.82871 


.46786 


.87921 


.48272 


.93319 


.49773 


.99098 


51 


I- 


52 


.45341 1 


.82953 1 


.40811 


.88008 


.48207 


.93412 


.49799 


.99198 


52 




53 


.45365 


.8;3(m 


.40836 


.88095 


.4^322 


.93505 


.49824 


.99298 


53 


' 


54 


.45390 


.83116 


.4G8G0 


.88183 


.48347 


.93598 


.49ai9 


.99398 


54 




55 


.45414 


.a3198 


.46885 


.88270 


.48372 


.93692 


.49874 


.99498 


55 




56 


.45439 


.83280 


.40909 


.88357 


.48:396 


.9:3785 


.49899 


.99598 


56 




57 


.45463 


.83302 


.40934 


.88445 


.4H421 


.9:J879 


.49924 


.99698 


57 


'* 


58 


.45487 


.a^u 


.40959 


.88532 


.48446 


.93073 


.49950 


.99799 


58 


\ 


fi0 


.4fi512 


.83526 


.46083 


.88620 i 


.48471 


.94066 


.49975 


.99899 


59 - 
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TABLE XXII.-VERSINES AND EXSECANTS. 



g 


60"» 


/ 


Vers. 


Exsec. 





.50000 


1.00000 


1 


.50025 


1.00101 


2 


.50050 


1.00202 


3 


.50076 


1.00303 


4 


.50101 


1.00404 


5 


.50126 


1.00505 


6 


.50151 


1.00607 


7 


.50176 


1.00708 


8 


.50202 


1.00610 


9 


.50227 


1.00912 


10 


.50252 


1.01014 


11 


.50277 


1.01116 


12 


.50303 


1.01218 


13 


.50328 


1.01320 


14 


.50353 


1.01422 


15 


.50378 


1.01525 


16 


.50404 


1.01628 


17 


.504:?9 


1.01730 


18 


.50454 


1.01833 


19 


.50479 


1.01036 


20 


.50505 


1.02039 


21 


.50530 


1.02143 


22 


.50555 


1 02246 


23 


.50581 


1.02349 


24 


.50606 


1.02453 


25 


.50G31 


1.02557 


26 


.50656 


1.02G61 


27 


.50682 


1.02765 


28 


.m^iQ7 


1.02869 


29 


.50732 


1.02973 


30 


.50758 


1.03077 


31 


.507&3 


1.03182 


32 


.50808 


1.03286 


33 


.50834 


1.03391 


34 


.50859 


1.03496 


35 


.50884 


1.03601 


36 


.50910 


1.03706 


37 


.50935 


1.03811 


38 


.50960 


1.03916 


39 


.50986 


1.04022 


40 


.51011 


1.04128 


41 


.51036 


1.04233 


42 


.51002 


1.04339 


43 


.51087 


1.04445 


44 


.51113 


1.04551 


45 


.51138 


1.04658 


46 


.51163 


1.04764 


47 


.51189 


1.04870 


48 


.51214 


1.04977 


49 


.51239 


1.05084 


50 


.51265 


1.05191 


51 


.5*290 


1.05298 


52 


.51316 


1.05405 


53 


.51341 


1.05512 


54 


.51366 


1.05619 


55 


.51392 


1.05727 


56 


.51417 


1.05835 


57 


.51443 


1.05942 


58 


.51468 


1.06050 


'^9 


.51494 


1.06158 




.61519 


1.06267 



61* 


Vers. 


Exsec. 


.51519 


1.06267 


.51544 


1.06375 


.51570 


1.06483 


.51595 


1.06592 


.51621 


1.06701 


.51646 


1.06809 


.51672 


1.06918 


.51697 


1.07027 


.51723 


1.07137 


.51748 


1.07246 


.51774 


1.07356 


.51799 


1.07465 


.51825 


1.07575 


.51850 


1.07685 


.51876 


1.07V95 


.51901 


1.07905 


.51927 


1.08015 


.51952 


1.08126 


.51978 


1.08236 


.52003 


1.0«347 


.52029 


1. 0*458 


.52054 


1.08569 


.52080 


1.08680 


.52105 


1.08791 


.52131 


1.08903 


.52156 


1.09014 


.52182 


1.00126 


.52207 


1.09238 


.52333 


1.09350 


.52259 


1.09462 


.522&4 


1.09574 


.52310 


1.09686 


.52335 


1.09799 


.52361 


1.00911 


.52386 


1.10024 


.52412 


1.10137 


.52-138 


1.10250 


.52463 


1.10363 


.52489 


1.104V7 


.52514 


1.10590 


.52540 


1.10704 


.52566 


1.10817 


.52591 


1.10931 


.52617 


1.11045 


.52642 


1.11159 


.52668 


1.11274 


.52694 


1.11388 


.52719 


1.11503 


.52745 


1.11617 


.52771 


1.11732 


.52796 


1.11&47 


.52822 


1.11963 


.52848 


1.12078 


.52873 


1.12193 


.52899 


1.12309 


.52924 


1.12425 


.52950 


1.12540 


.52976 


1.12G57 


.53001 


1.12773 


.53027 


1.12889 


.53053 


1.13005 



62« 



63« 



Vers. 



Exsec. 



.53053 ' 

.53079 

.53104 

.53180 

.53156 

.513181 

.53207 

.53233 

.53258 

.53284 

.53310 

.53336 
.5.3361 
.53387 
.5^13 
.534^39 
.53464 
.53490 
.53516 
.5.3.M2 
.53567 

.53593 
.53619 
.53645 
.53670 
.53096 
.53722 
.53748 
.53774 
.53799 
.53825 

.53851 

.53877 
.53903 
.53928 
.53954 
.53980 
.M006 
.54032 
.540;58 
.54083 

.54109 
.54135 
.54161 
.54187 
.54213 
.54238 
.54264 
.54290 
.54316 
. 543^42 

.54368 
.54394 
.54420 
.54446 
.&4471 
.54497 
.5^1523 
.54549 
.M575 
.M601 



.13005 
.13122 
.13239 
.13356 
.13473 
.13590 
.13707 
.13825 
.13942 
.14060 
.14178 

.14296 
.14414 
.14533 
.14651 
.14770 
.14889 
.15008 
.15127 
.1.1246 
.15366 

.15485 
.15605 
.15725 
.15845 
.15965 
.16085 
.16206 
.16326 
.16447 
.16568 

.16689 
.16810 
.16932 
.17053 
.17175 
.17297 
.17419 
.17541 
.17663 
.17786 

.17909 
.18031 
.18154 
.18277 
.18401 
.18524 
.18648 
.18772 
.18895 
.19019 

.19144 
.19268 
.19393 
.19517 
.19642 
.19767 
.19892 
.20018 
.20143 
.20269 



Vers. 



.54601 
.54627 
.54653 
.54679 
.54705 
.54731 
.54757 
.54782 
.54808 

.54860 

.54886 
.54912 
.54938 
.54964 
.54990 
.55016 
.55042 
.55068 
.55094 
.55120 

.55146 
.55172 
.55198 
.55224 
.55250 
.55276 
.55302 
.55328 
.55354 
.55380 

.55406 
.55432 
.55458 
.55484 
.55510 
.55536 
.55563 
.55589 
.55615 
.55641 

.55667 
.55693 
.55719 
.55745 
.55771 
.55797 
.55823 
.55849 
.55876 
.55902 

.55928 
.55954 
.55980 
.56006 
.56032 
.56058 
.56084 
.50111 
.56137 
.56163 



Exsec. 



.20269 
.20395 
.20521 
.20647 
.20773 
.20900 
.21026 
.21153 
.21280 
.21407 
.21535 

.21662 
.21790 
.21918 
.22045 
.22174 
.22302 
.22430 
.22559 
.22688 
.22817 

.22^46 

.23075 

.23205 

.233^4 

.23464 

.23594 

.23724 

.23855 

.23985 29 

.24116 

.24247 
.24378 
.24509 133 
.24640 ai 
.24772 35 
.24903 136 
.25035 
25167 
.25300 
.25432 

.25565 
.25697 
.25830 
.25963 
.26097 
.26230 
.26364 
.26498 
.26632 
.26766 

.26900 
.27035 
.27169 
.27304 
.27439 
.27574 
.27710 
.27845 
.27981 
.28117 



TABLE XXII.— VERSINES AND EXSECANTS. 



37o 



/ 



64'* 


65» 


66- 


67* 


"o 


Vers. 


1 
Exsec. 


Vers. 


Exsec. ; 


Vers. 


Exsec. 


Vers. 


Exsec. 


.56163 


1.28117 


.57738 


1.36620 


.59326 


1.45859 


.60927 


1.55980 


1 


.56189 


1.28253 


.57765 


1.36768 


.69353 


1.46020 


.60954 


1.. 56106 


1 


2 


.56215 


1.28390 


.57791 


1.36916 


.69879 


1.46181 


.60980 


1.56282 


2 


3 


.66241 


1.28526 


.57817 


1.37064 


.59406 


1.46342 


.61007 


1.56458 


3 


4 


.56267 


1.28663 ! 


.57844 


1.37212 


.59433 


1.46504 


.61034 


1.56634 


4 


5 


.56294 


1.28800 


.57870 


1.37361 


.69459 


1.46665 


.61061 


1.56811 1 5 


6 


.56320 


1.28937 


.57896 


1.37509 


.59486 


1.46827 


.61088 


1.56988 


6' 


7 


.56346 


1.29074 


.57923 


1.37658 ! 


.59512 


1.46989 1 


.61114 


1.57165 


7. 


8 


.563r2 


1.29211 1 


.57949 


1.37808 : 


.69539 


1.47152 


.61141 


1.57342 


81 


9 


.56398 


1.29349 ; 


.57976 


1.37957 


.59566 


1.47314 


.61168 


1.57520 


9 


10 


.66425 


1.29487 


.58002 


1.3810? 


.69592 


1.47477 

1 


.61195 


1.57698 


10 


11 


.56451 


1.29625 


.58028 


1.38256 


.69619 


1.47640 


.61222 


1.57870 


11 


12 


.56477 


1-29763 


.58055 


1.38406 


.69645 


1.47804 


.61248 


1.58054 


12 


13 


.56503 


1.29901 


.58081 


1.38556 , 


.59672 


1.47967 


.61275 


1.58233 


13 


14 


.56529 


1.30040 


.58108 


1.38707 ! 


.69699 


1.48131 


.61302 


1.58412 


14 


15 


.56565 


1.80179 


.58134 


1.38a57 1 


.59725 


1.48296 


.61329 


1.58591 


15 


16 


.56582 


1.30318 


.58160 


1.39008 


.69752 


1.48459 


.61356 


1.58771 


16 


17 


.56608 


1.30457 1 


.58187 


1.39159 


.59779 


1.48624 


.61383 


1.58950 


17 


18 


.56634 


1.30596 


.58213 


1.39311 


.59805 


1.48789 


.61400 


1.59130 


18 


19 


.566b0 


1.30735 


.58240 


1.39462 


.69832 


1.489M 


.61436 


1.59311 


19 


20 


.56687 


1.30675 


.68266 


1.39614 


.69859 


1.49119 


.61463 


1.59491 


20 


21 


.56713 


1.31015 


.68293 


1.39766 


.59885 


1.49284 1 


.61490 


1.59672 


21 


22 


.56739 


1.31156 


.58319 


1.39918 


.59912 


1.49450 


.61517 


1.59853 ;22 


23 


.56765 


1.31295 1 


.58346 


1.40070 


.69938 


1.49616 I 


.61544 


1.00035 !23 


24 


.56791 


1.31436 


.58372 


1.40222 , 


.69965 


1.49782 


.61570 


1.60217 


24 


25 


.56818 


1.31576 


.58398 


1.40375 


.59992 


1.49948 


.61597 


1.60399 


25 


26 


.56844 


1.31717 


.58426 


1.40528 


.60018 


1.50115 


.61624 


1.60581 


26 


27 


.56870 


1.31858 


.58451 


1.40681 


.60045 


1.50282 


.61651 


1.60763 


27 


28 


.56896 


1.31999 


.58478 


1.40835 


.60072 


1.50449 


.61678 


1.60946 


28 


29 


.56923 


1.32140 


.58504 


1.40988 


.60098 


1.50617 


.61706 


1.61129 


29 


30 


.56949 


1.32282 


.58531 


1.41142 


.60125 


1.50784 1 


.61732 


1.61313 


30 


81 


.56075 


1.32424 


.58557 


1.41296 


.60162 


1.50952 


.61759 


1.61496 


31 


32 


.57001 


1.32566 


.58584 


1.41450 


.60178 


1.. 51 120 


.61785 


1.61680 


32 


33 


.57028 


1.32708 


.58610 


1.41605 ' 


.60205 


1.51289 


.61812 


1.61864 


33 


34 


.57054 


1.32850 


.58687 


1.41760 


.60232 


1.51457 


.61839 


1.62049 


34 


35 


.57080 


1.32993 


.58663 


1.41914 1 


.60259 


1.51626 , 


.61866 


1.62234 


35 


36 


.57106 


1.33135 


.58690 


1.42070 1 


.60285 


1.51795 


.61893 


1.62419 


36 


37 


.57133 


1.33278 


.58716 


1.42225 


.60312 


1.51965 


.61920 


1.62604 


37 


38 


.57159 


1.33422 


.58743 


1.42380 


.60339 


1.52134 


.61947 


1.62790 


38 


39 


.57185 


1.33,565 


.58769 


1.42536 . 


.60365 


1.52304 


.61974 


1.62976 


39 


40 


.57212 


1.33708 


.58796 


1.42692 


.60392 


1.52474 


.62001 


1.63162 


40 


41 


.57238 


1.33852 


.58822 


1.42848 i 


.60419 


1.52645 


.62027 


1.63348 41 


42 


.57264 


1.33996 


.58849 


1.43005 


.60145 


1.52815 


.62054 


1.63535 ;42 


43 


.67291 


1.34140 


.58875 


1.43162 1 


.60472 


1.62986 


.62081 


1.63722 


43 


44 


.57317 


1.34284 


.58902 


1.43318 


.60499 


1.53157 ! 


.62108 


1.63909 


44 


45 


.67343 


1.34429 


.58928 


1.43476 


.60526 


1.53329 


.62135 


1.64097 


45 


46 


.57369 


1.34573 


.58955 


1.43633 


.605.52 


1.53500 


.62162 


1.64285 


46 


47 


.57396 


1.34718 


.58981 


1.43790 


.60579 


1.53672 ! 


.62189 


1.64473 


47 


48 


.67422 


1.34863 


.69008 


1.43948 


.60606 


1.53845 ' 


.62216 


1.64662 


48 


49 


.57448 


1.35009 


.69031 


1.44106 


.60633 


1.54017 , 


.62243 


1.04851 !49 


50 


.67475 


1.35154 


.59061 


1.44264 


.60659 


1.54190 , 


.62270 


1.66040 


50 


51 


.57501 


1.35300 


.59087 


1.44423 


.60686 


1.54363 


.62297 


1.65229 


51 


52 


.57527 


1.35446 


.59114 


1.44582 


.60713 


1.54536 


.62324 


1.65419 


52 


53 


.57554 


1.35.592 


.69140 


1.44741 


.60740 


1.54709 


.62351 


1.65609 


53 


54 


.67580 


1.35738 


.59167 


1.44900 


.60766 


1.54883 


.62378 


1.65799 


54 


55 


.57fi06 


1.35885 


.69194 


1.45059 


.60793 


1.55057 


.62405 


1.65989 


55 


56 


.57633 


1.36031 


.69220 


1.45319 


.60820 


1.55231 


.62431 


1.66180 


56 


57 


.57659 


1.36178  


.59247 


1.43378 


.60847 


1.55405 


.62458 


1.66371 


57 


58 


.57685 


1.3(>3i35 


.59273 


1.45531) , 


.60873 


1.55580 


.62485 


1.6G563 


58 


59 


.57712 


1.36473 , 


.59300 


lAmm ; 


.(31)900 


1.55755 


.62512 


1.66755 ^"  


60 


.67738 


1.36620 1 


.59326 


1.40«59 1 


.60927 


1.55930 


.62539 


1.669^ 
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TABLE XXn.-VERSINES AND EXSE^CANTS. 



68« 



69« 



70« 



71« 





1 

2 
3 
4 
5 
G 
7 
8 
9 
10 



11 
12 
13 
14 



20 

21 
22 
23 
24 
25 
26 
27 
28 
29 
30 

31 
32 
33 
34 
35 
36 
37 
38 
39 
40 

41 
42 
43 
44 
45 
46 
47 
48 
49 
50 

51 
52 
53 
54 
55 
56 
57 
58 
59 



Vers. 

.62539 
.62566 
.62593 
.62620 
.62W7 
.62674 
.62701 
.62728 
.62755 
.62782 
.62809 



Ezsec. 



Vers. 



Exsec. ; Vers. 



.62836 
.62863 
.62890 
.62917 
151 .62944 

16 .62971 

17 .62998 

18 .63025 

19 .63052 
63079 



.63106 

.63133 

.63161 

.63188' 

.63215 

.63242 

.63269 

.63296 

.63323 

.63350 

.63377 
.6^404 
.63431 
.6*458 
.6*485 
.63512 
.63539 
.63566 
.63594 
.63621 

.63648 
.63675 
.63702 
.63729 
.63756 
.63783 
.63810 
.63838 
.63865 
.63892 

.63919 
.63946 
.63973 
.64000 
.64027 
.^4055 
.64082 
.64109 
.64136 
.64163 



; 1.66947 


' .64163 




1.67139 


.64190 




1.67332 


.64218 




1.67525 


.&1245 




1.67718 


.6427^ 




1 1.67911 


.64299 




i 1.68105 


.64326 




1.68299 1 


.64353 




1.68494 ' 


.04381 




1.68689 


.64408 




1.68884 


.04435 




1 69079 


.64462 




1.69275 1 


.64489 




1.69471 


.64617 




1.69667 


.64544 




1.69664 


.64671 




1.70061 1 


.64698 


1 


1.70258 i 


.64625 


\ 


1.70455 1 


.64653 




1.70653 


.64680 




1.70851 


.64707 




1.71050 


.64734 




1.71249 


.64761 




1.71448 I 


.64789 




1.71647 


.64816 




1.71847 


.64843 




1.72047 


.64870 




1.72247 


.04898 




1.72448 


.64925 




1.72649 


.64952 




1.72850 


.64979 




1.73052 


.65007 




1.73254  


.65034 




1.7*456 , 


.65061 




1.73659 


.65088 




1.73862 


.65116 




1.74065 i 


.65143 




1.74269 1 


.65170 




1.74473 


.65197 




1.74677 


.65225 




1.74881 


.65252 




1.75086 


.65279 


1 


1.75292 


.65306 1 


1.75497 ' 


.65334 1 


1.75703 


.65361 1 


1.75909 


.65388 1 


1.76116 i 


.65416 1 


1.76323 


.65443 ' 1 


1.76530 


.65470 




1.76737 


.65497 




1.76945 


.65525 




1.77154 


.65552 




1.77362 


.65579 




1.77571 


.65607 




1,77780 


.65634 




1.77990 


.65661 




1.78200 


.65689 




1.78410 


.65716 




1.78621 


.65743 




1.78832 


.65m 




1.79043 


.65798 





.79043 
.79254 
.79466 
.79679 
.79891 
.80104 
.80318 
.80531 
.80746 
.80960 
.81175 

.81390 
.81605 
.81821 
.82037 
.82254 
.82471 
.82688 
.82906 
.83124 
.83342 

.83561 

.83780 
.83999 
.84219 
.84439 
.84659 
.84880 
.85102 
.85323 
.85545 

.85767 
.85990 
.86213 
.86437 
.86661 
.86885 
.87109 
.87334 
.87560 
.87785 

.88011 
.88238 
.88465 
.88692 
.88920 
.89148 
.89376 
.89605 
.89834 
.90063 

.90293 
.90524 
.90754 
.90986 
.91217 
.91449 
.91681 
.91014 
.92147 
.92380 



.65798 
.65825 
.65853 
.65880 
.65907 
.65935 
.65962 
.65989 
.66017 
.66044 
.66071 

.66099 
.66126 
.66164 
.66181 
.66206 
.66236 
.66263 
.66290 
.66316 
.66345 

.66373 
.66400 
.66427 
.66455 
.66482 
.66510 
.66537 
.66564 
.66592 
.66619 

.66647 

.66674 
.66702 
.66729 
.66756 
.66784 
.66811 
.66839 
.66866 
.66894 

.66921 
.66949 
.66976 
.67003 
.67081 
.67058 
.67086 
.67113 
.67141 
.67168 

.67196 
.67223 
.67251 
.67278 
.67306 
.67333 
.67361 
.67388 
.67413 
.67443 



Ezsec 



.93380 
.92614 
.92849 
.93063 
.93318 
.93554 
.93790 
.94026 
.94263 
.94500 
.94787 

.94975 
.95213 
.95452 
.95691 
.95931 
.96171 
.96411 
.96652 
.96893 
.97135 

.97377 
.97619 
.97862 
.96106 
.96349 
.96694 
.96636 
.99063 
.99329 
.99574 

.99621 
.00067 
.00815 
.00662 
.00610 
.01059 
.01306 
2.01657 
2.01807 
2.02057 

2.02308 
2.02559 
2.02610 
2.03062 
03315 
03566 
03621 
04075 
04329 
04584 



Vers. 



Ezsec. 



1. 
2. 
2. 
2. 
2. 
2. 
2. 



2. 
2. 



2.04839 
2.05094 
.05350 
.05607 
2.05864 
2.06121 
2.06379 
2.06^7 
2.06896 
2.07155 



.67443 


2.07155 


.67471 


2.07416 


.67496 


2.07675 


.67526 


2.07936 


.67653 


2.06197 


.67581 


2.06459 


.67606 


2.08721 


.67636 


2.06983 


.67663 


2.09246 


.67691 


2.09510 


.67718 


2.09774 


.67746 


2.10088 


.67773 


2.10808 


.67801 


2.10668 


.67829 


2.10834 


.67856 


2.11101 


.67884 


2.11367 


.67911 


2.11685 


.67939 


2.11903 


.G7966 


2.12171 


.67994 


2.12440 


.68021 


2.12709 


.68049 


2.12979 


.680'/7 


2.13249 


.68104 


2.13620 


.08132 


2.13791 


.68159 


2.14063 


.68187 


2A4lim 


.68214 


2.14606 


.68242 


2.14881 


.68270 


2.15166 


.66297 


2.16429 


.66326 


2.16704 


.66352 


2.16979 


.66380 


2.16265 


.66406 


2.16531 


.68435 


2.16808 


.68463 


2.17065 


.68490 


2.17363 


.68518 


2.17641 


.68546 


2.17900 


.68573 


2.18199 


.68601 


2.18479 


.68628 


2.18769 


.68666 


2.19040 


.66684 


2.19622 


.68711 


2.19604 


.68739 


2.19880 


.68767 


2.20169 


.68794 


2.20463 


.68622 


2.20737 


.68849 


2.21021 


.68877 


2.21306 


.68905 


2.21692 


.68982 


2.21878 


.66960 


2.22165 


.68988 


2.22462 


.69015 


2.22740 


.69043 


2.23028 


.69071 


2.28817 


.69096 


2.28607 





11 

2 
8 
4 
6 
6 
7 
8 
9 
10 

11 
12 
13 
14 
16 
16 
17 
18 
19 
20 

21 
22 
23 
24 
25 
26 
27 
28 
29 
30 

31 
32 
33 
34 
35 
36 
37 
38 
30 
40 

41 
42 
43 

44 
45 
46 
47 
48 
49 
50 

61 
52 
53 
54 
55 
66 
67 
68 
59 
60 



;;n. '«' 



Table xxii.-versines and exsecaNts. 



/ 


72' 




Vers. 


Ezsec. 


"o 


.69098 


2.23607 


1 


.69126 


2.23897 


2 


.69154 


2.24187 


3 


.69181 


2.24478 


4 


.69209 


2.24770 


5 


.69237 


2.25062 


6 


.69264 


2.25355 


7 


.69292 


2.25648 


8 


.69320 


2.25942 


9 


.69347 


2.26237 


10 


.69375 


2.26531 


11 


.69403 


2.26827 


12 


.69430 


2.27123 


13 


.69458 


2.27420 


14 


.69486 


2.27717 


15 


.69514 


2.28015 


16 


.69541 


2.28313 


17 


.69569 


2.28612 


18 


.69597 


2.28912 


19 


.69624 


2.29212 


20 


.69652 


2.29512 


21 


.69680 


2.29814 


22 


.69708 


2.30115 


28 


.69735 


2.30418 


24 


.69763 


2.30721 


25 


.69791 


2.31024 


26 


.69818 


2.31328 


27 


.69846 


2.31633 


28 


.69874 


2.31939 


29 


.69902 


2.32244 


80 


.69929 


2.32551 


81 


.69957 


2.32858 


82 


.69985 


2.33166 


38 


.70013 


2.33474 


34 


.70040 


2.33783 


35 


.70068 


2.^4092 


36 


.70096 


2.^4403 


37 


.70124 


2.^4713 


38 


.70151 


2.35025 


39 


.70179 


2.35336 


40 


.70307 


2.35649 


41 


.70235 


2.35962 


42 


.70263 


2.3G276 


43 


.70290 


2.36590 


44 


.70318 


2.36905 


45 


.70346 


2.37221 


46 


.70374 


2.37537 


47 


.70401 


2.37854 


48 


.70429 


2.38171 


49 


.70457 


2.38489 


60 


.70485 


2.38808 


51 


.70513 


2.39128 


52 


.70540 


2.39448 


53 


.70568 


2.39768 


54 


.70596 


2.40089 


55 


.70624 


2.40411 


66 


.70652 


2.40734 


57 


.70679 


2.41057 


58 


.70707 


2.4i;«l 


59 


.70735 


2.41705 


<0 


.70763 


2.42030 



73« 



74" 



75« 



Vers. 



.70763 
.70791 
.70818 
.70846 
.70674 
.70902 
.70930 
.70958 
.70985 
.71013 
.71041 

.71069 
.71097 
.71125 
.71153 
.71180 
.71208 
.71236 
.71264 
.71292 
.71320 

.71348 
.71375 
.71403 
.71431 
.71459 
.71487 
.71515 
.71543 
.71571 
.71598 

.71626 
.71654 
.71682 
.71710 
.71738 
.71766 
.71794 
.71822 
.71850 
.71877 

.71905 
.71933 
.71961 
.71989 
.72017 
.72045 
.72073 
.72101 
.72129 
.72157 

.72185 
.72213 
.72241 
.72269 
.72296 
.72324 
.72352 
.72380 
.72408 
.72436 



Exsec. 


1 Vers. 


2.42030 


.72436 


2.42356 


.72464 


2.42683 


.724*2 


2.43010 


.72520 


2.43337 


.72M8 


2.43666 


.72576 


2.43995 


.72604 


2.44324 


.72632 


2.44655 


.72660 


2.44986 


.72688 


2.45317 


.72716 


2.45650 


.72744 


2.45983 


.72772 


2.46316 


.72800 


2.46651 


.72828 


2.46986 


.72856 


2.47321 


.?2884 


2.47658 


.72912 


2.47995 


.72940 


2.48333 


.72968 


2.48671 


.72996 


2.49010 


.73024 


2.49350 


.73052 


2.49691 


.73080 


2.50032 


.73108 


2.50374 


.73136 


2.50716 


.73164 


2.51060 


.73192 


2.51404 


.73220 


2.51748 


.73248 


2.52094 


.73276 


2.52440 


.73304 


2.52787 


.■^332 


2.53134 


.73360 


2.5^482 


.73388 


2.53831 


.7^416 


2.54181 


.73444 


2.M531 


.7^472 


2.54883 


.73500 


2.55235 


.73529 


2.55587 


.73557 


2.55940 


.73585 


2.56294 


.73613 


2.56649 


.73641 


2.57005 


.73669 


2.57361 


.73697 


2.57718 


.73725 


2.58076 


.73753 


2.58434 


.73781 


2.58794 


.73809 


2.59154 


.73837 


2.59514 


.73865 


2.59876 


.73893 


2.C0238 


.73921 


2.60601 


.73950 


2.60965 


.73978 


2.61330 


.74006 


2.61695 


.74034 


2.62061 


.74062 


2.62428 


.74090 


2.62790 


.74118 



Exsec. 



2.62796 
2.63164 
2 63533 
2.63903 
2.64274 
2.64646 
2.65018 
2.65391 
2.65765 
2.66140 
2.66515 

2.66892 
2.07269 
2.67647 
2.68025 
2.68405 
2.68785 
2.69167 
2.69540 
2.69931 
2.70315 

2.70700 
2.71085 
2.71471 
2.71858 
2.72246 
2.72635 
2.73024 
2.73414 
2.73806 
2.74196 

2.74591 
2.74984 
2.75379 
2.75775 
2.76171 
2.76568 
2.76966 
2.77365 
2.77765 
2.78166 

2.78568 
2.78970 
2.79874 
2.79778 
2.80183 
2.80589 
2.80996 
2.81404 
2.81813 
2.82223 

2.826a3 

2.a3457 
2.83871 
2.84285 
2.84700 
2.85116 
2.a')5:33 
2.85951 
2.86370 



vers. 


juxaec. 


.74118 


2.86370 


.74146 


2.86790 


.74174 


2.87211 


.74208 


2.87633 


.74231 


2.88056 


.74259 


2.88479 


.74287 


2.88904 


.74315 


2.89330 


.74343 


2.89756 


.74371 


2.90184 


.74399 


2.90613 


.7442? 


2.91042 


.74455 


2.91473 


.74484 


2.91904 


.74512 


2.92337 


.74540 


2.92770 


.74568 


2.93204 


.74596 


2.93640 


.74624 


2.94076 


.74652 


2.94514 


.74680 


2.94952 


.74709 


2.96392 


.74737 


2.95832 


.74765 


2.96274 


.74793 


2.96716 


.74821 


2.97160 


.74849 


2.97604 


.74878 


2.98050 


.74906 


2.98497 


.749^4 


2.98944 


.74962 


2.99393 


.74990 


2.99843 


.75018 


3.00293 


.75047 


3.00745 


.75075 


3.01198 


.75103 


3.01652 


.75131 


3.02107 


.75159 


3.02563 


.75187 


8.03020 


.75216 


3.0a479 


.75244 


3.03938 


.75272 


3.04398 


.75300 


3.04860 


.75328 


3.05322 


.75356 


3.05786 


.75385 


3.06251 


.75413 


3.06717 


.75441 


8.07184 


.75469 


3.07652 


.75497 


3.08121 


.75526 


3.08591 


.75554 


3.09063 


.75582 


3.09535 


.75610 


3.10009 


.76639 


3.10484 


.75667 


8.10960 


.75695 


3.11437 


.75723 


3.11915 


.75751 


3.12304 


.75780 


3.12875 


.75808 


3.13357 



n 
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TABLE XXII.-VERSINES AND fiXBECANTS. 






76* 


1 «- ' 
770 


78' 

1 


' 79» 





Vers. 


Exsec. 


; Vers. 
. .77505 


1 

Exsec. 

8.44641 


' Vers. 

1 


Exsec. 


1 Vers. 


Exsec. 


.75808 


3.13357 


.79209 


3.80973 


.80919 


4.24064 


1 


.75836 


3.13839 


.77533 


3.45102 


.79287 


3.81683 


.80948 


4.24870 


1 


2 


.75864 


3.14323  


.77562 


3.45664 


.79266 


8.82294 


 .80976 


4.25658 


2 


3 


.75892 


3.14809 


.77590 


3.46228 


.79294 


8.82956 


.81005 


4.26448 3 1 


4 


.75921 


3.15295 


1 .77618 


3.46793 


1 .79323 


8.83621 


.81083 


4.27»41 


4 


5 


.75949 


3.15782 


.77W7 


3.47360 


.79351 


3.&4288 


.81062 


4.28036 


5 


6 


.75977 


8.16271 


.77675 


8.47928 


.79380 


8.84956 


.81090 


4.28838 


6 


7 


.76005 


3.16761 


.77703 


8.48498 


.79408 


3.85627 


.81119 


4.29634 


7 


8 


.76034 


3.17252 


.77732 


8.49069 


.79437 


3.86299 


.81148 


4.30436 


8 


9 


.76062 


3.17744 


.77760 


8.49642 


.79465 


3.86973 


1 .81176 


4.31241 


9 


10 


.76090 


3.18238 


.77788 


8.50216 


.79493 


8.87649 


j .81205 


4.32049 


10 


11 


.76118 


3.18733 


.77817 


8.50791 


.79522 


8.88327 


.81233 


4.32859 


11 


12 


.76147 


3.19228 


.77845 


8.51368 


.79550 


3.89007 


.81262 


4.33671 


12 


13 


.76175 


3.19725 


.77874 


3.51947 


.79579 


3.89689 


.81290 


4.84486 


13 


14 


.76203 


3.20224 


.77902 


3.52527 


.79607 


8.90378 


.81319 


4.35304 


14 


15 


.76231 


3.20723 


.77930 


8.53109 


.79636 


3.91058 


.81348 


4.36124 


15 


IG 


.76260 


3.21224 


.77959 


3.53692 


.79664 


3.91746 


.81376 


4.36947 


16 


17 


.70288 


3.21726 


.77987 


3.54277 


.79693 


8.9^436 


' .81405 


4.37772 


17 


18 


.76316 


3.22229 


.78015 


3.54863 


.79721 


8.93128 


.81483 


4.38600 18 1 


19 


.76344 


3.22734 


.78044 


3.55451 


.79750 


3.93821 


.81462 


4.3943') 


19 


5iO 


.70373 


3.23239 


.780?2 


3.56041 


.79778 


8.94517 


.81491 


4.40263 


20 


21 


.7W01 


8.23746 


.78101 


8.56632 


.79807 


8.95215 


' .81519 


4.41099 


21 


22 


.76429 


3.24255 


.78129 


3.57224 


.793:35 


8.95914 


.81548 


4.41937 


22 


23 


.76158 


3.24764 


.78157 


8.57819 


.79864 


3.96616 


.81576 


4.42778 


23 


24 


.70-486 


3.25275 


.78186 


3.58414 


.79892 


3.97320 


.81605 


4.43622 


24 


25 


.76514 


3.25787 


.78214 


3.59012 


.79921 


3.98026 


.81633 


4.44468 


25 


26 


J6542 


3.26300 


.78242 


3.59611 


.79949 


8.98733 


.81662 


4.46317 


26 


27 


.76571 


3.26814 


.78271 


3.60211 


.79978 


8.99443 


, .81691 


4.46169 


27 


28 


.76599 


8.27330 


.78299 


3.60613 


.80006 


4.00155 


.81719 


4.47023 


28 


29 


.76627 


3.27847 


.78328 


3.61417 


.80035 


4.00869 


.81748 


4.47881 


29 


30 


.76655 


3.28366 


.78356 


3.62023 


.80063 


4-.01585 


.81776 


4.48740 


SO 


31 


.76684 


3.28885 


.78384 


3.62630 


.80092 


4.02803 


i .81805 


4.49603 


31 


32 


.76712 


3.29406 


.78413 


3.63238 


.80120 


4.03024 


.81834 


4.50466 


32 


33 


.76740 


3.29929 


.78441 


3.63^9 


.80149 


4.03746 


.81862 


4.51337 


33 


M 


.76769 


3.130452 


.78470 


3.64461 


.80177 


4.04471 


.81891 


4.52208 


34 


35 


.76797 


3.30977 


.7ai98 


3.65074 


.80206 


4.05197 


.81919 


4.53081 


35 


S& 


.76825 


3.31503 


.78526 


3.65690 


.80234 


4.05926 


.81948 


4.53958 


36 


37 


.76854 


3.32031 


.78555 


3.66307 


.80263 


4.06657 


.81977 


4.54837 


37 


38 


.76882 


3.32560 


.78583 


3.66925 


.80291 


4.07390 


.82005 


4.55720 


38 


39 


.76910 


3.33090 


.78612 


3.67.545 


.80320 


4.08125 


.82034 


4.56605 


39 


40 


.76938 


3.33622 


.78&40 


3.68167 


.80348 


4.06863 


.82063 


4.57493 


40 


41 


.76967 


3.34154 


.78669 


3.68791 


.80377 


4.09602 


.82091 


4.58383 


41 


42 


.76995 


3.34689 


.78697 


3.69417 


.80405 


4.10»44 


.82120 


4.59277 142 


43 


.77023 


3.35224 


.78725 


8.70044 


.80434 


4.11088 


.82148 


4.60174 43 


44 


.77052 


3.35761 


.78754 


3.70673 


.80462 


4.11&35 


.82177 


4.61073 44 


45 


.77080 


3.36299 


.78782 


3.71303 


.80491 


4.12.583 


.82206 


4.61976 45 


46 


.77108 


3.36839 


.78811 


3.71935 


.80520 


4.13334 


.82284 


4.62881 46 


47 


.77137 


3.37380 


.78839 


3.725C9 


.80548 


4.14067 


.82263 


4.63790 '47 


48 


.77165 


3.37923 


.78808 


3.73205 


.80577 


4.14842 


.82292 


4.64701 ,48 


49 


.77193 


3.38406 


.78890 


3.73843 


.80605 


4.15599 


.82320 


4.65616 149 


50 


.77222 


3.39012 


.78924 


3.74482 


.806*4 


4.16359 


.82349 


4.66533 


50 


51 


.77250 


3.39558 


.78953 


3.75123 


.80668 


4.17121 


.82377 


4.67454 


51 


52 


.77278 


3.40106 


.780S1 


3.75706 


.80091 


4.17886 


.82406 


4.68377 i52 


53 


.77307 


3.40656 


.79010 


3.76411 


.80719 


4.18652 


.82435 


4.69304 


53 


54 


.77335 


3.41206 


.79038 


8.77057 


.80718 


4.19421 


.82463 


4.70234 


54 


55 


.77363 


3.41759 


.79067 


3.77705 


.80776 


4.20198 


.82492 


4.71166 


55 


56 


.7739$ 


S.4231^ 


.79095 


8.78355 


.80805 


4.20966 


.82521 


4.72102 


56 


57 


.77420 


3.42867 


.79123 


3.79007 


.80833 


4.21742 


82549 


4.73041 


57 


58 


.77148 


3.43424 


.79152 


3.79661 


.80862 


4.22521 


.82578 


4.73988 


58 


59 


.77477 


3.43982 


.79180 


3.80316 


.80891 


4.23301 


.82607 


4.74929 59 


60 


.77505 


3.44541 


.79209 


3.80973 


.80919 


4.24064 


.82635 


4.75877 60 



TABLE XXII.— VERSINES AND EXSECANTS. 



379 






80** 


8P 


82<» 


83* 


t 


Vers. 


Exsec. 


Vers. 


Exsec. 


Vers. 


Exsec. 


Vers. 


Exsec. 


9 


.82035 


4.75877 


.84357 


5.39245 


.86083 


6.18530 


.87813 


7.20551 





1 


.82664 


4.76829 


.84385 


5.40422 


.86112 


6.20020 


.87842 


7.22500 


1 


2 


.82692 


4.77784 


.84414 


5.41602 


.86140 


6.21517 


.87871 


7.24457 


2 


3 


.82721 


4.78742 


.84443 


5.42787 


.86169 


6.23019 


.87900 


7.26425 


3 


4 


.82750 


4.79703 


.84471 


5.43977 


.86198 


6.24529 


.87929 


7.28402 


4 


5 


.82778 


4.80067 


.84500 


5.45171 


.86227 


6.26044 


.87957 


7.36388 


5 


6 


.82807 


4.81635 


.84529 


5.46369 


.86256 


6.27566 


.87986 


7.32384 


6 


7 


.82836 


4.82606 


.84558 


5.47572 


.86284 


6.29095 


.88015 


7.34390 


7 


8 


.82864 


4.83581 


.84586 


5.48779 


.86313 


6.30630 


.88044 


7.36405 


8 


9 


.82893 


4.84558 


.84615 


5.49991 


.86342 


6.32171 


.88073 


7.38431 


9 


10 


.82922 


4.85539 


.84644 


5.51208 


.86371 


6.33719 


.88102 


7.40466 


10 


11 


.82950 


4.86524 


.84673 


5.52429 


.86400 


6.35274 


.88131 


7.42511 


11 


12 .82979 


4.87511 


.84701 


5.53655 


.86428 


6.36835 


.88160 


7.44566 


12 


13 


.83003 


4.88502 


.84730 


5.54886 


.86457 


6.38403 


.88188 


7.46632 


13 


14 


.83036 


4.89497 


.84759 


5.56121 


.86486 


6.39978 


.88217 


7.48707 


14 


15 


.83065 


4.90495 


.84788 


5.57361 


.86515 


6.41560 


.88246 


7.50793 


15 


16 


.83094 


4.91496 


.84816 


5.58606 


.86544 


6.43148 


.88275 


7.52889 


16 


17 


.83122 


4.92501 


.84845 


5.59855 


.86573 


6.44743 


.88304 


7.54996 


17 


18 


.83151 


4.93509 


.84874 


5.61110 


.86601 


6.46346 


.88333 


7.57113 18 


19 


.83180 


4.94521 


.84903 


5.62369 


.86630 


6.47955 


.88362 


7.59241 19 


20 


.83208 


4.95536 


.84931 


6.636,33 


.86659 


6.49571 


.88391 


7.61379 


20 


21 


.83237 


4.96555 


.84960 


5.64902 


.86688 


6.51194 


.88420 


7.63528 


21 


22 


.83266 


4.97577 


.84989 


5.66176 


.86717 


6.52825 


.88448 


7.65688 


22 


23 


.83294 


4.98603 


.85018 


5.67454 


.86746 


6.54462 


.88477 


7.67859 


23 


24 


.83323 


4.99633 


.85046 


5.68738 


.86774 


6.56107 


.88506 


7.70041 


24 


25 


.83352 


5.00666 


.85075 


5.70027 


.86803 


6 57759 


.88535 


7.72234 


25 


26 


.aS380 


5.01703 


.85104 


5.71321 


.86832 


6.59418 


.88564 


7.74438 


26 


27 


.83409 


5.02743 


.85133 


5.72620 


.86861 


6.61085 


.88593 


7.7665:^ 


27 


28 


.83438 


5.03787 


.85163 


5.73924 


.86890 


6.62759 


.88622 


7.78880 


28 


29 


.83467 


5.04834 


.85190 


5.75233 


.86919 


6.64441 


.88651 


7.81118 


29 


30 


.83495 


5.05886 


.85219 


5.76647 


.86947 


6.66130 


.88680 


7.83367 


30 


31 


.83524 


5.06941 


.85^48 


5.77866 


.86976 


6.67826 


.88709 


7.85628 


31 


32 


.83553 


5.08000 


.85277 


5.79191 


.87005 


6.69530 


.88737 


7.87901 


32 


33 


.83581 


5.09062 


.85305 


6.80521 


.87034 


6.71242 


.88766 


7.90186 


33 


34 


.83610 


5.10129 


.85334 


5.81856 


.87063 


6.72962 


.88795 


7.92482 


34 


35 


.83639 


5.11199 


.85363 


5.83196 


.87092 


6.74689 


.88824 


7.94791 


35 


36 


.83667 


5.12273 


.85392 


5.84542 


.87120 


6.76424 


.88853 


7.97111 


36 


37 


.83696 


5.13350 


.85420 


5.85893 


.87149 


6.78167 


.88882 


7.99444 


37 


38 


.83725 


5.14432 


.85449 


5.87250 


.87178 


6.79918 


.88911 


8.01788 


38 


39 


.83754 


5.15517 


.85478 


5.88612 


.87207 


6.81677 


.88940 


8.04146 


39 


40 


.83782 


5.16607 


.85507 


5.89979 


.87236 


6.83443 


.88969 


8.06515 


40 


41 


.83811 


5.17700 


.85536 


5.91352 


.87265 


6.85218 


.88998 


8.08897 


41 


42 


.83840 


5.18797 


.85564 


5.92731 


.87294 


6.87001 


.89027 


8.11292 


42 


43 


.83868 


5.19898 


.85593 


6.94115 


.87322 


6.88792 


.89055 


8.13699 


43 


44 


.83897 


5.21004 


.85622 


5.95505 


.87351 


6.90592 


.89084 


8.16120 


44 


45 


.83926 


5.22113 


.85651 


5.96900 


.87380 


6.92400 


.89113 


8.18553 


45 


46 


.83954 


5.23226 


.85680 


6.98301 


.87409 


6.94216 


.89142 


8.20999 


46 


47 


.83983 


5.24343 


.85708 


5.99708 


.87438 


6.96040 


.89171 


8.23459 '47 


48 


.84012 


5.25464 


.85737 


6.01120 


.87467 


6.97873 


.89200 


8.25931 ,'48 


49 


.84041 


5.26590 


.85766 


6.02538 


.87496 


6.99714 


.89229 


8.28417 49 


50 


.84069 


5.27719 


.85795 


6.03962 


.87524 


7.01565 


.89258 


8.30917 


50 


51 


.84098 


5.28853 


.85823 


6.05392 


.87553 


7.03423 


.89287 


8.33430 


51 


52 


.84127 


6.29991 


.85852 


6.06828 


.87582 


7.05291 


.89316 


8.35957 52 


53 


.84155 


5.31133 


.85881 


6.08269 


.87611 


7.07167 


.89345 


8.38497 


53 


54 


.84184 


5.32279 


.85910 


6.09717 


.87640 


7.09052 


.89374 


8.41052 


54 


55 


.84213 


5.33429 


.85939 


6.11171 


.87669 


7.10946 


.89403 


8:43620 


55 


56 


.84242 


5.34584 


.85967 


6.12630 


.87698 


7.12849 


.89431 


8.46203 


56 


57 


.84270 


5.35743 


.85996 


6.14096 


.87726 


7.14700 


.89460 


8.48800 


57 


58 


.84299 


5.36906 


.86025 


6.15568 


.87755 


7.16681 


.89489 


8.51411 


58 


59 


.84328 


5.38073 


.86054 


6.17046 


.87784 


7.18612 


.89518 


8.54037 


59 


60 


.84357 


5.39245 


.86083 


6.18530 


.87813 


7.30551 


.89547 


8.56P- 
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TABtE XXII.— VEftSINES AND EXSECANtS. 



§ 


1 





Vers. 


.89547 


1 


.89576 


<2 


.89605 


3 


.89634 


4 


.89063 


5 


.89692 


6 


.89721 


7 


.89750 


8 


.89779 


9 


.89808 


10 


.89836 


11 


.89865 


12 


.89894 


13 


.89923 


14 


.89952 


15 


.89981 


16 


.90010 


17 


.90039 


18 


.90068 


19 


.90097 


20 


.9C126 


21 


.90155 


22 


.901^ 


23 


.90213 


24 


.90242 


25 


.90271 


26 


.90300 


27 


.90329 


28 


.90:«8 


29 


.90386 


30 


.90415 


31 


.90444 


32 


.90473 


33 


.90508 


34 


.90531 


35 


.90560 


86 


.9a>89 


37 


.90018 


38 


.90G47 


89 


.90676 


40 


.90705 


41 


.907^ 


42 


.90763 


43 


.90792 


44 


.90821 


45 


.90850 


46 


.90879 


47 


.00908 


48 


.90937 


49 


.90966 


50 


.90995 


Bl 


.91024 


62 


.91053 


53 


.91082 


54 


.91111 


65 


.91140 


56 


.91169 


57 


.91197 


58 


.91*26 


.91355 



84« 



Exsec. 



.91234 



8.56677 
8.59332 
8.62002 
8.(U687 
8.67387 
8.70103 
8.72833 
8.75579 
8.78341 
8.81119 
8.83912 

8.86722 
8.89547 
8.92389 
8.95^48 
8.98123 
9.01015 
9.03923 
9.06849 
9.00792 
9.12752 

9.15730 
9.18725 
9.21739 
9.24770 
9.27819 
9.80887 
9.33973 
9.37077 
9.40201 
9.43843 

9.46505 
9.49685 
9.52886 
9.56106 
9.59846 
9.62605 
9.65885 
9.69186 
9.72507 
9.75849 

9.79212 

9.82596 

9.86001 

9.89428 

9 92877 

9.96&48 

9.99841 

10.a3356 

10.06894 

10.10455 

10.14039 
10.17646 
10.21277 
10.24932 
10.28610 
10.32313 
10.36040 
10.39792 
10.43569 
10.47371 



85* 


i Vers. 


Ezeec. 


.91284 


10.47371 


.91313 


10.51199 


.91842 


10.55052 


.91371 


10.58932 


.91400 


10.62837 


.91429 


10.66769 


.91458 


10.70728 


.91487 


10.74714 


.91516 


10.78?27 


.91545 


10.82768 


.91574 


10.86837 


.91603 


10.90934 


.91632 


10.95060 


.91661 


10.99214 


.91690 


11.03397 ' 


.91719 


11.07610 


' .91748 


11.11852 


.91777 


11.16125 


.91806 


11.20427 


.01835 


11.24761 


.91864 


11.29125 


.01803 


11.33521 


.91922 


11.37948 


.91951 


11.42408 


.91980 


11.46000 


.92009 


11.51424 


.92038 


11.55982 


.92067 


11.60572 


.92096 


11.65197 


.92125 


11.69856 


.92154 


11.74550 


.92183 


11.79278 


.92212 


11.84042 


.92241 


11.88841 


.92270 


11.93077 


.92299 


11.98549 


.92328 


12.03458 


.92357 


12.08040 


.92386 


12.13388 


.92415 


12.18411 


.9-^444 


12.23472 


.92473 


12.28572 


.92502 


12.33712 


.92531 


12.38891 


.92560 


12.44112 


.92580 


12.49373 


.92618 


12.54676 


.92647 


12.60021 


.92676 


12.65408 


.92705 


12.70838 


.92784 


12.76312 


.92763 


12.81829 


.92792 


12.87391 


.92821 


12.92999 


.92850 


12.98651 


.92879 


13.04350 


.92908 


13.10096 


.92937 


13.15889 


.92066 


13.21730 


.9-2095 


13.27020 


.93024 


13.33559 



»«• 


/ 


Vers, 


Ersec. 




.93024 


13.33559 





.98053 


13.39547 


1 


.98082 


18.45586 


2 


.98111 


13.51676 


8 


.93140 


13.57817 


4 


.98169 


18.64011 


5 


.98198 


18.70258 


6 


.93227 


13.76558 


7 


.98257 


13.82913 


8 


.93286 


18.89323 


9 


.93315 


13.95788 


10 


.93344 


14.02310 


11 


.93373 


14.08890 


12 


.98402 


14.15527 


13 


.98481 


14.22223 


14 


.98460 


14.28979 


15 


.93489 


14.35795 


16 


.93518 


14.42672 


17 


.93547* 


14.49611 


18 


.93576 


14.56614 


19 


.93605 


14.636':'9 


20 


.93634 


14.70810 


21 


.93663 


14.78005 


22 


.93692 


14.85268 


23 


.98721 


14.92597 


24 


.93750 


14.99995 


25 


.98779 


16.07462 


26 


.98808 


16.14999 


27 


.98837 


15.22607 


28 


.93866 


15.80287 


29 


.93895 


16.88041 


30 


.93924 


16.45869 


31 


.98958 


15.58772 


32 


.98982 


16.61751 


83 


.94011 


16.69606 


34 


.&4040 


15.77944 


35 


.94069 


15.86169 


36 


.94098 


15.94456 


37 


.94127 


16.02835 


38 


.94156 


16.11297 


39 


.94186 


16.19848 


40 


.04215 


16.28476 


41 


.94^^44 


16.87196 


42 


.94273 


16.46005 


43 


.94302 


16.64903 


44 


.94331 


16.68893 


45 


.94360 


16.72976 


46 


.94889 


16.82152 


47 


.94418 


16.91424 


48 


.94447 


17.007W 


49 


.94476 


17.10262 


50 


.94505 


17.19830 


51 


.94534 


17.29501 


62 


.&4563 


17.89274 


53 


.94592 


17.49158 


54 


.94621 


17.69139 


55 


.94650 


17.69283 


56 


.94679 


17.79438 


57 


.94708 


17.80755 


58 


.94737 


18.00185 


69 


.94766 


18.10732 


60 



TABLE XXn.-VERSlNEg AND EXSEOANTS 



nsi 



/ 


87^ 




Vers. 


Ezsec. 





.94766 


18.10732 


1 


.94795 


18.21397 


2 


.94825 


18.32182 


3 


.94854 


18.43088 


4 


.94883 


18.54119 


5 


.94912 


18.65275 


6 


.94941 


18.76560 


7 


.94970 


18.87976 


8 


.94999 


18.99524 


9 


.95028 


19.11208 


10 


.95057 


19.23028 


11 


.95086 


19.34969 


12 


.95115 


19.47093 


13 


.95144 


19.59341 


14 


.95173 


19.71737 


15 


.95202 


19.84283 


16 


.95231 


19.96982 


17 


.95260 


20.09838 


18 


.95289 


20.22852 


19 


.95318 


20.36027 


20 


.95347 


20.49368 


21 


.95377 


20.62876 


22 


.95406 


20.76565 


23 


.95435 


20.90409 


^ 


.95464 


21.04440 


25 


.95493 


21.18653 


26 


.95522 


21.33050 


27 


.95651 


21.47635 


28 


.95580 


21.62413 


29 


.95609 


21.77386 


30 


.95638 


21.92559 


31 


.95667. 


22.07935 


32 


.95696 


22.23520 


33 


.96725 


22,39316 


34 


.95754 


22.55329 


35 


.95783 


22.71563 


36 


.95812 


22.88022 


37 


.95842 


23.04712 


38 


.95871 


23.21687 


89 


.95900 


23.38802 • 


40 


.95929 


23.56212 


41 


.95958 


23.73873 


42 


.95987 


23.91790 


43 


.96016 


24.09969 


44 


.96045 


24.28414 


45 


.96074 


24.47134 


46 


.96103 


24.66132 


47 


.96132 


24.85417 


48 


.96161 


25.04994 


49 


.96190 


25.24869 


50 


.96219 


25.45051 


51 


-.90248 


25.65546 


52 


.96277 


25.86360 


53 


.96307 


26.07503 


54 


.96336 


26.28981 


65 


.96365 


26.50804 


56 


.96394 


26.72978 


57 


.96423 


26.95513 


58 


.96452 


27.18417 


59 


.96481 


27.41700 


60 


.96510 


27.65371 



88° 


Vers. 


Exsec. 


.96510 


27.65371 


.96539 


27.89440 


.96568 


28.13917 


.96597 


28.38812 


.96626 


28.64137 


.96655 


28.89903 


.96684 


29.16120 


.96714 


29.42802 


.96743 


29.69960 


.96772 


29.97607 


.96801 


30.25758 


.96830 


30.54425 


.96859 


30.83623 


.96888 


31.13366 


.96917 


31.43671 


.96946 


31.74554 


.96975 


32.06030 


.97004 


32.38118 


.97033 


32.70835 


.97062 


33.04199 


.97092 


33.38232 


.97121 


33.72952 


.97150 


34.08380 


.97179 


34.44539 


.97208 


34.81452 


.97237 


35.19141 


.97266 


35.57633 


.97295 


35.96953 


.97324 


36.37127 


.97353 


36.78185 


.97382 


37.20155 


.97411 


37.63068 


.97440 


88.06957 


.97470 


38.51855 


.97499 


38.97797 


.97528 


39.44820 


.97557 


39.92963 


.97586 


40.42266 


.97615 


40.92772 


.97644 


41.44525 


.97673 


41.97571 


.97702 


42.51961 


.97731 


43.07746 


.97760 


43.64980 


.97789 


44.23720 


.97819 


44.84026 


.97848 


45.45963 


.97877 


46.09596 


.97906 


46.74997 


.97935 


47.42241 


.97964 


48.11406 


.97993 


48.82576 


.98022 


49.. 55840 


.98051 


50.31290 


.98080 


51.09027 


.98109 


51.89156 


.98138 


52.71790 


.98168 


53.57046 


.98197 


54.45053 


.98226 


55.35946 


.98256 


56.29669 



89" 


Vers. 


Exsec. 


.98255 


56.29869 


.98284 


57.26076 


.98Jil3 


58.27431 


.98842 


59.31411 


.981371 


60.39105 


.98400 


61.50715 


.98429 


62.66460 


.98458 


63.86572 


.98487 


65.11304 


.98617 


66.40927 


.98546 


67.75736 


.98575 


69.16047 


.98604 


70.62285 


.98633 


72.14583 


.98662 


73.73586 


.98691 


75.39665 


.98720 


77.13274 


.98749 


78.94968 


.98778 


80.85315 


.98o0< 


82.84947 


.96836 


84.94561 


.98866 


87.14924 


.98895 


89.46886 


.98924 


91.91387 


.98953 


94.49471 


.98982 


97.22303 


.99011 


100.1119 


.99040 


103.1757 


.99069 


106.4311 


.99098 


109.8966 


.99127 


113.5930 


.99156 


117.5444 


.99186 


121.7780 


.99215 


126.3253 


.99244 


131.2223 


.99273 


136.5111 


.99302 


142.2406 


.99331 


148.4684 


.99360 


155.2623 


.99889 


162.7033 


.99418 


170.8883 


.99447 


179.9a'50 


.99476 


189.9868 


.99505 


201.2212 


.99535 


213.8600 


.99564 


228.1839 


.99593 


244.5540 


.99622 


263.4427 


.99651 


285.4795 


.99680 


311.5230 


.99709 


342.7752 


.99738 


380.97^ 


.99767 


428.7187 


.99790 


490.1070 


.99825 


571.9581 


.99855 


686.5496 


.99884 


858.4369 


.99913 


1144.916 


.99942 


1717.874 


.99971 


3436.747 


1.00000 


Infinite 





1 

2 
3 
4 
5 

6 
7 
8 
9 
10 

11 
12 
13 
14 
15 
16 
17 
18 
19 
20 

21 
22 
23 
24 
25 
26 
27 
28 
29 
80 

31 
32 
33 
34 
35 
36 
37 
38 
39 
40 

41 
42 
43 
44 
45 
46 
47 
48 
49 
50 

51 
5r3 
53 
54 
55 
56 
57 
58 
59 



38 



6 



TABLE XXIII.-USEiPUL NUMBERS AND FORMULAS. 



Ratio of circumference to diameter. 
Reciprocal of same 



Degrees in arc equal to radius . 



Minutes in arc equal to radius 

Seconds in arc equal to radius 

Length of seconds pendulum at New York in feet. 

Square root of same 

Acceleration due to gravity at New York 



IT 

It 

v^ 

180 

IT 

10800 



648000 



9 



3.14159£6536l 

.8183008862' 

I 
l.T724538509i 

9.869604401 J 

57.295779513 

I 

3437.74677078, 

206264. 80C247' 

3.25938 

1.8054 
32.1688 

6.67175 

281 
277.274 
2150.42 
1.244456 
7.4805 
6.2821 
62.4 
7000 
437.5 
5760 
480 
2n->- 

360''" 
Wr 

irda 

.4330 
1.7205 
2.5980 

4.8284 

Volume spherical segment of one base of radius r and altitude a is 

= J^irar^ 4- %ira^ = 1.5708ara + .5236a»; 

= 1.58ar''» -j- .Sa', very nearly; 

= 1.6ar« 4- .5a', nearly, 

I 

Let A and a represent the bases of a frustum of a pyramid, L and I thei 

lengths of corresponding sides, h the altitude and ax the area of either' 

base for side equal to unity. i 

Then volume = --"^ (L« -\-l''-\- IL). \ 

This formula is immensely shorter and better than that given in tlie 

books, namely, vol = ~{A-\-a-\- V^a), since this latter requires extra 

and needless computation in each term, besides the extraction of thej 
square root. 

When I = 0, we get volume of pyramid = — }- — . 

o 

Let R and r represent the radii of a frustum of a cone, and h its altitude 

Then volume = ^irhiR"^ -h r" -f rR). 

If r = we have, volume of cone = ^/ijirU'. 



Square root of same 

Cubie inches in U. S. gallon , 

Cubic inches in Imperial gallon 

Cubic inches in U. S. bushel 

Cubic feet in U. S. bushel .. 

U. S. gallons in one cubic foot 

Imperial gallons in one cubic foot 

.Maximum weieht of one cubic foot of water (% 100 nearly).. 

N U'uber of grains in one pound avoirdupois 

Number of grains in one ounce avoirdupois 

Number of grains in one pound troy 

Number of grains in one ounce troy 

Circumference of circle (radius r) 

Area of circle (radius r) 

Area of sector (arc of a degrees) 



Area of sector (length of arc 

Area of segment (chord = c, middle ordinate = w), nearly.. 

Surface of a sphere (diameter d) 

Volume of a sphere (diameter d) 

Area of a triangle each side unity 

Area of a pentagon each side unity 

Area of a hexagon each side unity = .4330 X 6 = 

Area of an octagon each side unity 



TABLE XXlV. 
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CONVERSION OF ENGLISH FEET INTO METRES. 



reet. 





1 


2 


8 


4 


5 


6 


7 


8 


9 




Met. 


Met. 


Met. 


Met. 


Met. 


Met. 


Met. 


Met. 


Met. 


Met. 





0.000 


0.3048 


0.6096 


0.9144 


1.2192 


1.5239 1.8287 2.1385 


2.4388 


2.7431 


10 


8.0470 


3.3527 


8.6575 


8.9623 


4.2671 


4.5719 4.8767 5.1815 


5.4863 


5.7911 


20 


6.09.59 


6.4006 


6.7055 


7.0102 


7.8150 


7.6198 7.9246 8.2294 


8.5342 


8.8390 


30 


9.1438 


9.4486 


9.7534 


10.058 


10.863 


10.668 10.972 11.277 


11.582 


11.887 


40 


12.192 


12.496 


12.801 


13.106 


13.411 


13.716 14.020 14.825 


14.630 


14.935 


50 


15.239 


15.544 


15.849 


16.154 


16.459 


16.763 17.068 17.873 


17.678 


17.983 


60 


18.287 


18.592 


18.897 


19.202 


19.507 


19.811 20.116 20.421 


20.726 


21.031 


70 


21.835 


21.640 


21.945 


22.250 


22.555 


22.859 23.164 23.460 


23.774 


24.079 


80 


24.;«3 


24.688 


24.993 


25.298 


25.602 


25.907 26. 21226. 517126. 822 


27.126 


90 


27.431 


27.736 


28.041 


28.346 


28.651 


28.955 29.260 29.565 29.870 


30.174 


100 


30.479 


30.784 


31.069 


31.394 


31.6961 32. 0a3!32.S06 82.613132.918 


33.222 



CONVERSION OF METRES INTO ENGLISH FEET. 



{Lot. 





10 
20 
30 
40 
60 
60 
TO 
80 
00 
•^0 



Feet. 
0.000 
32.809 
65.618 
98.427 
131.24 
164.04 
196.85 
229.66 
262.47 
295.28 
328.00 



Feet. 

3.2809 

36.090 

68.899 

101.71 

134.52 

167.33 

200.13 

232.94 

265.75 

298.56 

331.37 



Feet. I 

6.5G18 

39.371 

72.179 

104.99 

137.80, 

170 61 ! 

203.42 

2:^6.22 

269.03 

391.84 

334.65 



Feet. 

9.8427 

42.651 

75.461 

108.27 

141.08 

173.89 

206.70 

239.51 

272.31 

305.12 

337.93 



Feet. 

13.123 

45.932 

78.741 

111.55 

144.36 

177.17 

209.98 

242.79 

275.60 

308.40 

341.21 



Feet. 

16.404 

49.213 

82.02-> 

114.83 

147.64 

180.451 

213.26 

246.071 

278.88 

811.691 

344.49 



Feet. 
19.686 
52.494 
85.303 
118.11 
150.92 
183.73 
21G.54 
249. a5 
282.16 
314.97 
847.78 



Feet. 
22.966 
55.775 
88.584 
121.39 
154.20 
187.01 
219.82 
2-»2.63 
285.44 
318.25 
351.06 



8 



Feet. 
26.247 
59.a'>6 
91.865 
124.67 
157.48 
190.29 
223.10 
2.*55.U1 
288.72 
321.53 
354.84 



9 



Feet. 
29.528 
62.887 
95.146 
127.96 
160.76 
198.67 
226.88 
259.19 
292.00 
324.81 
357.62 



ONVERSION OF ENGLISH STATUTE-MILES INTO KILOMETRES. 



[lies. 




10 
20 
30 
40 
50 
60 
70 
80 
90 
100 



Kilo. 
0.0000 



Kilo 
1.6098 



2 



16.093,17.702 
32.186 33.795 
48.279,49.888 
64.87265.981 
80.465,82.074 
96.558;98.167 
112. 651114.26 
128. 74 130. 35 
144.85146.44 
160.93162.53 



Kilo. 
8.2186 
19.312 
35.406 
51.498 
67.591 
83.684 
99.777 
115.87 
131.96 
148.05 
164 14 



3 



Kilo. 
4.8279 
20.921 
87.014 
53.107 
69.200 
85.293 
101.39 
117.48 
133.57 
149.66 
165 75 



Kilo. 

6.4872 

22.5:i0, 

38.623 

54.716 

70.809 

86.902 

102.99 

119.08 

135.17 

151.26 

167.35 



Kilo. 

8.0466 

24.189 

40.282 

56.326 

72.418 

88.511 

104.60 

120.69 

i:i6.78 

152.87 

168.96 



6 



Kilo. 
9.6558 



749 
.842; 
57.935 
74.028 
90.121 
106.21 
122.30 
138.39 
154.48 
170.57 



25. 

41 



8 



Kilo. 
11.2652 
27.358 
43.451' 
59.544 
75.637 
91 730 
107.82, 
123.91 
140.00 
156.09 
172.18 



9 



Kilo. 

12.8745 
28.967 
45.0601 
61.153' 
77.246 

93.;j:» 

109.43 
125.52 
141.61 
157.70 
173.79 



Kilo. 
14.484$ 
:30.577 
46.670 
62.763 
78.856 
94.949 
111.04 
127.13 
143.22 
159.31 
175.40 



ONVERSION OF KILOMETRES INTO ENGLISH STATUTE-MILES 



ilom. 




10 
20 
30 
40 
50 
60 
70 
80 
90 
100 



Miles. 
0.0000 
6.2138 
12.427 
18.641 
24.855 
81.069 
37.282 
43.497 
49.711 
66.924 
62.138 



Miles. 
0.6214 
6.8352 
13.049 
19.263 
25.477 
31.690 
37.904 
44.118 
50.332 
56.545 
6<5.759 



Miles. 
1.2427 
7.4665 
13.670 
19.884 
26.098 
32.311 
38.525 
44.739 
50.953 
57.166 
63.380 



3 



Miles. 

1.8641 

8.0780 

14.292 

20.506 

26.720! 

32.033! 

39.147 

46.361 

51 575 

57.788 

64.002 



Miles. 
2.4865 
8.6994 
14.913 
21.127 
27.341 
33.564 
.39.768 
45.982 
.52.196 
58.40S 
64.62:3 



Miles 

3.1069 

9.3206 

15.534 

21.748 

27.962 

34.175 

40.389 

46.603 

52.817 

59 030 

35.244 



6 



Miles. ' 
3.7282 
9.9421 
16.156 
23.870 
28.584 
34.797 
41.011 
47.225 
53.439 
69.652 
66.866 



Miles. 

4.3497 

10.562 

10.776 

22.990 

29.204 

35.417 

41.631 

47.845 

54.959 

30.272 

66.4861 



Miles. 

4.9711 

11.185 

17.399 

23.613 

29.827 

3C.040 

42.254 

48.468 

54.682 

60.895 

67.109 



9 



Miles. 

5.5924 

11.805 

18.019 

24.238 

30. -147 

;^ 660 

42.874 

49.068 

56.302 

61.515 

67.729 
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PAGE 

\bbreviations explained ; 41 

\djustments, use, and care of instruments 12,23 

\ngle between two lines, to measure 16 

\ngle between rails of curved tracks 178 

Angle between first course of an indirect survey and the direct 

course 85 

When intersection of lines is inaccessible 86 

\ngles of frogs, to find 195 

Deflection, to find 53 

A-pproximate and abridged computations 273 

Relative error 273 

Addition 274 

Subtraction 276 

Multiplication and division 277 

Abridged multiplication 279 

Abridged division 281 

Arcs for degrees, minutes, and seconds, for radius i. Table VIII... 323 

Arcs — Excess over subtended chords 44 

Areas for all lengths and widths, Table IX 323 

Bench-marks, where to establish 93 

Bends in streams, to avoid, for bridges 7 

Chords, to calculate in terms of degree 43 

Chords 45 

Chords, long. Table IV 50,314 

Circle, properties relating to 39 

Elementary relations 41 

Notation 41 

Compass, when useful, how to adjust 8, 22 

How to use 23 

Corps of engineers, how constituted 8 

Culverts 297 

Curvature and refraction, correction for 95 

Curves, simple. To find degree, radius, length, tangent, chord, 

offset, middle ordinate, and external secant 47 

Offsets' and ordinates by series 52 

Tangents and external secants by Table VII 319 

m 



5, 74, 81 
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Curves, how to lay out on the ground: 

With transit and chain , 

With chain only 

Curves, slackening speed on i 

Should be flattened on grades i 

Middle ordinates, Table V, and ordinates to sl}ort chords, approxi 

mate values 5t 

Problems on curves ^ 

To locate curve when vertex is inaccessible 

To locate when the vertex and the ends are inaccessible... 

Problems applicable to passing obstacles generally 65 

Curves, compound, formulas for 

Radii and tangents compared 1 19 

Problems pertaining to 1 20, i5d 

Problems, special laJ 

General relations deduced by substitutions i4« 

Curves tangent to curves, problems on iji 

To find tangents of a compound curve of any number of 

branches 176 

Wye problems 165, 170 

Curves, concentric, problems concerning 1 70, 173 

Curves, distance apart starting from same point, etc 175 

To locate the second branch of a compound curve from a point on 

the first branch 1 74 

Curves, reversed, problems on 1S4 

Curves, turnout, difference between ending on tangents and con- 
necting with tracks 199 

Curve, the true transition: 

Definitions and essential requisites ^J3 

Elementary relations 2_'5 

To lay out the curve 236 

Special problems and laying out the curve jj; 

To lay out the curve from different points on it ^5 

Comparison of the true curve with the compound curve com- 
monly used as such 151 

Curves, vertical 11.7 

Curved tracks, angle of intersection 17^ 

Datum in leveling 9c 

Deflection angles 5,' 

Degree of curve 4- 

Distances of frogs from switch, Table VI iS; 

Earthwork : 

Area of level section ^5: 

Area of section not level ^5: 

Formulas for volumes j!5< 

" End-area volumes " and " middle-area volumes " compared 25; 

Special formulas and cases ^5* 

Loaded flat cars, piles of broken stone, etc — ^6, 

Ends of embankments or " dumps " 26. 

(Iround irregular laterally ^ 
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PAGE 

Earthwork : 

]Mixed work 265 

Correction for curvature 2(i'j 

(Overhaul 268 

^Monthly estimates 269 

Final estimates 270 

Computation of volume of prismoids level laterally 270 

Clearing and grubbing 284 

Staking out work 286 

Borrow-pits 294 

Shrinkage 294 

Two important principles in "staking out" 291 

Klevation a relative question 90 

Elevation of outer rail 112 

Simple and accurate formula for elevation 113 

Proper elevation to use 113 

Eield-book, form of, for leveling 92 

Frogs and switches, Table VI 318 

(irade line 284 

Oradienter, formulas deduced for it require no computation 105 

Horizon. To find height of object by the dip of the horizon. 

Special and exact formulas apply without computation 98 

Level, to adjust iS 

X"se and care of 22 

Leveling 90 

How to keep notes on 92 

Proof of correctness 93 

Trigonometric 97 

T^ocate a level line, to 94 

Locate a grade line, to 94 

1 vocation 5 

T-,ocating engineer, qualifications for 9 

^kfaps to be used freely in studying the country 7 

Needle, magnetic, to adjust 23 

How to use 23 

Numbers forming integral sides of right triangles "jd 

Obstacles in surveying 76 

To erect a perpendicular -jd 

To let fall a perpendicular j-j 

Ditto from an inaccessible point 'j'j 

To prolong a line 78 

Obstacles to measurement of line: 

When one end is inaccessible 79 

When both ends of the line are inaccessible 80 

A line perpendicular to an inaccessible line 81 

A line determined from another line across an inaccessible space. 81 

Offsets, to calculate 48 

Preliminary survey 5, 82 

Plane right triangles, solution of 31 

Plane oblique triangles, solution of ,., y: 
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PAGE 

Piers, bridged 29S 

Rcconnoissance 5 

Pocket compass for g 

Requirements for g 

Resistance, train 9 

Sines, tangents and secants defined 22 

Slope stakes, to set 286 

Stadia. Formulas deduced and simplified loi 

Streams, bends in, to avoid 7 

Surveys, preliminary 5, 82 

"Tangent proportion" deduced ;^2 

Tangent to a curve from fixed point, how to locate 75 

Tangent of any compound curve, how to find the length 176 

Tables. See Contents. 

Track-laying 296 

Transit, to adjust 12 

I'se and care of 15 

Trigonometry 25 

The application of but one geometrical principle 27 

Tunnels 298 

Turnouts : 

Single 196, 212, 216 

Double 208, 210, 214, 217, 219 

Traversing 82 
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JOHN WILEY & SONS, 

53 E. Tenth Street, New York, 

PUBLISH: 

INSPECTION OF THE MATERIALS AND WORKMANSHIP 

EMPLOYED IN CONSTRUCTION. 

A Reference^ Book for the Use of Inspectors, Superinten- 
dents and Others Engagred in the Construction of Public and 
Private Work, Etc. By Austin T. Byrne, C.E., author of 
" Hiffhway Construction." 16mo, cloth $8 00 

THE COFFERDAM PROCESS FOR PIERS. 

Practical Examples from Actual Work. By Charles Evan 
Fowler, Member American Society of Civil Engrincers. 
Over 100 illustrations. 8vo, cloth 3 50 

DE PONTIBUS. 

A Pocket-book for Bridgre Eng-ineers. By J. A. L. Waddell. 
16mo, morocco flap 3 00 

HANDBOOK OF STREET RAILROAD LOCATION. 

By John P. Brooks, Professor of Civil Engineering in State 
College of Kentuck}'. 16mo, morocco 1 50 

HANDBOOK FOR SURVEYORS. 

A Pocket-book for the Classroom and the Field ; including 
Fundamental Principles, Land Surveying, Leveling, Trian- 
gulation, and Topographic Surveying, with Tables. By 
Profs. Mansfield Merriman and John P. Brooks, C. E. 
Pocket-book form. 2d edition, revised. 16mo, morocco.. .. ^ 00 

A FIELD MANUAL FOR RAILROAD ENGINEERS. 

By J. C. Nagle, Professor of Civil Engineering in the A. and 

M!. College of Texas. Iflmo, morocco 8 00 

PROBLEMS I>J THE USE AND ADJUSTMENT OF EN- 

QINEERINO INSTRUMENTS. 

Bj' W. L. Webb, Assistant Professor of Civil Engineering, 
 University of Pennsylvania. 8d edition, revised and en- 
larged. 16mo, morocco 1 25 

A TREATISE ON CIVIL ENGINEERING. 

By W. M. Patton. C.K., author of " A Practical Treatise on 
Foundations." 2d edition, correcteii. 8vo, % morocco 7 50 

THE RAILROAD SPIRAL. 

The Theory of the Compound Transition Curve reduced 
to Practical Formulae and Rules for Application in Field 
Work, with Complete Tables of Deflections and. Ordi nates 
for Ave hundred Spirals. By Wm. H. Searles, C.E., author 
' of "Field Engineering," Member of Am. Soc. of C. E. 

Pocket-book form. «th edition, revised 150 

FIELD ENGINEERING. 

A HAND-BOOK of the Theory and Practice of RAILWAY 
Surveying, LOCATION and Construction, designed for 
(^LASS-ROOM, FIELD, and OFFICE USE, and containing 
a large number of Useful Tables, Original and Selected. " 
By Wm. H. Searles, C.E., late Prof, of Geodesy at Rensselaer 
Polytechnic Institute, Troy. Pocket-book form. 16th edi- 
tion. lOnio, morocco 3 CO 



A METHOD OF CALCULATINa THE CUBIC CON- 
TENTS OF EXCAVATIONS AND EMBANK- 
MENTS BY THE AID OF DIAGRAMS, 
Together with Directions for Estimating: the Cost of Earth- 
work. By John C. Trautwine, C.E. Ninth edition, revised 
and enlarged by J . C. Trautwine, Jr. 8vo, cloth $2 00 

CIVIL ENOINEEB'S POCKET-BOOK 

Of Mensuration, Trigonometry. Surveying, Hydraulics, 
Hydrostatics, Instruments and their adjustments. Strength 
of Materials, Masonry, Principles of Wooden and Iron Koot 
and Bridge Trusses, Stone Bridges and Culverts, Trestles, 
PlJlars, Suspension Bridges, Dams, Railroads, Turnouts, 
Turning Platforms, Water Stations, Cost of Earthwork, 
Foundations, Retaining Walls, &tc. In addition to which 
the elucidation of certain important Principles of Construc- 
tion is made in a more simple manner than heretofore. 
By J. C. Trautwine, C.E. 16mo, morocco flaps, gilt edges. 
SOth thousand, revised and enlarged, with new illustrations, 
by J. C. Trautwine, Jr., C.E 5 00 

THE FIELD PRACTICE OF LAYING OUT CIRCULAR 
CURVES FOR RAILROADS. 

By J. C. Trautwine, Civil Engineer. 13th edition, revised 

by J. C. Ti*aiitwine, Jr. 13mo, limp morocco 2 150 

THE ECONOMIC THEORY OF THE LOCATION OF 

RAILWAYS. 

An Analysis of the Conditions controlling the laying out 
of Railways to effect the most judicious expenditure of 
capital. By Arthur M. Wellington, Chief Engineer of the 
Vera Cruz and Mexico Railway, etc. New and improved 
edition. 8vo 5 00 

RAILROAD ENGINEERS' FIELD-BOOK AND EX- 
PLORERS' GUIDE. 



Especially adapted to the use of Railroad Engineers, on 
LOCATION and CONSTRUCTION, and to the Needs of 
the Explorer in making EXPLORATORY SURVEYS. By 
H. C. Godwin. :.M edition. 16mo, morocco tiap 
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ENGINEERS' SURVEYING INSTRUMENTS. 

By Ira O. Baker. 2d e<lition, revisecl and jri-eatly enlarged. 
Bound in cloth. 400 pages. 86 illusti-ations. Index. 12mo, 
cloth 3 OC 

MANUAL OF IRRIGATION ENGINEERING. 
.> By Herbert M. Wilson, C.E. Part I. HYDROGRAPHY. 
.V Part 11. CANALS and CANAL WORKS. PartllLSTOR- 
a-^ 7 AGE RESERVOIRS. 8vo, cloth. 3d edition, revi8e<l and 

greatly enlarged 4 Oq 

HIGHWAY CONSTRUCTION. 

Designed as a Text-Book and Work of Reference for all 
who may be engaged in the Location, Construction or Main- 
tenance of Roads, Streets and Pavements. By Austin T. 
Byrne, C.E. 8vo, cloth. 3d edition, revised and greatly 
. enlarged 5 OO 

THE TRANSITION CQRVE ' *" ' f 

By Professor Charles L. CrandaJI, 16mo, morocco flap 1 50 
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